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PREFACE. 


I  fear  I  cannot  defend  the  title  of  this  volume 
as  very  accurately  describing  its  contents.  The  title 
"  Lessons  Introductory"  applied  well  enough  to  the 
former  edition,  which  grew  out  of  Lectures  given 
some  years  ago  to  my  Class,  and  which  was  not 
intended  to  do  more  than  to  supply  students  with 
the  preliminary  information  necessary  to  enable  them 
to  read  with  advantage  the  original  memoirs  whence 
my  materials  were  derived.  That  edition  has,  how- 
ever, been  for  a  long  time  out  of  print,  and  in  re- 
printing it  now  I  found  so  many  additions  necessary 
to  bring  it  up  to  the  present  state  of  science,  that 
the  book  has  become  doubled  in  size,  and  might 
fairly  assume  the  less  modest  title  of  a  "  Treatise" 
on  the  subjects  with  which  it  deals.  Neither  does 
the  name  "  Modern  Higher  Algebra"  very  precisely 
define  the  nature  of  these  subjects.  The  Theory  of 
Elimination,  and  that  of  Determinants  cannot  be 
said  to  be  very  modern;  and  I  do  not  meddle  with 
some  parts  of  Higher  Algebra,  for  which  much  has 
been   done   in   modern  times;    as,  for  instance,  the 
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Theory  of  Numbers,  or  the  General  Theory  of  the 
Resolution  of  Equations.  But  it  is  no  great  abuse 
of  language  to  give,  in  a  special  sense,  the  name 
"  Modern  Higher  Algebra"  to  that  which  forms  the 
principal  subject  of  this  volume — the  Theory  of 
Linear  Transformations.  Since  Mr.  Cayley's  dis- 
covery of  Invariants,  quite  a  new  department  of 
Algebra  has  been  created;  and  there  is  no  part  of 
Mathematics  in  which  an  able  mathematician,  who 
had  turned  his  attention  to  other  subjects  some 
twenty  years  ago,  would  find  more  difficulty  in 
reading  a  memoir  of  the  present  day,  and  would 
more  feel  the  want  of  an  elementary  guide  to  inform 
him  of  the  meaning  of  the  terms  employed,  and  to 
establish  the  truth  of  the  theorems  assumed  to  be 
known. 

With  respect  to  the  use  of  new  words  I  have 
tried  to  steer  a  middle  course.  In  this  part  of 
Algebra  combinations  of  ideas  require  to  be  fre- 
quently spoken  of  which  were  not  of  important  use 
in  the  older  Algebra.  This  has  made  it  necessary 
to  employ  some  new  words,  in  order  to  avoid  an 
intolerable  amount  of  circumlocution.  But  feeling 
that  every  strange  term  makes  the  science  more 
repulsive  to  a  beginner,  I  have  generally  preferred 
the  use  of  a  periphrasis  to  the  introduction  of  a  new 
word  which  I  was  not  likely  often  to  have  occasion 
to  employ.     Students  who  may  be  disappointed  by 
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not  finding  in  this  volume  the  explanation  of  some 
words  which  occur  in  modern  algebraical  memoirs, 
will  be  likely  to  find  the  desired  information  in  the 
Glossary  added  to  Mr.  Sylvester's  paper  {Philosophical 
Transactions,  1853,  p.  543). 

The  first  four  or  five  Lessons  in  this  volume  were 
printed  a  year  or  two  ago :  it  having  been  at  that 
time  my  intention  to  publish  separately  the  Lessons 
on  Determinants  as  a  manual  for  the  use  of  Students. 
At  the  time  when  these  Lessons  were  written  I  had 
not  met  Baltzer's  Treatise  on  Determinants,  a  work 
remarkable  for  the  rigorous  and  scientific  manner  in 
which  its  principles  are  evolved.  But  I  most  re- 
gretted not  to  have  met  with  it  earlier,  on  account 
of  his  careful  indication  of  the  original  authorities 
for  the  several  theorems.  Although  very  sensible  of 
the  value  of  these  historical  notices,  I  have,  in  the 
text  of  these  Lessons,  too  often  omitted  to  assign 
the  theorems  to  their  original  authors,  because  my 
knowledge  not  having  been  obtained  by  any  recent 
course  of  study,  I  did  not  find  it  easy  to  name  the 
sources  whence  I  had  derived  it,  nor  had  I  mathe- 
matical learning  enough  to  be  able  to  tell  whether 
these  sources  were  the  originals.  I  have  now  tried 
to  supply  the  references  omitted  in  the  text  by 
adding  a  few  historical  notes;  following  Baltzer's 
guidance  as  far  as  it  would  serve  me.  Where  I 
have  had  only  my   own   reading  to  trust  to,    it   is 


\* 


Vlll  PREFACE. 

only  too  likely  that  I  have  in  several  cases  failed 
to  trace  theorems  back  to  their  first  discoverers, 
and  I  must  ask  the  indulgence  of  any  living  authors 
to  whom  I  have  in  this  way  unwittingly  done 
injustice. 

I  have  to  thank  my  friends  Dr.  Hart,  Mr.  Traill, 
and  Mr.  Burnside,  for  help  given  me  at  various  times 
in  the  revision  of  the  proofs-  of  this  work,  though, 
in  justice  to  these  gentlemen,  I  must  add  that  there 
is  a  considerable  part  of  it  which  was  printed  under 
circumstances  where  I  could  not  have  the  benefit 
of  their  assistance,  and  for  the  errors  in  which  they 
are  not  responsible.  I  have  already  intimated  that 
my  obligations  to  Messrs.  Cayley  and  Sylvester  are 
not  merely  those  which  every  one  must  owe  who 
writes  on  a  branch  of  Algebra  which  they  have  done 
so  much  to  create.  I  was  in  constant  correspondence 
with  them  at  the  time  when  some  of  their  most 
important  discoveries  were  made,  and  I  owe  my 
knowledge  of  these  discoveries  as  much  to  their 
letters  as  to  any  printed  papers.  I  must  also  ex- 
press my  thanks  to  M.  Hermite  for  his  obliging 
readiness  to  remove  by  letter  difficulties  which  oc- 
curred to  me  in  my  study  of  his  published  memoirs. 

Trinity  College,  Dublin, 
October  16M,  1866. 
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p.  27,  line  11,  for  2,or»ar',  =  A,  read  E.,a«ar,  =  A. 
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LESSON  I. 


DETERMINANTS.— PRELIMINARY  ILLUSTRATIONS. 

1.  If  we  are  given  n  homogeneous  equations  of  the  first  degree 
between  n  variables,  we  can  eliminate  the  variables,  and  obtain  a 
result  involving  the  coefficients  only,  which  is  called  the  deter- 
minant of  those  equations.  We  shall,  in  what  follows,  give  rules 
for  the  formation  of  these  determinants,  and  shall  state  some  of 
their  principal  properties ;  but  we  think  that  the  general  theory 
will  be  better  understood  if  we  first  give  illustrations  of  its  appli- 
cation to  the  simplest  examples. 

Let  us  commence,  then,  with  two  equations  between  two 
variables 

atx  +  bxy  —  0,     a2x  +  b2y  =  0. 

The  variables  are  eliminated  by  adding  the  first  equation  multi- 
plied by  b2  to  the  second  multiplied  by  —  b^  when  we  get 
aA  ~"  a2^i =  0>  the  left-hand  member  of  which  is  the  determinant 
required.     The  ordinary  notation  for  this  determinant  is 

O,,  bx 

<**  K 

We  shall,  however,  often,  for  brevity,  write  [afi^j  to  express  this 
determinant,  leaving  the  reader  to  supply  the  term  with  the  nega- 
tive sign ;  and  in  this  notation  it  is  obvious  that  (axbj  =  —  (fl&)« 
The  coefficients  a1?  Jt,  &c,  which  enter  into  the  expression  of  a 
determinant,  are  called  the  constituents  of  that  determinant,  and 
the  products  afa  &c,  are  called  the  elements  of  the  determinant. 

B 


2  DETERMINANTS. 

2.  It  can  be  verified  at  once  that  we  should  have  obtained 
the  same  result  if  we  had  eliminated  the  variables  between 
the  equations 

axx  +  auy  =  0,     bxx  +  b2y  =  0. 


In  other  words 

•n  K 

jl,  a2 

a*  K 

h  K 

or  the  value  of  the  determinant  is  not  altered  if  we  write  the 
horizontal  rows  vertically,  and  vice  versa. 

3.  If  we  are  given  two  homogeneous  equations  between 
three  variables, 

axx  4-  a2y  -f  azz  —  0,     bxx  +  b2y  -f  bzz  =  0  ; 

these  equations  are  sufficient  to  determine  the  mutual  ratios  of 
x,  y,  z.  Thus,  by  eliminating  y  and  x  alternately,  we  can 
express  x  and  y  in  terms  of  z ;  when  we  find 

(«A)  * = WU  ■  5  («A)  y = W.)  * 

In  other  words  a?,  3/,  3,  are  proportional  respectively  to  («A)» 
{aJ}i)i  (aA)*  Substituting  these  values  in  the  original  equations, 
we  obtain  the  identical  relations 

«i  («A)  +  «2  («A) + «s  («  A)  -  °>  *i  («A) + K  (aA)  +  ^3  (« A)  =  °  J 

relations  which  are  verified  at  once  by  writing  them  at  full 
length,  as  for  instance 

«i  («A  ~  asK)  +  a*  (aA  -  °  A)  +  «3  (« A  "  aA)  =  °- 
The  notation  al9  a2,  o8 

*„ K  \ 

(where  the  number  of  columns  is  greater  than  the  number  of 
rows)  is  used  to  express  the  three  determinants  which  can  be 
obtained  by  suppressing  in  turn  each  one  of  the  columns ;  viz. 
the  three  determinants  of  which  we  have  been  speaking,  («A)> 
(«.&i)j  («A)- 

4.  Let  us  now  proceed  to  a  system  of  three  equations 

axx  +  bxy  -\-  cxz  m  0,    a2x  +  b$  +  c2s  =  0,    azx  +  b3y  +  c&z  =  0. 

Then,  if  we  multiply  the  first  by  (a953),  the  second  by  (<?A),  the 
third  by  («A)>  and  add;  the  coefficients  of  x  and  y  will  vanish 
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in  virtue  of  the  identical  relations  of  Art.  3,  and  the  deter- 
minant required  is 

ci(«A)+c2Wi)+c3(«A); 

or,  writing  at  full  length, 

Cxah  ~  CXah  +  C&&  ~  C2«  A  +  C3«A  -  C.*A' 

It  may  also  be  written  in  either  of  the  forms, 

«1  (KCs)  +  «.  ACt)  +  «8  ACJ  =  07         &1    (C2«3)  +  &2  (<V*l)  +  ^3  (Cl«2)' 

This  determinant  is  expressed  by  the  notation 


aM 

K 

ci 

%1 

K 

°* 

a* 

h 

*< 

though  we  shall  often  use  for  it  the  abbreviation  (#Ac3). 
It  is  useful  to  observe  that 

(«A<0  =  («AO>  but  («AC*) = -  WW- 

For  by  analogy  of  notation, 

(«Aci)= «2  ACJ  +  as(hic,)  +  ai(Kc3h  which  is  tne  same  as  («Acs)> 

while 

(aAc.)  =  ai  Ac2)  +  «s  Aci)  +  «»  Ac3)>  wnich  is  tne  same  as  -  (<*A<%>- 

5.   We  should  have  obtained  the  same  result  of  elimination  if 
we  had  eliminated  between  the  three  equations 

axx  +  aty  +  aHz  =  0,     \x  +  \y  +  b3z  =  0,     c^  4  c2y  +  c3z  =  0. 

For  if  we  proceed  on  the  same  system  as  before,  multiplying  the 
first  equation  by  (Jac8),  the  second  by  (c2a3),  and  the  third  by 
(a A)j  an(*  a(^>  tben  tbe  coen<icients  of  y  and  2!  vanish,  and  the 
determinant  is  obtained  in  the  form 

which,  expanded,  is  found  to  be  identical  with  (aAcs)«     Hence 


«,1   h   Cx 

«1>     *H     a3 

*»J   &2>   c2 

= 

K  h  h 

«3>     J8)     C3 

Cl,    c*     c* 

or  the  determinant  is  not  altered  by  writing  the  horizontal  rows 
vertically,  and  vice  versa ;  a  property  which  will  be  proved  to 
be  true  of  every  determinant. 
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6.   Using  the  notation 


e« 

4 

«a> 

<*4 

b 

$ 

** 

^ 

cu 

c*> 

«8l 

C4 

to  denote  the  system  of  determinants  obtained  by  omitting  in 
turn  each  one  of  the  columns ;  these  four  determinants  are  con- 
nected by  the  relations 

\  («AO  -  K  Wa)  +  K  [<*M  -  K  («AO  =  o, 

Cl  («AO  "   C*  fafe)  +   CS  («AC|)  -   C4  («A«J  =  0- 

These  relations  may  be  either  verified  by  actual  expansion  of  the 
determinants,  or  else  may  be  proved  by  a  method  analogous  to 
that  used  in  Art.  3.     Take  the  three  equations 

atx  +  a2y  +  asz  +  a4w  =  0, 

btx  +  b^y  +  \z  +  b^w  =  0, 

ctx  -f  cjy  +  c3z  +  c4w  =  0. 
Then  (as  in  Art.  5)  we  can  eliminate  y  and  z  by  multiplying 
the  equations  by  (52c8),  (ca«8),  («A),  respectively,  and  adding, 
when  we  get  (^ h^  x  +  (^j  w  =  0. 

In  like  manner,  multiplying  by  (fyc,),  (CgflJ,  (as5J  respectively, 

weget  («A«i)y  +  («A<0"  =  <>- 

And  in  like  manner, 

(aAc2)z+(aAc*)w  =  0- 

Now,  attending  to  the  remarks  about  signs  (Art.  4),  these 
equations  are  equivalent  to 

(*Acs) x = -  («AcJ ^j  («Ac9)y==KV«)  ^  («M) * ■■  -  («AcJ w- 

or  a?,  y,  £,  w  are  respectively  proportional  to  (ffAcJ»  —  (aj>4ci)i 
(a45jC2),  —  («AC3)  J  substituting  which  values  in  the  original  equa- 
tions, we  obtain  the  identities  already  written. 

7.   If  now  we  have  to  eliminate  between  the  four  equations 
axx  +  bxy  +  c^z  +  dxw  =  0, 
a2x  +  %  +  V  +  ^  =  °> 

V  +  %  +  ^  +  d4w  =  0, 
we  have  only  to  multiply  the  first  by  [ajb&c4),  the  second  by 
—  («Aci)>  the  third  by  (o4^t<?8),  the  fourth  by  —  (aAcs)>  anc*  add, 
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when  the  coefficients  of  x)  y,  z  vanish  identically,  and  the  deter- 
minant is  found  to  be 

di  (aAC*)  ~  d*  («aft4Ci)  +  ds  WiC2)  ~  d*  (aAc3)  5 
or,  writing  it  full  length, 

aAcA  -  ahcA + aAcA  -  aAcA + aAcA  -  ahcA + °A^a 

-  atKcA  +  «AC A  -  a*&icA  +  aAcA  -  « Ac A + «AC  A 

-  ^lCA  +  ^M  -  aA°A  +  «AC4^»  ~  aACA  +  «AC3^1 

-  «A<v*i  +  aAcA  -  ahcA + aAcA  -  <*J>sA- 

8.  There  is  no  difficulty  in  extending  to  any  number  of  equa- 
tions the  process  here  employed;  and  the  reader  will  observe 
that  the  general  expression  for  a  determinant  is  2  ±  aj)2c3d^  &c, 
where  each  product  must  include  all  the  varieties  of  the  n  letters 
and  of  the  n  suffixes,  without  repetition  or  omission,  and  the 
determinant  contains  all  possible  such  products  which  can  be 
formed.  With  regard  to  the  sign  to  be  affixed  to  each  element 
of  the  determinant,  the  following  is  the  rule :  We  give  the  sign 
+  to  the  term  afi2czd^  &c.  obtained  by  reading  the  determinant 
from  the  left-hand  top  to  the  right-hand  bottom  corner;  and 
then  "  the  sign  +  or  —  is  affixed  to  each  other  product  according 
as  it  is  derived  from  this  leading  term  by  an  even  or  odd  number 
of  permutations  of  suffixes."  Thus,  in  the  last  example,  the 
second  term  aj?3c2d4  differs  from  the  first  only  by  a  permutation 
of  the  suffixes  of  b  and  c;  it  therefore  has  an  opposite  sign. 
The  third  term,  a2b3cxd^  differs  from  the  second  by  a  permu- 
tation of  the  suffixes  of  a  and  c;  it  therefore  has  an  opposite 
sign :  but  it  has  the  same  sign  with  the  first  term,  since  it  can 
only  be  derived  from  it  by  twice  permuting  suffixes. 

Ex.  In  the  determinant  (aAc3^4es)>  wnat  sign  is  to  be  affixed  to  the  element 
o3  J5c2c?1e4  ? 

From  the  first  term,  permuting  the  suffixes  of  a  and  c,  we  get  a^Cyd^,  the  first 
constituent  of  which  is  the  same  as  that  in  the  given  term  :  next  permuting  the 
suffixes  of  b  and  e,  we  get  a3J5c1(Z4e2,  which  has  two  constituents  the  same  as  the 
given  term  :  next,  permuting  c  and  e,  we  get  a^c^d^  :  lastly,  permuting  d  and  e,  we 
get  the  given  term  a3*5c2t?1e4.  Since,  then,  there  has  been  an  even  number  (four)  of 
permutations,  the  sign  of  the  term  is  +.    In  fact,  the  signs  of  the  series  of  terms  are 

OlWe5  —  a3hCAeS  +  «AC1^4e2  ~  a3hC2^iel  +  ^^d^* 

*  Comparing  the  elements  alb^dieif  a£hc2dxex,  it  will  be  seen  that  the  suffix  1 
which  came  first  in  the  former  element,  is  in  the  latter  preceded  by  three  constituents ; 
that  the  suffix  2  is  preceded  by  two  which  came  after  it  before,  and  the  suffix  4  by 
one.    The  total  number  of  displacements  is  therefore  six.    The  rule  of  signs  is 
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9.  A  cyclic  interchange  of  suffixes  alters  the  sign  when  the 
number  of  terms  in  the  product  is  even;  but  not  so  when  the 
number  of  terms  is  odd.  Thus  a2Z>„  being  got  from  afi2  by  one 
interchange  of  suffixes,  has  a  different  sign ;  but  ajb3c1  has  the 
same  sign  with  afi^  from  which  it  is  derived  by  a  double  permu- 
tation. For,  changing  the  suffixes  of  a  and  &,  aj>2cs  becomes 
Oj&jCg)  and  changing  the  suffixes  of  b  and  c,  this  again  becomes 
aabact.  In  like  manner  oy&s€/?s  has  an  opposite  sign  to  ap2czd^ 
being  derived  from  it  by  a  triple  permutation,  viz.  through  the 
steps  a&c&j  a9bactdA,  aj>zcflx. 

10.  We  are  now  in  a  position  to  replace  our  former  definition 
of  a  determinant  by  another,  which  we  make  the  foundation  of 
the  subsequent  theory.  In  fact,  since  a  determinant  is  only  a 
function  of  its  constituents  a„  Z>1?  c„  &c,  and  does  not  contain 
the  variables  a?,  y,  0,  &c,  it  is  obviously  preferable  to  give  a 
definition  which  does  not  introduce  any  mention  of  equations 
between  these  quantities  #,  ?/,  z. 

*Let  there  be  n*  quantities  arrayed  in  a  square  of  n  columns 
and  n  rows,  then  the  sum  with  proper  signs  (as  explained,  Art.  9) 
of  all  possible  products  of  n  constituents,  one  constituent  being 
taken  from  each  horizontal  and  each  vertical  row  is  called  the 
determinant  of  these  quantities  and  is  said  to  be  of  the  ntu  order. 
Constituents  are  said  to  be  conjugate  to  each  other,  when  the 
place  which  each  occupies  in  the  horizontal  rows  is  the  same  as 
that  which  the  other  occupies  in  the  vertical  rows.  A  deter- 
minant is  said  to  be  symmetrical  when  the  conjugate  constituents 
are  equal  to  each  other ;  for  example, 


a, 

h, 

g 

h, 

h 

f 

.9) 

f, 

C 

sometimes  given  in  the  form  that  the  sign  of  an  element  is  +,  when  the  total 
number  of  displacements  as  compared  with  the  order  in  the  leading  term  is  even, 
and  vice  versd. 

*  We  might  have  commenced  with  this  definition  of  a  determinant,  the  preceding 
articles  being  unnecessary  to  the  scientific  development  of  the  theory.  We  have 
thought,  however,  that  the  illustrations  there  given  would  make  the  general  theory 
more  intelligible;  and  also  that  the  importance  of  the  study  of  determinants  would 
more  clearly  appear,  when  it  had  been  shown  that  every  elimination  of  the  variables 
from  a  system  of  equations  of  the  first  degree,  and  every  solution  of  such  a  system, 
gives  rise  to  determinants,  such  systems  of  equations  being  of  constant  occurrence  in 
every  department  of  pure  and  applied  mathematics. 


DETERMINANTS. 


11.  In  these  first  lessons,  as  in  the  previous  examples,  we 
write  all  the  constituents  in  the  same  row  with  the  same  letter, 
and  those  in  the  same  column  with  the  same  suffix.  The  most 
common  notation  however  is  to  write  the  constituents  of  a  de- 
terminant with  a  double  suffix,  one  suffix  denoting  the  row,  and 
the  other  the  column,  to  which  the  constituent  belongs.  Thus 
the  determinant  of  the  third  order  would  be  written 


3,t> 

S  +  a 


1,1^2,2^3,3* 


or  else 

where  in  the  sum  the  suffixes  are  interchanged  in  all  possible 
ways.     The  preceding  notation  is  occasionally  modified  by  the 
omission  of  the  letter  a,  and  the  determinant  is  written 
(1,1),    (1,2),    (1,8) 
(2,1),    (2,2),    (2,3) 
(3,  1),    (3,  2),    (3,  3) 
Lastly,  Mr.  Sylvester  has  suggested  what  he  calls  an  umbral 
notation.     Consider,  for  example,  the  determinant 
aa,   5a,   ca,   da. 
a/3,  5/3,  c/3,  d/3 
ay,  5y,   cy,  dy 
a8,    58,    cS,    dS 

the  constituents  of  which  are  aa,  5a,  &c,  and  where  a,  5,  c,  &c. 
are  not  quantities,  but  as  it  were  shadows  of  quantities;  that 
is  to  say,  they  have  no  meaning  separately,  except  in  combi- 
nation with  one  of  the  other  class  of  umbrae  a,  /3,  y,  &c.  Thus, 
for  example,  if  a,  /3,  y,  8  represent  the  suffixes  1,  2,  3,  4,  the 
constituents  in  the  notation  we  have  ourselves  employed,  are 
all  formed  by  combining  one  of  the  letters  a,  5,  c,  d  with  one 
of  the  figures  1,  2,  3,  4.  Now  the  determinant  above  written 
is  written  by  Mr.  Sylvester  more  compactly 

a,   5,   c,   a7, 
a,  /3,  y,  S, 
which  denotes  the  sum  of  all  possible  products  of  the  form 
aa.bft.cy.dSj  obtained  by  giving  the  terms  in  the  second  line 
every  possible  permutation,  and  changing  sign  according  to  the 
ordinary  rule  with  every  permutation. 
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LESSON  II. 

EEDUCTION  AND  CALCULATION  OF  DETERMINANTS. 

12.  We  have  in  the  last  Lesson  given  the  rule  for  the  forma- 
tion of  determinants,  and  exemplified  some  of  their  properties  in 
particular  cases.  We  shall  in  this  Lesson  prove  these  properties 
in  general,  together  with  some  others,  which  are  most  frequently 
used  in  the  reduction  and  calculation  of  determinants. 

The  value  of  a  determinant  is  not  altered  if  the  vertical  rows 
he  written  horizontally,  and  vice  versa  (see  Arts.  2,  5). 

This  follows  immediately  from  the  law  of  formation  (Art.  10), 
which  is  perfectly  symmetrical  with  respect  to  the  columns  and 
rows.  One  of  the  principal  advantages  of  the  notation  with 
double  suffixes  is  that  it  exhibits  most  distinctly  the  symmetry 
which  exists  between  the  horizontal  and  vertical  lines. 

13.  If  any  two  rows  [or  two  columns)  be  interchanged,  the  sign 
of  the  determinant  is  altered. 

For  the  effect  of  the  change  is  evidently  a  single  permutation 
of  two  of  the  letters  (or  of  two  of  the  suffixes),  which  by  the 
law  of  formation  causes  a  change  of  sign. 

14.  If  two  rows  (or  if  two  columns)  be  identical,  the  deter- 
minant vanishes. 

For  these  two  rows  being  interchanged,  we  ought  (Art.  13) 
to  have  a  change  of  sign :  but  the  interchange  of  two  identical 
lines  can  produce  no  change  in  the  value  of  the  determinant. 
Its  value,  then,  does  not  alter  when  its  sign  is  changed ;  that  is 
to  say,  it  is  =  0. 

This  theorem  also  follows  immediately  from  the  definition  of 
a  determinant,  as  the  result  of  elimination  between  n  linear 
equations.  For  that  elimination  is  performed  by  solving  for  the 
variables  from  n  —  1  of  the  equations,  and  substituting  the  values 
so  found  in  the  nth.  But  if  this  nth  equation  be  the  same  as  one 
of  the  others,  it  must  vanish  identically  when  these  values  are 
substituted  in  it. 
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15.  If  every  constituent  in  any  row  [or  in  any  column)  be 
multiplied  by  the  same  factor,  then  the  determinant  is  multiplied 
by  that  factor. 

This  follows  at  once  from  the  fact  that  every  term  in  the  ex- 
pansion of  the  determinant  contains  as  a  factor,  one,  and  but  one, 
constituent  belonging  to  the  same  row  or  to  the  same  column. 

Thus,  for  example,  since  every  element  of  the  determinant 


o„ 

K 

Cj 

<*•> 

K 

C2 

°>3> 

K, 

C3 

contains  either  ax)  a2,  or  as,  the  determinant  can  be  written  in  the 
form  a^A^a^A^-a^A^  (where  neither  Ax,  A^  nor  Az  contains  any 
constituent  from  the  a  column) ;  and  if  a1?  a2,  «3  be  each  multi- 
plied by  the  same  factor  &,  the  determinant  will  be  multiplied 
by  that  factor. 

Cor.  If  the  constituents  in  one  row  or  column  differ  only 
by  a  constant  multiplier  from  those  in  another  row  or  column, 
the  determinant  vanishes.     Thus 


Jca2,  a2,  az 

a*J    art    as 

kK,  \,  b3 

=.k 

K,  K,  K 

=  0  (Art.  14 

KCtf    c«>     c3 

C2?     C2>      C3 

16.  If  in  any  determinant  we  erase  any  number  of  rows 
and  the  same  number  of  columns,  the  determinant  formed  with 
the  remaining  rows  and  columns  is  called  a  minor  of  the  given 
determinant.  The  minors  formed  by  erasing  one  row  and  one 
column  may  be  called  first  minors ;  those  formed  by  erasing  two 
rows  and  two  columns,  second  minors,  and  so  on. 

We  have,  in  the  last  article,  observed  that  if  the  constituents 
of  one  column  of  a  determinant  be  a1?  a2,  a3,  &c,  the  deter- 
minant may  be  written  in  the  form  ax Ax  +  a2Aki  +  azAz  +  &c. 
And  it  is  evident  that  Ax  is  the  minor  obtained  by  erasing  the 
line  and  column  which  contain  as,,  &c.  For  every  element  of 
the  determinant  which  contains  ax  can  contain  no  other  con- 
stituent from  the  column  a  or  the  line  (1) ;  and  ax  must  be 
multiplied  by  all  possible  combinations  of  products  of  n  —  1 
constituents,  taken  one  from  each  of  the  other  rows  and 
columns.      But   the   aggregate  of  these   form    the   minor  Ax. 

c 
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Compare  Art.  7.  In  like  manner  the  determinant  may  be 
written  alA1  +  blBl  +  c1Cl  +  &c.1  where  Bi  is  the  minor  formed 
by  erasing  the  row  and  column  which  contain  bt. 

1.7.  If  all  the  constituents  but  one  vanish  in  any  row  or  column 
of  a  determinant  of  the  nm  order,  its  calculation  is  reduced  to  the 
calculation  of  a  determinant  of  the  n  —  1th  order.  For,  evidently, 
if  a2,  a3,  &c.  all  vanish,  the  determinant  atAx  +  a2A2  +  &c.  re- 
duces to  the  single  term  axAx ;  and  Ax  is  a  determinant  having 
one  row  and  one  column  less  than  the  given  determinant. 

18.  If  every  constituent  in  any  row  (or  in  any  column)  be  re- 
solvable into  the  sum  of  two  other s,  the  determinant  is  resolvable 
into  the  sum  of  two  others. 

This  follows  from  the  principle  used  in  Art.  16.  Thus,  if  in 
the  Example  there  given,  we  write  at -f  ax  for  ax\  bx  +  fix  for  bx ; 
ci  +  7i  f°r  °i  j  then  the  determinant  becomes 

(«,  +  «,M,  +  & + A)  ^,  +  (c,  +  r,K 

-  Ki,  +  6,5,  +  e,  Ctf  f  {«A  +  0,5,  +  7, 0,}. 


Thus  we  have 
a.  +  a. 


™\1     "a? 
b 


25     ws 


+ 


a1?  «2,  a, 

%>     C27      C3 


In  like  manner,  if  the  terms  in  any  one  column  were  each 
the  sum  of  any  number  of  others,  the  determinant  could  be 
resolved  into  the  same  number  of  others. 

19.  If  again,  in  the  preceding,  the  terms  in  the  second 
column  were  also  each  the  sum  of  others  (if,  for  instance,  we 
were  to  write  for  a2,  a2  +  a8 ;  for  62,  \  +  /32 ;  for  c„  c2  +  72),  then 
each  of  the  determinants  on  the  right-hand  side  of  the  last 
equation  could  be  resolved  into  the  sum  of  others ;  and  we  see, 
without  difficulty,  that 

K  +  ^\  +  Aj  ca)  =  («M)  +  K#/3)  +  (a&cj  +  («Ac,). 
And  if  each  of  the  constituents  in  the  first  column  could  be  re- 
solved into  the  sum  of  m  others,  and  each  of  those  of  the  second 
into  the  sum  of  n  others,  then  the  determinant  could  be  resolved 
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into  the  sum  of  mn  others.  For  we  should  first,  as  in  the  last 
Article,  resolve  the  determinant  into  the  sum  of  m  others,  by 
taking,  instead  of  the  first  column,  each  one  of  the  m  partial 
columns ;  and  then,  in  like  manner,  resolve  each  of  these  into  n 
others,  by  dealing  similarly  with  the  second  column.  And  so,  in 
general,  if  each  of  the  constituents  of  a  determinant  consist  of 
the  sum  of  a  number  of  terms,  so  that  each  of  the  columns  can 
be  resolved  into  the  sum  of  a  number  of  partial  columns  (the 
first  into  m  partial  columns,  the  second  into  n,  the  third  into 
p,  &c),  then,  the  determinant  is  equal  to  .the  sum  of  all  the  deter- 
minants which  can  be  formed  by  taking,  instead  of  each  column, 
one  of  its  partial  columns ;  and  the  number  of  such  determinants 
will  be  the  product  of  the  numbers  m%  n^p,  &c. 

20.  If  the  constituents  of  one  row  or  column  are  respectively 
equal  to  the  sum  of  the  corresponding  constituents  of  other  rows 
or  columns,  multiplied  respectively  by  constant  factors,  the  deter- 
minant vanishes.  For  in  this  case  the  determinant  can  be  re- 
solved into  the  sum  of  others  which  separately  vanish.     Thus 


7ca2  +  la3)  oa,  a3 

ka2,  a2,  a3 

fafy  aa  a3 

h\  +  lK  K  K 

= 

hK  hi  K 

+ 

%  K  K 

H  +  K     C2>      C3 

kC2l     C2>     C3 

K     C2>      C3 

But  the  last  two  determinants  vanish  (Cor.,  Art.  15). 

21.  A  determinant  is  not  altered  if  we  add  to  each  constituent 
of  any  row  or  column  the  corresponding  constituents  of  any  of  the 
other  rows  or  columns  multiplied  respectively  by  constant  factors. 
Thus 


a,  +  Jca2  +  la3,  a2,  a3 

aH     a2l     % 

ka2+la3,  a2,  a3 

bx  +  kb2  +  lb3,  b2,  b3 

= 

K  K,  K 

+ 

»*+#*  h*  K 

©,+&,  +  &„  c2,  c3 

Ct>     C2>      C3 

H  +  K  c*  cs 

But  the  last  determinant  vanishes  (Art.  20).*  The  following 
examples  will  show  how  the  principles  just  explained  are  applied 
to  simplify  the  calculation  of  determinants. 


*  The  beginner  will  be  careful  to  observe  that  though  the  determinant  is  not 
altered  if  we  substitute  in  the  first  row  o^  +  Jca2  +  la3  for  a„  &c.;  yet  if  we  make  the 
same  substitution  in  the  second  row  for  a2,  &c.  we  multiply  the  determinant  by  h  -, 
and  if  for  a3,  &c,  we  multiply  it  by  I. 
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9,  13,  17,    4 

18,  28,  33,     8 

30,  40,  54,  13 

24,  37,  46,  11 

1,  1,  1,    4 

2,  4,  1,     8 
4,  1,  2,  13 

= 

2,  4,  2,  11 

Ex.  1.  Let  it  be  required  to  calculate  the  following  determinant : 

1,  1,  1,  1 

2,  4,  1,  1 
4,  1,  2,  6 
2,  4,  2,  3 

The  second  determinant  is  derived  from  the  first  by  subtracting  from  the  constituents 
of  the  first,  second,  and  third  columns,  twice,  three  times,  and  four  times,  the  corre- 
sponding constituents  of  the  last  column.  The  third  determinant  is  derived  from 
the  second  by  subtracting  the  sum  of  the  first  three  columns  from  the  last.  When- 
ever we  have,  as  now,  a  determinant  for  which  all  the  constituents  of  one  row  are 
equal,  we  can  get  by  subtraction  one  for  which  all  the  constituents  but  one  of  one 
row  vanish,  and  so  reduce  the  calculation  to  that  of  a  determinant  of  lower  order 
(Art.  17).  Thus  subtracting  the  first  column  from  each  of  those  following,  the  deter- 
minant last  written  becomes 


1, 

o, 

o, 

0 

2, 

2, 

-1, 

-1 

4, 

-3, 

-2, 

2 

2, 

2, 

o, 

1 

2, 


2, 


1, 

-1 

4, 

-1, 

-1 

2, 

2 

= 

-7, 

-2, 

2 

o, 

1 

o, 

o, 

1 

The  third  of  these  follows  from  the  one  preceding  by  subtracting  double  the  last 
column  from  the  first,  when  we  have  a  determinant  of  only  the  second  order,  whose 
value  is  -  8  -  7  =  -  15. 

Ex.  2.  The  calculation  of  the  following  determinant  is  necessary  (Solid  Geometry^ 


p.  175) : 

5,  - 10,      11,      0 

5,  -  10,      11,  0 

-  10,  -  11,      12,      4 

-  32,  -  35,      34,  0 

11,      12,  - 11,      2 

11,      12,  -  11,  2 

" 

0,        4,        2,-6 

1,        5,        3,  0 

5,  -  2,  1 

5,  -  2,  1 

1             Q        1 

= 

10 

32,      7,  1 
1,      1,  8 

=  10 

-3£ 

,      9,  0 
,     17,  0. 

=  90          3 
I  -39 

17 

=  -2 


5, 

-  10,  11 

32, 

-  35,  34 

1, 

5,    3 

=  90  (51  +  39)  =  8100. 


The  first  transformation  is  made  by  subtracting  double  the  third  row  from  the  second, 
and  adding  the  sum  of  the  second  and  third  to  the  fourth.  In  the  next  step  it  will 
be  observed  that  since  the  sign  of  the  term  a^c^dz  is  opposite  to  that  of  a162c3rf4, 
when  c4  is  the  only  constituent  of  the  last  column  which  does  not  vanish,  the  deter- 
minant becomes  —  c4  (axb2d3).  In  the  next  step,  we  add  the  second  and  third  columns, 
we  take  out  the  factor  5  common  to  the  second  column,  and  the  sign  -  common  to 
the  second  row.  We  then  subtract  the  first  row  from  the  second,  and  eight  times 
the  first  row  from  the  last,  and  the  remainder  is  obvious. 

Ex.3. 


7, 

-2, 

0,  5 

2, 

6, 

-2,  2 

o, 

-2, 

5,  3 

5, 

2, 

3,4 

Ex.4. 


25,  -  15,      23,  -  5 

-  15,  -  10,'      19,      5 
23,  19,  -  15,      9 

-  5,  5,        9,-5 


972  (Solid  Geometry,  p.  168). 


194400  (Solid  Geometry,  p.  175). 
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Ex.  5.   Given  n  quantities  a,  /?,  y,  &c,  to  find  the  value  of 
1,       1,       1,       1.    &c. 
«,       ft       7,       8,    &c. 


£2, 


82    &c. 


n~\  fi^\  yn~\  3T1,  &c. 

It  is  evident  (Art.  14)  that  this  determinant  would  vanish  if  a  —  (3,  therefore  a  —  /? 
is  a  factor  in  it.  In  like  manner  so  is  every  other  difference  between  any  two  of  the 
quantities  a,  ft  &c.    The  determinant  is  therefore 

=  ±(a-  (3)  (a-  y)  (a-  8)  (J3  -  y)  <J3  -  8)  (y  -  8)  &C 
Eor  the  determinant  is  either  equal  to  this  product,  or  to  the  product  multiplied  by 
some  factor.  But  there  can  be  no  factor  containing  a,  (3,  &c,  since  the  product  con- 
tains a11-1,  /S"-1,  &c. ;  and  the  determinant  can  contain  no  higher  power  of  a,  /3,  &c; 
and  by  comparing  the  coefficients  of  an  1  it  will  be  seen  that  the  determinant  con- 
tains no  numerical  factor.  This  example  may  also  be  treated  in  the  same  way  as 
the  next  example. 


Ex.  6.  To  calculate 


1,  1,  1,  1 
a,  (3,  y,  8 
«2,  £2,  72,  8* 
a\    (3*,   y\  8* 

Subtract  the  last  column  from  each  of  the  first  three,  and  the  determinant  becomes 
divisible  by  (a  —  8)  (J3  -  8)  (y  —  8)  the  quotient  being 

1,  1,  1 

a +  8,  0+'ds  y  +  8 

a3  +  a?8  +  a82  +  83,   (3*  +  p*8  +  (382  +  83,    y3  +  y28  +  y82  +  83 
Subtract  again  the  last  column  from  the  two  preceding  and  the  determinant  is  seen 
to  be  divisible  by  (a  —  y)  (/3  —  y),  and  its  value  is  thus  at  once  found  to  be 
(a_  I)  (£_  8)  (y  -  8)  (a-  y)  (/3  -  y)  (a-  /3)  (a  +  (3  +  y  +  8). 

Ex.  7.  In  the  solution  of  a  geometrical  problem  it  became  necessary  to  determine 
X  from  the  equation 

a3,  b3,  c3 

(a  +  X)»    (b  +  \)3,    (c  +  X)3 

(2a  +  X)3,  (26  +  X)3,  (2c  +  X)3 
Subtract  the  first  row  from  the  second,  and  divide  by  X ;  subtract  8  times  the  first 
row  from  the  last  and  divide  by  X ;  then  subtract  the  second  row  from  the  third  and 
divide  by  3;  and  lastly,  subtract  this  last  row  from  the  second  and  divide  by  X, 
when  the  determinant  becomes 

a3,  b3,  c3 

2a  +  X,     2b  +  X,      2c  +  X 

3a2  +  aX,  3i2  +  bX,  3d2  +  cX 
Again,  subtract  the  first  column  from  the  second  and  third,  and  then  the  second  from 
the  third,  divide  by  b  —  a,  c  —  a,  c  —  b;  and  then  from  the  first  column  subtract 
a  times  the  second  and  add  ab  times  the  last;  and  from  the  second  column  take 
(a  +  b)  times  the  last,  and  we  have  finally 

abc,  —  (ab  +  be  +  ca),  a  +  b  +  c 

X,  2,  0 

0,  X,  3 


=  0. 


0. 


which  reduced  is 


=  0, 


(a  +  b  +  c)  X2  +  3  (ab  +  be  +  ca)X  +  6abc  =  0. 
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Ex.8. 


Ex.9. 


Ex.10. 


Ex.  11. 


(b  +  c)2,       a2, 
b\       (c  +  a)*t 


(a  +  by 


2abc  (a  +  b  +  c)s. 


1,        1,        1 

sin  a,   sin/3,   siny 
cos  a,  cos/3,  cosy 


4  sin£(a  —  /3)  sin£(/3  -  y)  sin£(a  -  y). 


COs£(a-/J),  COs£(/3-y),  co&Ky-a) 
cos£(a+/3),  COs£(/8+y),  COs£(y+a) 
sin£(a+0),  sini(^+y),  sin£(y+a) 


-2  sin£(a-/3)  sin£(/3-y)  sin^(a-y). 


sma,         sin/5,  siny 

cos  a,         cos/3,  cosy 

I  sin  a  cos  a,  sin  /3  cos  /3,  siny  cosy 
=  2  sin£(a  -  /3)  sin£(/3  -  y)  sin£(a  -  y)  {sin  (a  +  /3)  +  sin(/3  +  y)  +  sin(y  +  a)}. 

Ex.  12.  Many  of  these  examples  may  be  applied  to  the  calculation  of  areas  of 

triangles,  it  being  remembered  that  the  double  area  of  the  triangle  formed  by  three 

points  is 

1,    1,     1 

y'i  y",  y'" 

a,     b,    c 

a',    b\    c' 

a",  b",  c" 

(see  Conic  Sections,  p.  33).    For  example,  the  area  of  the  triangle  formed  by  the 

centres  of  curvature  of  three  points  on  a  parabola  is  (the  co-ordinates  of  a  centre  of 

4w'3 
curvature  being  $p  +  3a?',  — ^) 


and  by  three  lines  ax  +  by  +  c,  &c.  is 


divided  by  (ab'—  a'b)  (acr—  ca')  (be'—  cb1) 


1,        1,          1 

6 

y'%  y"\  y"" 

p3 

y'3,  y"3,  y'"3 

=p,&-  y")  W  -  y'")  W"  -  y')  W  +  ff  +  y'"y')- 

In  like  manner  may  be  investigated  the  area  of  the  triangle  formed  by  three  normals, 
or  any  other  three  lines  connected  with  the  curve. 


Ex.13. 


Ex.  14.  Prove 


0,  c,  b 

c,  0,  a 

b,  a,  0 

=  2abc ; 

0,  c,  b,  d 

c,  0,  a,  e 
b,  a,  0,  / 

d,  e,f,  0     =aW+b*e'i  +  cy2-2abde-2bcef-2adcf. 

0,  x,  y,  z 


0,  1,    1,    1 

1,  0,  z\  y* 
1,  z2,  0,  x2 
1,  y2,  x\  0 


x,  0,  z,  y 
y,  z,  0,  x 
z,  y,  x,  0 


=  -  (x  +  y  +  z)  (y  +  z  —  x)  (z  +  x  —  y)  (x  +  y  —  z). 

Ex.  15.  a,  X,  X,  X,  <fcc. 

X,  b,  X,  X,  <fec. 

X,  X,  c,  X,  Ac. 

X,  X,  X,  tf,  &c. 

&c. 
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where  all  the  constituents  are  equal  except  those  in  the  principal  diagonal,  is 
<p  (X)  —  X  -=r  •  where  </>  (X)  is  the  continued  product  (a  —  X)  (b  —  X),  &c. 

Ex.  16.  Let  u  be  a  homogeneous  function  of  the  nth  order  in  any  number  of 
variables;  and  let  uv  u2,  u,,  &c.  denote  its  differential  coefficients  with  regard  to 
the  variables  xv  x^  x3,  &c;  and,  in  like  manner,  let  wu,  ul2,  ul3  denote  the  diffe- 
rential coefficients  of  ul}  &c.  Then,  by  Euler's  theorem  of  homogeneous  functions, 
we  have 

nu  =  tl1X1  +  UtfC2  +  U3XZ  +  &<5'j      (n  ~  1)  u\  —  #1MU  +  #2W12  +  #3^13  +  &c->      && 

We  shall  hereafter  speak  at  length  of  the  determinant  (called  the  Hessian) 
formed  with  the  second  differential  coefficients,  whose  rows  are  wn,  u12,  ul3,  &c; 
u21,  u22,  u23,  &c,  &c.  At  present  our  object  is  to  show  how  to  reduce  a  class  of 
determinants  of  frequent  occurrence,  viz.  those  which  are  formed  by  bordering  the 
matrix  of  the  Hessian,  either  with  the  first  differential  coefficients,  or  with  other 
quantities,  as  for  example 

un,  Mi2>  v™  v»  «i 
u2l,  M-J2,  u23,  u2,  a2 

W31>    M32)    W33»    %>    «3 
U»      Mj,      W3,      0,      0 

«!,    a2,    a3,    0,    0 

In  this  example  we  only  take  three  variables,  but  the  processes  which  we  shall 
employ  are  applicable  to  the  case  of  any  number  of  variables.  In  this  example  the 
determinant  formed  by  the  first  three  rows  and  columns  is  the  Hessian  which  we 
shall  call  H.    We  shall  denote  the  determinant  written  above  by  the  abbreviation 


to  denote  the  determinants  of  four  rows,  formed 


(        ) ,  while  we  use  ( 
\u  aj'  \u) 

by  bordering  the  matrix  of  the  Hessian  with  a  single  row  and  column,  either  both 

«'s  or  both  a's,  or  one  u  and  the  other  a.    We  also  write  axxt  +  a2x2  +  a3x3  =  a. 

If  now  we  multiply  the  first  column  of  the  above  written  determinant  by  xx,  the 

second  by  x2,  the  third  by  x3,  and  subtract  from  n  —  1  times  the  fourth  column, 

the  first  three  terms  vanish,  the  fourth  becomes  —  nu,  and  the  fifth  —  o.    Again, 

multiply  the  fourth  row  by  n  —  1,  and  subtract  in  like  manner  the  first,  second,  and 

third  rows  multiplied  by  xl}  x2,  x3  respectively,  and  the  first  three  terms  vanish,  the 

fourth  remains  unchanged,  and  the  last  becomes  —  a.    Thus  then  (n  —  l)2  times  the 

determinant  originally  written  is  proved  to  be  equal  to 


un>  u\ii  wi3> 

o, 

«i 

M21>    M22>    W23> 

o, 

«2 

M31>    M32>    M33> 

o, 

«3 

0,        0,         0, 

—  n  (n  —  1)  u, 

—  a 

a\1      «2>      «3> 

—  a, 

0 

But  now  since  (Art.  15)  a  determinant  which  has  only  two  terms  dt,  d5  of  the  fourth 
row,  which  do  not  vanish,  is  expressible  in  the  form  diDi  +  dbDb ;  the  above  deter- 
minant may  be  resolved  into  the  sum  of  two  others,  and  we  find  that  the  originally 
given  determinant 

("")  =  — H -J")-r±-am. 

\u  a)  n  —  1      \aj      (n  —  l)2 

In  like  manner  it  is  proved  that  f"j  =  -  -—  1  Hu.    Or,  again,  if  there  be  four 
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variables,  and  if  the  matrix  of  the  Hessian  be  triply  bordered,  we  prove  in  the 
same  way  that 

When  u  is  of  the  second  degree,  it  is  to  be  noted  that,  in  the  case  of  three  variables, 

(    J  expresses  the  condition  that  the  line  a  should  touch  the  conic  u;  and  (     A 

expresses  the'condition  that  the  intersection  of  the  lines  a,  /3  should  be  on  the  conic. 

In  like  manner  for  four  variables  (    j ,  (     A  ,  f     R    J  respectively  are  the  conditions 

that  a  plane  should  touch,  that  the  intersection  of  two  planes  should  touch,  and  that 
the  intersection  of  three  planes  should  be  on  the  quadric  u.     The  equation  then 

f        a)  =  0  expresses  that  the  polar  plane  of  a  point  passes  through  one  or  other 

of  the  two  points  where  the  line  a/3  meets  the  quadric.    But  points  having  this 
property  lie  only  on  the  tangent  planes  at  these  two  points.    The  transformation 

therefore  that  we  have  given  for  f        _J  expresses  the  equation  of  the  tangent  planes 

at  the  points  where  a/3  meets  the  quadric,  and  the  transformation  for  f       J  gives  the 
equation  of  the  tangent  cone  where  a  meets  the  quadric. 


LESSON  III. 

MULTIPLICATION  OF  DETERMINANTS. 

22.  We  shall  in  this  lesson  show  that  the  product  of  two 
determinants  may  be  expressed  as  a  determinant. 

The  product  of  two  determinants  is  the  determinant  whose  con- 
stituents are  the  sums  of  the  products  of  the  constituents  in  any  row 
of  one  by  the  corresponding  constituents  in  any  row  of  the  other. 

For  example,  the  product  of  the  determinants  («,£2c3)  and 

(«i£«7a)   is 

«,«,  +  \(SX  +  <vyt,   axa2  +  bx(32  +  cx72,  axa,  +  bfiz  +  cxy3 

«2«t  ■*-  K®i  +  <wr»»  ttA  +  hA  +  c272>  <v*3  +  hA  +  c«78 
a»*i  +  hA  +  ci7u  «3aa  +  *>A  +  c*v*  a3a8 + hA  +  C»7. 

The  proofs  which  we  shall  give  for  this  particular  case  will 
apply  equally  in  general.  Since  the  constituents  of  the  deter- 
minant just  written  are  each  the  sum  of  three  terms,  the  de- 
terminant can  (by  Art.  19)  be  resolved  into  the  sum  of  the  27 
determinants,  obtained  by  taking  any  one  partial  column  of  the 
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first,  second,  and  third  column.     We  need  not  write  down  the 
whole  27,  but  give  two  or  three  specimen  terms  : 

*V*n  ci72,  hA 
«*au  c272,  ^A 


«1*1> 

«xa2, 

«1«8 

«A> 

«2a2> 

«2a3 

fl8«l> 

fl8«8> 

«8«8 

+  &c 


a2ax,  62/32,  <yy3 

«8«lJ     ^A>     C373  |    «3a!>     C372,     ^ 

Now  it  will  be  observed  that  in  all  these  determinants  every 
column  has  a  common  factor,  which  (Art.  15)  may  be  taken  out 
as  a  multiplier  of  the  entire  determinant.  The  specimen  terms 
already  given  may  therefore  be  written  in  the  form 


*,j  «i>  «i 

a„  &t,  c, 

°i»  cu  Ji 

a1a2a3 

**j  *ti  o9 

+  a1/3273 

«2>  &■»  c2 

+  ax7A 

«2,  c„  &2 

«3>     «35     % 

«8>     ^>     C3 

«8»     C3>     K 

But  the  first  of  these  determinants  vanishes,  since  two  columns 
are  the  same ;  the  second  is  the  determinant  (aj)^c3) ;  and  the 
third  (Art  13)  is  =  —  {aJ>2cJ.  In  like  manner,  every  other 
partial  determinant  will  vanish  which  has  two  columns  the 
same;  and  it  will  be  found  that  every  determinant  which  does 
not  vanish  will  be  (tf^cj,  while  the  factors  which  multiply  it 
will  be  the  elements  of  the  determinant  {cufi^^. 

It  would  have  been  equally  possible  to  break  up  the  deter- 
minant into  a  series  of  terms,  every  one  of  which  would  have 
been  the  determinant  (a^^J  multiplied  by  one  of  the  elements 
of  {a&cj. 


23.  On  account  of  the  importance  of  this  theorem,  we  give 
another  proof,  founded  on  our  first  definition  of  a  determinant. 

The  determinant  which  we  examined  in  the  last  Article  is 
the  result  of  elimination  between  the  equations 

{apx+  bfit-\  Ctfjx*  (a^+  h&+  ctfjy  +  (axa3  +  &t£,+  ctys)z  =  0, 

(«,«,+ &A+  c2%) x  +  («.«.+  &A+  c2%)y + («.«*+  hA+  c./y3)  *  =  °> 
kax+ hA+ <yy>  +  («3«2+  &A+  %i2$  +  Ka3+  hA+ c,%) z  =  °- 

Now  if  we  write 

atx  +  a2#  +  a32  =  X, 

%«+ 7^  +  78*=^ 


i) 
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the  three  preceding  equations  may  be  written 
atX+btY+ctZ**f>, 

a2X+&2F+c2Z=0, 

a3X+b3Y+c3Z=0, 

from  which  eliminating  X,  Y,  Z,  we  see  at  once  that  [afitc3) 
must  be  a  factor  in  the  result.  But  also  a  system  of  values  of 
Xj  y,  z  can  be  found  to  satisfy  the  three  given  equations,  provided 
that  a  system  can  be  found  to  satisfy  simultaneously  the  equa- 
tions X=0,  F=0,  Z=0.  Hence  («,£,%)  =  <>,  which  is  the 
condition  that  the  latter  should  be  possible,  is  also  a  factor  in  the 
result.  And  since  we  can  see  without  difficulty  that  the  degree 
of  the  result  in  the  coefficients  is  exactly  the  same  as  that  of  the 
product  of  these  quantities,  the  result  is  {afi,f3)  (ax/3273). 

It  appears  from  the  present  Article  that  the  theorem  con- 
cerning the  multiplication  of  determinants  can  be  expressed  in 
the  following  form,  in  which  we  shall  frequently  employ  it : 
If  a  system  of  equations 

^X+^Y+^Z^O,     «2Z+52F+c2Z=0,     a3X+b3Y+c3Z=0 

be  transformed  by  the  substitutions 

X=alx  +  a2y  +  a3z,     Y=  $xx  +  0y  +  £8s,     Z=  yp  +  %y  +  y3z, 

then  the  determinant  of  the  transformed  system  will  be  equal  to 
(aj)ac^j  the  determinant  of  the  original  system,  multiplied  by 
(aj/S^g),  which  we  shall  call  the  modulus  of  transformation. 


24.  The  theorems  of  the  last  Articles  may  be  extended  as 
follows :  We  might  have  two  sets  of  constituents,  the  number 
of  rows  being  different  from  the  number  of  columns;  for 
example 


a11  bll  cl 

1 

«1>  £,>  % 

*I>    K    °2 

«8>  ft?  72 

and  from  these  we  could  form,  in  the  same  manner  as  in  the  last 
Articles,  the  determinant 

«!«■  +  hA  +  ci72,     «2«2  +  hA  +  ct7« 
whose  value  we  purpose  to  investigate. 
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+  &C. 


Now,  first,  let  the  number  of  columns  be  greater  than  the 
number  of  rows,  as  in  the  example  just  written ;  so  that  each 
constituent  of  the  new  determinant  is  the  sum  of  a  number  of 
terms  greater  than  the  number  of  rows :  then  proceeding  as  in 
Art.  22,  the  value  of  the  determinant  is 

axa.„  &A 

=  («A)  («A)  +  («A)  («t72)  +  &0  (^72). 
That  is  to  say,  the  new  determinant  is  the  sum  of  the  products  of 
every  possible  determinant  which  can  be  formed  out  of  the  one  set 
of  constituents  by  the  corresponding  determinant  formed  out  of  the 
other  set  of  constituents. 

25.  But  in  the  second  place,  let  the  number  of  rows  exceed 
the  number  of  columns.  Thus,  from  the  two  sets  of  con- 
stituents, 


«u  K 

*1>     fix 

a*  K 

«w  A 

a*>  K 

1 

«8>  A 

let  us  form  the  determinant 

ax**  +  \&*     «V»+*A     asa2  +  K@2 

«i«8  +  JAl      <****  + l  A*      °aaa  +  JA' 

Then  when  we  proceed  to  break  this  up  into  partial  determinants 
in  the  manner  already  explained,  it  will  be  found  impossible  to 
form  any  partial  determinant  which  shall  not  have  two  columns 
the  same.  The  determinant  therefore  will  vanish  identically.  Or 
this  may  be  seen  immediately  by  adding  a  column  of  cyphers  to 
each  matrix  and  then  multiplying ;  when  we  get  the  determinant 
last  written  as  the  product  of  two  factors  each  equal  cypher. 

26.  A  useful  particular  case  of  Art.  22  is,  that  the  square  of 
a  determinant  is  a  symmetrical  determinant  (see  Art.  10).  Thus 
the  square  of  [atb3c^j  is 

a*  +  b*  +  cx\      a^  +  h,\ 4  Ofa     axa3  +  bj?3  +  ctc3 


aia»  +  hA  +  cic3>     ¥a  +  hA  +  CA 


+ 1;  +  c.» 
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Again,  it  appears  by  Art.  24  that  the  sum  of  the  squares  of  the 
determinants  (ajb^)*  +  (&/*,)*  +  (cxa2)a  is  the  determinant 

Ex.  1.  If  «!,  Jx,  cx ;  a^  b2i  c2  be  the  direction-cosines  of  two  lines  in  space,  and  0 
their  inclination  to  each  other,  cos  0  =  axa2  +  bxb2  +  cxc2 ;  and  the  identity  last  proved 
gives  sin70  =  (afa)2  +  (V2)2  +  (ci«2)2« 

Ex.  2.  In  the  theory  of  equations  it  is  important  to  express  the  product  of  the 
squares  of  the  differences  of  the  roots;  now  the  product  of  the  differences  of  n 
quantities  has  been  expressed  as  a  determinant  (Ex.  5,  p.  13),  and  if  we  form  the 
square  of  this  determinant  we  obtain 


so>     sv 

s2  . 

.4-i 

sn     s2> 

s3  . 

.    Sn 

s2>      s3) 

st  . 

•  sn+i 

S»-i>  sn, 

Sn+i- 

•S'Zn-2 

where  sp  denotes  the  sum  of  the  pth  powers  of  the  quantities  a,  (3,  &c. 
Ex,  3.  In  like  manner  it  is  proved  by  Art.  24  that  the  determinant 
'?  |  =  2(«-/9)% 


S01    Sl>    S2 


=  S(o-/8)»03-y)«(y-a)«. 


We  thus  form  a  series  of  determinants,  the  last  of  which  is  the  product  of  the 
squares  of  the  differences  of  a,  /3,  &c. ;  all  similar  determinants  beyond  this  vanish- 
ing identically  by  Art.  25.  This  series  of  determinants  is  of  great  importance  in  the 
theory  of  algebraic  equations. 

Ex.  4.  Let  the  origin  be  taken  at  the  centre  of  the  circle  circumscribing  a  triangle, 
whose  radius  is  R ;  and  let  M  be  the  area  of  the  triangle,  then 


2MR  = 


y',  s 
y",  R 
y'",  R 


and  -  2MB 


x\  y',  --R 

x",  y",  -R 
x'",  y'",  -  R 


Multiply  these  determinants  according  to  the  rule,  and  the  first  term  x"1  +  y'2  —  R1 
vanishes ;  the  second  x'x"  +  y'y"  —  R2  =  —  £  {(xf  —  x")2  +  (y'  —  y")2}  =  —  %c2,  where 
c  is  a  side  of  the  triangle.    Hence  then 


Uln-R2  =  -  i 


0, 

c2, 

b* 

c2, 

0, 

a2 

*2, 

a2 

0 

ia?b2c2, 


abc 


whence  R  ss  -nrr  as  is  well  known. 

Ex.  5.  The  same  process  may  be  used  to  find  an  expression  for  the  radius  of  the 
sphere  circumscribing  a  tetrahedron.  Starting  with  the  expression  for  the  volume 
of  the  tetrahedron 

x',     y',     z',    1 

*",   y",  •",  1 
*"',  y"\  ~",  1 

x"",  y"",  z"",  1 
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We  find,  as  before,  if  a,  d ;  b,  e ;  c,/are  pairs  of  opposite  edges  of  the  tetrahedron 

0,  c2,  b2,  d2 

-S6i22F2  =  A     c2'  °'  a2'  e* 
Z>2,  a2,  0,/2 

d2,e2,f2,0 

whence  if  ad  +  &e  +  cf=  2S;  by  Ex.  13,  p.  14,  we  find 

36i22F2  =  S(S-ad)(S-  be)  (S  -  cf). 

Ex.  6.  The  above  proofs  by  Mr.  Burnside  were  suggested  by  the  following  proof 
by  Joachimsthal  of  an  expression  for  the  area  of  a  triangle  inscribed  in  an  ellipse. 
Multiply  the  equations 


2M 
ab 


X 

y 

a  ' 

b 

1M  _ 

x" 

y" 

ab  ~ 

V 

b 

xf" 

y" 

a 

b 

Sr>-1 


And  the  product  is  a  symmetrical  determinant,  of  which  the  leading  terms,  such  as 


-=-'+' 


1,  vanish  when  the  points  x'y',  x' 


"y'fr  are  on  the  curve,  while  the 


0C  uj  i/V 

other  terms  are  — —  +  ^ —  1,  &c.    Now  it  can  easily  be  proved  that  if  y  be  a 
side  of  the  triangle  and  b'"  the  parallel  semi-diameter 


b'"2 


(x'-x")2     {y'-y") 


Thus  we  have 


-  y"Y  -of^_^l_  yY\ 

b2  V         a2         b2  )' 


M2 
-  4  —  =-* 

aW  8 


0      -¥     £- 

'     6'"2'  b"2 

a2 


V"2 ' 

b"2' 


a2^y2 


Ex.  7.  The  following  investigation  of  the  relation  connecting  the  mutual  distances 
of  four  points  on  a  circle  (or  five  points  on  a  sphere)  is  given  by  Mr.  Cay  ley  ^  (Cam- 
bridge and  Dublin  Mathematical  Journal,  Vol.  II.,  p.  270). 

Substitute  the  co-ordinates  of  each  point  in  the  general  equation  of  a  circle 
x2  +  y2  -  2Ax  -  2By  +C=0, 
and  eliminate  A,  B,  C;  when  we  get  a  determinant  with  four  rows  such  as 

x'2  +  y'2,    -2x',    -2yf,     1. 
Multiply  this  by  the  determinant  (which  only  differs  by  a  numerical  factor  from  the 
preceding)  whose  four  rows  are  such  as  1,  x',  y',  x'2  4-  y'2 ;  and  the  first  term  of  the 
product  determinant  vanishes,  the  second  being  (x'  -  x")2  +  (?/'  —  y")2.    If  then  the 
square  of  the  distance  between  two  of  the  points  be  (12)2,  the  product  determinant  is 
0,      (12)2,  (13)2,  (14)2 
(21)2,     0,      (23)2,  (24)2 
(31)2,  (32)2,     0,      (34)2 
(41)2,  (42)2,  (43)2,     0       =0, 

which  is  the  relation  required.  As  has  been  already  seen,  this  determinant  expanded 
gives  the  well-known  relation  (12)  (34)  +  (13)  (24)  +  (14)  (23)  =  0.  The  relation 
connecting  five  points  on  a  sphere  is  the  corresponding  determinant  with  five  rows. 
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Ex.  8.  To  find  a  relation  connecting  the  mutual  distances  of  three  points  on  a  line, 
four  points  on  a  plane,  or.  five  points  in  space.  We  prefix  a  unit  and  cyphers  to  the 
two  determinants  which  we  multiplied  in  the  last  example,  thus 


1, 

o, 

0,      0  1 

0,  0,   0,         1 

f*+f*, 

-2x', 

-  2y',  1      x 

1,  x',  y',  x'2  +  y'2 

&c. 

&c. 

We  have  now  got  five  rows  and  only  four  columns,  therefore  the  product  formed  as 
in  Art.  25,  will  vanish  identically.    But  this  is  the  determinant 

0,  1,        1,        1,        1 

1,  0,  (12)2,  (13)2>  (14)2 
1,  (21)2,  o,  (23)2,  (24)2 
1,  (31)2,  (32)2,  0,  (34)2 
1,  (41)2,  (42)2,  (43)2,     0       =0, 

which  is  the  relation  required.  If  we  erase  the  outside  row  and  column  we  have  the 
relation  connecting  three  points  on  a  fine ;  and  if  we  add  another  row  1,  (51)2,  (52)2,  &c, 
we  get  the  relation  connecting  the  mutual  distances  of  five  points  in  space.  We 
might  proceed  to  calculate  these  determinants  by  subtracting  the  second  column  from 
each  of  these  succeeding,  and  then  the  first  row  from  those  succeeding,  when  we  get 
2  (12)2,  (12)2  +  (13)2  -  (23)2,    (12)*  +  (14)2  -  (24)2 

(12)2  +  (13)2  -  (23)2,  2  (13)2,  (13)2  +  (14)2  -  (34)2 

(12)2  +  (14)2  -  (24)2,    (13)2  +  (14)2  -  (34)2,  2  (14)2  =  0. 

Now  the  determinants  might  have  been  obtained  directly  in  this  reduced  but  un- 
symmetrical  form  by  taking  the  origin  at  the  point  (1),  and  forming,  as  in  Art.  25, 
with  the  constituents  x'y',  x"y",  &c,  the  determinant  which  vanishes  identically, 
x'2  +  y'2,        x'x"  +  y'y",      x'x'"  +  y'y'" 

x'x"  +  y'y",       x"2  +  y"2,       x"x"'  +  y"y" 

x'x'"  +  y'y'",  x"x"'  +  y"y'",      x'"2  +  y'"2 
which  it  will  readily  be  seen  is  equivalent  to  that  last  written. 

Ex.  9.  To  find  the  relation  connecting  the  arcs  which  join  four  points  on  a  sphere. 
Take  the  origin  at  the  centre  of  the  sphere,  and  form  with  the  direction-cosines  of 
the  radii  vectores  to  each  point,  cos  a',  cos/3',  cosy';  cosi 
vanishes  identically,  and  it  will  be 

1,  cos  ab,  cos  ac,  cos  ad 
cos  ba,  1,  cos  be,  cos  bd 
cos ca,  cos cb,  1,  cosed 
cos  da,  cos  db,  cos  dc,        1        =0. 

If  we  substitute  for  each  cosine,  cosaJ,  1  —  —^  +  ^c*»  and  ^en  suppose  r  the  radius 

of  the  sphere  to  be  infinite,  we  derive  from  the  determinant  of  this  article,  that  of 
the  last  article  connecting  four  points  on  a  plane. 

a  -  X,      h,         g, 
Ex.  10.  If  <t>  (X)  =        h,      b-  X,     /, 

ff>  /»       c  ~ x 

terminant  is  one  of  like  form  with  X2  instead  of  X,  the  first  line  being  A 

H,  G,  &c,  where 

A  =  a2  +  h2  +  g2,  B  =  b2+f2  +  h2,        C=c2  +  g2+f2, 

F=gh+/(b  +  c),  G  =  hf+g(c  +  a),    II =fg  +  h  (a  +  b), 


&c,  a  determinant  which 


calculate  (p(\).cf>  (-  X).    The  deter- 

X2, 
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and  the  expanded  determinant  equated  to  cypher  gives  A.6  —  LX*  +  il/X2  —  N=  0,  where 

L  =  a*+  ft2  +  c2  +  2  (/2  +^2  +  A2), 

M=  (be  ~/2)2  +  (co  -  #2)2  +  (oft  -  A2)2  +  2  (a/-  <^)*  +  2{bg-  h/y  +  2  (cfc  -/^)2, 

and  N  is  the  square  of  the  original  determinant  with  X  in  it  =  0  ;  L,  M,  N  are.  then 
all  essentially  positive  quantities.  In  like  manner  if  (f>  (X)  be  formed  similarly  from 
any  symmetrical  determinant,  <p  (X)  <p  (—  X)  equated  to  nothing,  gives  an  equation  for 
X2,  whose  signs  are  alternately  positive  and  negative,  which  therefore  by  Des  Cartes's 
rule  cannot  have  a  negative  root.  The  above  constitutes  Mr.  Sylvester's  proof  that 
the  roots  of  the  equation  </>  (X)  =  0  are  all  real.  It  is  evident,  from  what  has  been 
just  said,  that  no  root  can  be  of  the  form  /3  4{—  1),  and  in  order  to  see  that  no  root 
can  be  of  the  form  a  +  /3  4(—  1),  it  is  only  necessary  to  write  o  —  a  =  a',  ft  —  a  =  ft', 
e—  a  —  c'  when  the  case  is  reduced  to  the  preceding. 


LESSON  IV. 

MINOR  AND  RECIPROCAL  DETERMINANTS, 

27.  We  have  seen  (Art.  16)  that  the  minors  of  any  deter- 
minant are  connected  with  the  corresponding  constituents  by 
the  relation 

axAx  +  a2A2  +  aaAs  +  &c.  =  A, 

and  these  minors  are  connected  with  the  other  constituents  by 
the  identical  relations 

bxAx  +  b2A2  +  h3A3  +  &c.  =  0, 
cxAx  +  c2A2  +  c3A5  4  &c.  =  0,  &c. 
For  since  the  determinant  is  equal  to  axAx-\-  a2A2+ &c,  and  since 
Ax,  A^  &c,  do  not  contain  ax)  a2,  &c,  therefore  51^,+52^a+&c, 
is  what  the  determinant  would  become  if  we  were  to  make  in  it 
ax  —  bx1  a2  =  b^  &c;  but  the  determinant  would  then  have  two 
columns  identical,  and  would  therefore  vanish  (Art.  14). 

28.  We  can  now  briefly  write  the  solution  of  a  system  of 
equations 

axx  +  %  +  cxz  +  &c.  =  £, 

a^x  +  Kv  +  C2Z "+  &c-  =  ?7, 

a3x  +  b3y  +  cHz  +  &c.  =  f,  &c, 
for,  multiply  the  first  by  Ax)  the  second  by  A2l  &c.,  and  add,  and 
the  coefficients  of  y1  2,  &c,  will  vanish  identically,  while  the 
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coefficient  of  x  will  be  axAt  ■+  a2A2  -f  &c.,  which  is  the  deter- 
minant formed  out  of  the  coefficients  on  the  left-hand  side  of 
the  equation,  which  we  shall  call  A.     Thus  we  get 
Ax  =  A£  +  Aft  +  A&+  &c, 
Ay  =  B£  +  B2<n  +  B£+&c., 
Az  =  C1Z+C2V  +  C£  +  &c.,&c. 

29.  The  reciprocal  of  a  given  determinant  is  the  determinant 
whose  constituents  are  the  minors  corresponding  to  each  con- 
stituent of  the  given  one.     Thus  the  reciprocal  of  [afi^)  is 

A,  sa  at 

where  A^  Bt1  &c.,  have  the  meaning  already  explained.  If  we 
call  this  reciprocal  A',  and  multiply  it  by  the  original  deter- 
minant A,  by  the  rule  of  Art.  22  we  get 

<*iA  +  hA  +  cici>  aAx  +  i>A  +  cAi  a*A  +  hAi  +  cA 
« A  *  KB* + c!  °»  aA* + *A + c*  °*  asA  +  KB*  +  %  Q 
«iA+hxBs+cA,   <**A+KBs+cA,   «A*+hAs  +  cA 

But  (Art.  27)  axAx  +  hxBx  +  cfit  -  A,  a^3  +  \B%  +  ct  02  =  0,  &c. 
This  determinant,  therefore,  reduces  to 


*i 

o, 

0 

o, 

A, 

0 

o, 

o, 

A 

Hence  KVJ  (-WJ  =  («&«.)*  5  therefore  (A#A)  =  KW 
And  in  general,  A'A  =  An ;  therefore  A'  =  A*  \ 

30.  If  we  take  the  second  system  of  equations  in  Art.  28, 
and  solve  these  back  again  for  f ,  77,  &c,  in  terms  of  A#,  Ay,  &c, 
we  get 

A'£  =  a,  Ax  4-  bj  Ay  +  cxAz  4-  &c, 

where  a,,  b„  c,  are  the  minors  of  the  reciprocal  determinant. 
But  these  values  for  f ,  17,  f,  &c.  must  be  identical  with  the  ex- 
pressions originally  given ;  hence  remembering  that  A'  =  A""1, 
we  get,  by  comparison  of  coefficients, 

a^A"^,     fy-A**,,     e,  =  A'1^,  &c, 
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which  express,  in  terms  of  the  original   coefficients,   the   first 
minors  of  the  reciprocal  determinant. 

31.  We  have  seen  that,  considering  any  one  column  a  of  a 
determinant,  every  element  contains  as  a  factor  a  constituent 
from  that  column,  and  therefore  the  determinant  can  be  written 
in  the  form  2apAp.  In  like  manner,  considering  any  two 
columns  a,  b  of  the  determinant,  it  can  be  written  in  the  form 
2  (apb9)  Ap  qJ  where  the  sum  2  (apbq)  is  intended  to  express  all 
possible  determinants  which  can  be  formed  by  taking  two  rows 
of  the  given  two  columns. 

For  every  element  of  the  determinant  contains  as  factors,  a 
constituent  from  the  column  a,  and  another  from  the  column  b ; 
and  any  term  apbqcrds,  &c,  must,  by  the  rule  of  signs,  be  accom- 
panied by  another,  —  aqbpcrds,  &c.  Hence  we  see  that  the  form 
of  the  determinant  is  2  [ajbq)  Ap  q ;  and,  by  the  same  reasoning  as 
in  Art.  16,  we  see  that  the  multiplier  Ap  q  is  the  minor  formed  by 
omitting  the  two  rows  and  columns  in  which  aPJ  bq  occur. 

In  like  manner,  considering  any  p  columns  of  the  deter- 
minant, it  can  be  expressed  as  the  sum  of  all  possible  deter- 
minants that  can  be  formed  by  taking  any  p  rows  of  the  selected 
columns,  and  multiplying  the  minor  formed  with  them,  by  the 
complemented  minor ;  that  is  to  say,  the  minor  formed  by  erasing 
these  rows  and  columns.     For  example, 

=  («A)  Ma)  -  («A)  Ma)  +  («A)  (cAes)  -  (aA)  Ma) 
+  («A)  (cAeJ  -  («A)  (CA%)  +  («A)  (cAe<)  +  (aA)  (cAa) 
-  (%K)  {cAa)  +  (aA)  KcAez)- 

The  sign  of  each  term  in  the  above  is  determined  without  diffi- 
culty by  the  rule  of  signs  (Art.  8). 

It  is  evident,  as  in  Art.  27,  that  if  we  write  in  the  above  a 
c  for  every  b,  the  sum  2  («jC2)  (c3d4e5)  must  vanish  identically, 
since  it  is  what  the  determinant  would  become  if  the  c  column 
were  equal  to  the  b  column. 

32.  The  theorem  of  Art.  30  may  be  extended  as  follows : 
Any  minor  of  the  order  p  which  can  be  formed  out  of  the  inverse 
constituents  A^  B^  cfcc,  is  equal  to  the  complementary  of  the  cor- 
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responding  minor  of  the  original  determinant,  multiplied  by  the 
(p  —  l)m  power  of  that  determinant. 

For  example,  hi  the  case  where  the  original  determinant  is 
of  the  fifth  order, 

(AtBJ  =  A  (c3dA),     (AAQ  =  A*  (dA),  &c. 

The  method  in  which  this  is  proved  in  general  will  be  sufficiently 
understood  from  the  proof  of  the  first  Example.     We  have 

Ax  =  A£  +  Aji  +  A£+  Aja  +  A5v, 

Therefore 

AB2*  -  bAj,  =  (AtB)  %  +  (A,B2)  f+  (AtBJ  <o  +  (A5B.)  v. 

But  we  can  get  another  expression  for  x  in  terms  of  the  same 
five  quantities,  y,  J,  £,  <w,  v.    For,  consider  the  original  equations, 

f  =  ajc  -f  Ijj  +  cxz  -f-  dtw  +  e^, 

f  =  ajc  +  0£j  +  c3z  +  d3w  f  e3w, 

co  =  a4x  +  b4y  +  cAz  +  d^w  +  eji, 

v^abx^bby-\cbz^dbw^ebu, 

and  eliminate  £,  w,  w,  when  we  get 

(«Me5) » + [\cAe^  y = (cs^a)  i  -  icAei)  ?+  Ma)  *>  -  (c  AO v ; 

and  since  [axczd^e5)  is  by  definition  =  Z?2,  comparing  these  equa- 
tions with  those  got  already,  We  find  {AXB2)  =  A  (c3e£4e5),  &c. 
Q.E.D. 

Ex.  1.  If  a  determinant  vanish,  its  minors  Av  A2,  &c.  are  respectively  proportional 
to  Bu  B2,  &c.  For  we  have  just  proved  that  AXB2  —  A2BX  —  AC,  where  C  is  the 
second  minor  obtained  by  suppressing  the  first  two  rows  and  columns.  If  then 
A  b  0,  we  have  Ax:  A2::  By:  B2,  &c. 

Ex.  2.  A  particular  example  of  the  above,  which  is  of  frequent  occurrence,  is 
obtained  by  applying  these  principles  to  the  determinant  considered,  Ex.  16,  p.  15.    We 

thus  find,  using  the  notation  of  that  example  (aJ  rV\  -  ( "]  =  A(a  \A  ;  (see  Solid 
Geometry,  p.  48), 
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33.  In  this  lesson  it  is  convenient  to  employ  the  double 
suffix  notation,  and  to  write  the  constituents  au,  a12,  &c. ;  and 
we  therefore  begin  by  expressing  in  this  notation  some  of  the 
results  already  obtained.  We  denote  the  constituents  of  the 
reciprocal  determinant  by  an,  a12,  &c,  where,  if  ars  be  any  con- 
stituent of  the  original,  ar,  is  the  minor  obtained  by  erasing  the 
row  and  column  which  contain  that  constituent.  The  equations 
of  Art.  27  may  then  be  written 

anatji  +  ar2ar,2  +  ar3ar,3  +  &c.  =  0, 

or  more  briefly  ^fl„o^t  =  A,  2sarsar,$  =  0 ;  that  is  to  say,  the  sum 
of  the  products  arp.r,s  (where  we  give  every  value  to  s  from 
1  to  n)  is  =  0,  when  r  and  r  are  different,  and  =  A  when  r  —  r . 

Since  any  constituent  ars  enters  into  the  determinant  only  in 
the  first  degree,  it  is  obvious  that  the  factor  ars,  which  multiplies 
it,  is  the  differential  coefficient  of  the  determinant  taken  with 
respect  to  art]  similarly,  that  the  second  minor  (Art.  31)  which 
multiplies  the  product  of  two  constituents  awn,  ars  is  the  second 
differential  coefficient  of  the  determinant  taken  with  respect  to 
these  two  constituents,  &c. 

If  any  of  the  constituents  be  functions  of  any  variable  #, 
the  entire  differential  of  the  determinant,  with  regard  to  that 

variable,  is  evidently  au  —f±  +  ati  -—-*-  + &c. 

Ex.  If  ulf  vv  &c.  denote  the  first  differentials  of  u,  v,  &c.  with  respect  to  x ;  u2,  v3 
the  second  differentials,  &c,  prove 

A 

dx 

The  differential  is  the  sum  of  the  nine  products  of  the  minor  obtained  by  suppressing 
each  term  into  the  differential  of  that  term,  viz. 

(au«!  +  aX2vl  +  auwx)  +  (anu2  +  a22v2  +  a23w2)  +  (a3lu3  +  a32v3  +  a33w3). 
But  the  first  three  terms  denote  the  result  of  changing  in  the  given  determinant  the 

*  Portions  marked  thus  may  be  omitted  on  a  first  reading. 


U,     V,     w 

u,    v,    to 

«M   Vv  W1 

= 

«,,  vly  wx 

u2,  v2,  w2 

«3,   V3,    W3 
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first  row  into  uv  vr,  wv  and  therefore  vanish ;  the  second  three  terms  vanish  as 
denoting  the  result  of  changing  the  second  row  into  w2,  v2,  w2;  and  there  only- 
remain  the  last  three  terms  which  denote  the  result  of  changing  the  last  row  into 
u3t  vii  w3-  The  same  proof  evidently  applies  to  the  similar  determinant  of  the 
nta  order  formed  with  n  functions. 

34.  The  determinant  is  said  to  be  symmetrical  (Art.  10) 
when  every  two  conjugate  constituents  are  equal  [ar,  =  aj.  In 
this  case  it  is  to  be  observed  that  the  corresponding  minors  will 
also  be  equal  (ars  =  asr) ;  for  it  easily  appears  that  the  deter- 
minant got  by  suppressing  the  rth  row  and  the  sth  column,  differs 
only  by  an  interchange  of  rows  for  columns,  from  that  got  by 
suppressing  the  5th  row  and  the  rth  column.  It  appears  from 
the  last  article  that  if  any  constituent  asr  were  given  as  any 
function  of  its  conjugate  ar8<)  the  differential  coefficient  of  the 

determinant,  with  regard  to  orf,  would  be  a„  +  a„  -j^1 .     In  the 

rs 

present  case  then  where  a„  =  asr1  ars  =  a,P,  the  differential  coeffi- 
cient of  the  determinant,  with  regard  to  a„,  is  2art.  The  diffe- 
rential coefficient,  however,  with  respect  to  one  of  the  terms  in 
the  leading  diagonal  an>,  remains  as  before  a,,,  since  such  a  term 
has  no  conjugate  distinct  from  itself. 

35.  If,  as  before,  an  denote  the  first  minor  of  any  deter- 
minant answering  to  any  constituent  arsl  and  if  (3ik  denote  the 
first  minor  of  the  determinant  a„  answering  to  any  constituent 
aik1  which  will,  of  course,  be  a  second  minor  of  the  original 
determinant,  then  this  last  may  be  written 

where  we  are  to  give  i  every  value  except  r,  and  h  every  value 
except  s.  For  any  element  of  the  determinant  which  does  not 
contain  the  constituent  ar3  must  contain  some  other  constituent 
from  the  rh  row  and  some  other  from  the  sth  column ;  that  is  to 
say,  must  contain  a  product  such  as  arkait  where  *  and  Jc  are 
two  numbers  different  from  r  and  s  respectively.  But  as  we 
have  already  seen  the  aggregate  of  all  the  terms  which  multiply 
ars  is  a„;  and  the  coefficient  of  arka.s  (by  Art.  31)  differs  only 
in  sign  from  that  of  auaik\  that  is  to  say,  differs  only  in  sign 
from  the  coefficient  of  aik  in  a,.,.  Therefore  —  fiik  is  the  value 
of  the  coefficient  in  question. 
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Thus  then  if  we  have  calculated  a  symmetric  determinant 
of  the  n  —  ltu  order,  we  can  see  what  additional  terms  occur 
in  the  determinant  of  the  n*  order.  Let  A  be  the  determinant, 
D  that  obtained  by  suppressing  the  outside  row  and  column, 
ftrs  any  -minor  of  the  latter,  and  we  have 

A  =  Dann  -  Sr< A-  -  2  2„<v* J3„, 

where  r  is  supposed  to  be  different  from  s,  and  every  value  is 
to  be  given  to  r  and  s  from  1  to  n  —  1. 

Again,  we  have  occasion  often,  as  at  p.  15,  to  deal  with 
determinants  such  as 


am 

aW 

a^ 

^ 

aiis 

a22l 

a& 

\ 

«*81 

am) 

a3SJ 

\ 

\l 

K 

\ 

obtained  by  bordering  a  symmetric  determinant  horizontally 
and  vertically  with  the  same  constituents.  This  is  in  fact  a 
symmetric  determinant  of  the  order  one  higher,  the  last  term 
vanishing,  and  is 

-  KK  +  «»V  +  a33V  +  **„\\  +  2a13X1X3  +  2a18\\}, 
or  generally  -  2ra„.V  -  2Srja„\r\4. 

36.  If  any  symmetric  determinant  vanishes,  the  same  deter* 
minant  bordered  as  in  the  last  article,  is,  with  sign  changed  if 
need  be,  a  perfect  square,  when  considered  as  a  function  of 
\i  \t  \i  &c-  W<3  saw  (Art.  32,  Ex.  1)  that  when  the  deter- 
minant vanishes  aua22  =  a,/,  &c,  whence  it  is  evident  that 
au,  a22,  &c.  must  have  all  the  same  sign,  and  where  we  have 
generally  OLrs  —  ±\/(an.ass).  Further,  since  it  was  shewn  in  the 
same  example  that  when  a  determinant  vanishes,  the  constituents 
in  the  second  row  are  proportional  to  those  in  the  first,  it  follows 
that  the  signs  to  be  given  to  the  radicals  are  not  all  arbi- 
trary. If,  for  instance,  in  the  above  we  write  a12  =  -f  v/(anaj, 
aia  =  + V(auO>  tnen  we  are  f°rce(l  to  give  the  positive  sign 
also  to  the  square  root  in  a23  =  VOvO*  Substituting  then 
these  values  in  the  result  of  the  last  article,  it  becomes,  if 
an,  &c.  be  positive,  the  negative  square, 

-  {\  V(«„)  +  \  V(«J  +  A3  V(«3s)  +  &c}2, 
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and  if  an,  &c.  be  negative  the  determinant  is  a  positive  square. 
What  has  been  just  proved  may  be  stated  a  little  differently . 
We  may  consider  the  bordered  determinant  as  the  original  de- 
terminant ;  of  which  that  obtained  by  suppressing  the  row  and 
column  containing  X  is  a  first  minor,  and  a33  obtained  by  sup- 
pressing the  next  outside  row  and  column  is  a  second  minor. 
And  what  we  have  proved  with  respect  to  any  symmetrical 
determinant  wanting  the  last  term  aWB,  is  that  if  the  first  minor 
obtained  by  erasing  the  outside  row  and  column  vanish,  then 
the  determinant  itself  and  the  second  minor,  similarly  obtained, 
must  have  opposite  signs.  And  this  will  be  equally  true  if  ann 
does  not  vanish.  For  in  the  expansion  of  the  determinant,  ann 
is  multiplied  by  the  first  minor,  which  vanishes  by  hypothesis, 
and  therefore  the  presence  or  absence  of  ann  does  not  affect  the 
truth  of  the  result. 

37.  A  shew  symmetric  determinant  is  one  in  which  every 
term  is  equal  to  its  conjugate  with  its  sign  changed.  The 
terms  arr  in  the  leading  diagonal,  being  each  its  own  conjugate, 
must  in  this  case  vanish ;  otherwise  each  could  not  be  equal  to 
itself  with  sign  changed. 

A  shew  symmetrical  determinant  of  odd  degree  vanishes.  For 
if  we  multiply  each  row  by  —  1 ;  in  other  words,  if  we  change 
the  sign  of  every  term,  it  is  easy  to  see  that  we  get  the 
same  result  as  if  we  were  to  read  the  columns  of  the  original 
determinant  as  rows  and  vice  versa.  Thus  then,  a  skew 
symmetrical  determinant  is  not  altered  when  multiplied  by 
(— l)w;  and  therefore  when  n  i3  odd,  such  a  determinant  must 
vanish. 

It  is  easy  to  see  that  the  minor  atr  differs  by  the  sign  of 
every  term  from  the  minor  a,.,,  and  therefore  asr  =  (—  l)""1^,. 
Hence  a,r  =  ar,  when  n  is  odd,  and  is  equal  with  contrary 
sign  when  n  is  even.  arr  is  itself  a  skew  symmetric  deter- 
minant and  therefore  vanishes  when  the  original  determinant 
is  of  even  degree. 

The  differential  coefficient  of  the  determinant,  with  regard 

to  any  constituent  «„,  being  an  +  asr  -y-5  is  an  —  a,r.  When 
therefore  n  is  even  it  is  =  2a,,  and  when  n  is  odd  it  vanishes. 
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38.   Every  shew   symmetrical  determinant  of  even  degree  is 
a  perfect  square. 

We  have  seen  (Art.  35)  that  any  determinant  is 

and  in  the  present  case  ann  vanishes,  as  does  also  ann,  which  is 
a  skew  symmetric  of  odd  degree.  On  this  account  therefore 
we  have,  as  in  Art.  36,  fij  =  ftrr@ss',  and  therefore  exactly  as 
in  that  article,  the  determinant  is  shown  to  be 

K,  V(AJ  +  «»  V(/3J  +  a„  V(/3J  +  &c.)2. 

The  determinant  is  therefore  a  perfect  square  if  £n,  /322  are 
perfect  squares,  but  these  are  skew  symmetries  of  the  order 
Ti  —  2.  Hence  the  theorem  of  this  article  is  true  for  deter- 
minants of  order  n  if  true  for  those  of  order  n  -  2,  and  so  on. 
But  it  is  evidently  true  for  a  determinant  of  the  second  order 


o, 


,  which  is  =  a  J.     Hence  it  is  generally  true. 


39.   We  have  seen  that  the  square  root  of  the  determinant 

contains  one  term  aB_ljBV(Ai-i,n-t)>  wnere  At-i  «-i  contams  n0 
terms  with  either  of  the  suffixes  n  —  1  or  n.  But  taking  any 
two  of  the  remaining  suffixes,  such  as  n  —  3,  n  -  2,  we  see  that 
V^-^J  contains  a  term  «n_3,n-2  \/(7B-3,w-3),  where  yw_3)M_3  con- 
tains no  term  with  any  of  the  four  suffixes  of  which  account  has 
already  been  taken.  Proceeding  in  this  manner  we  see  that 
the  square  root  will  be  the  sum  of  a  number  of  terms  such 
as  a12aMa56...aM.)w;  each  of  which  is  the  product  of  \n  con- 
stituents, and  in  which  no  suffix  is  repeated  twice.  The  form 
however  obtained  in  the  last  article  aln  s/(Pn)  ±  a2n  V(A22)  +  &c* 
does  not  show  what  sign  is  to  be  affixed  to  each  term.  Thus 
if  the  method  of  the  last  article  be  applied  to  the  skew  sym- 
metric  of   the   fourth   order,    its    square    root   appears   to    be 

tti2a34  ±  ai3a24  ±  aua™  5  Dut  **  nas  not  ^Qen  snown  which  signs  we 
are  to  choose.  This  however  will  appear  from  the  following 
considerations:  If  in  the  given  determinant  we  interchange 
any  two  suffixes  1,2;  since  this  amounts  to  a  transposition  of 
the  first  and  second  row,  and  also  of  the  first  and  second  column, 
the  determinant  is  not  altered.     Its  square  root  then  must  be 


0 

•i* 

<**> 

*•* 

*ll 

0 

<*-x.\ 

% 

«-*, 

an 

0 

°^ 

aH«  aHx\z  O    i=i    a/2.a_-f  a^a,     +   al3  a.        )*- 
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a  function,  such  that  if  we  interchange  any  two  suffixes  it  will 
remain  unaltered,  or  at  most  change  sign.  But  that  it  will 
change  sign  is  evident  on  considering  any  term  a^2aM,  &c. 
which,  if  we  interchange  the  suffixes  1  and  2,  becomes  a^a^ 
&c. ;  that  is  to  say,  changes  sign,  since  an  =  —  aV2.  It  follows 
then,  in  the  particular  example  just  considered,  that  the  signs 
of  the  terms  are  a12aM  —  a^a^  +  «14«23 ;  for  if  we  give  the  second 
term  a  positive  sign,  the  interchange  of  2  and  3,  which  alters 
the  sign  of  the  last  term  would  leave  the  first  two  unchanged. 
And  generally  the  rule  is,  that  the  square  root  is  the  sum  of 
all  possible  terms  derived  from  anau. ..an-1  B  by  interchange  of 
the  suffixes  2,  3...tz,  where,  as  in  determinants,  we  change  sign 
with  every  permutation. 

40.  We  can  reduce  to  the  calculation  of  skew  symmetric 
determinants,  the  calculation  of  what  Mr.  Cay  ley  calls  a  skew 
determinant,  viz.  where,  though  the  conjugate  terms  are  equal 
with  opposite  signs,  aik  —  -  aM  yet  the  leading  terms  ai{,  am  &c. 
do  not  vanish.  We  shall  suppose,  for  simplicity,  that  these 
leading  terms  all  have  a  common  value.  X.  We  prefix  the 
following  lemma :  If  in  any  determinant  we  denote  by  i),  the 
result  of  making  all  the  leading  terms  =0,  by  D{  what  the 
minor  corresponding  to  aH  becomes  when  the  leading  terms  are 
all  made  =  0,  by  Dik  what  the  second  minor  corresponding  to 
aaakk  becomes  when  the  leading  terms  vanish,  &c;  then  the 
given  determinant,  expanded  as  far  as  the  leading  terms  are 
concerned,  is 

A  =  D  +  Sa..i>,  +  lajfluPa  +. . .+  afa. ,  .aWH, 
where  in  the  first  sum  i  is  given  every  value  from  1  to  w,  where 
in  the  second  sum  «,  k  are  any  binary  combinations  of  these 
numbers,  &c. 

For  the  part  of  the  determinant  which  contains  no  leading 
term  is  evidently  D.  Since  the  terms  which  contain  au  are 
aHAm  where  Au  is  the  corresponding  minor,  the  terms  which 
contain  ai{  and  no  other  leading  term  are  got  by  making  the 
leading  terms  =  0  in  AH1  &c. 

41.  If  this  lemma  be  applied  to  the  case  of  the  skew  deter- 
minant defined  in  the  last  article,  all  the  terms  Z)„  Dm  &c. 
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are  skew  symmetric  determinants;  of  which,  those  of  odd  order 
vanish,  while  those  of  even  order  are  perfect  squares.     The 
term  ana22...ann  is  ^w>  and  the  determinant  is 
A  =  Xn  +  Xn_22i>2  +  V"42Z>4  4  &c, 

where  Z>2,  Z>4,  &c.  denote  skew  symmetrical  determinants  of  the 
second,  fourth,  &c.  orders  formed  from  the  original  in  the 
manner  explained  in  the  last  article. 

Ex.  1.        X,    a12,  al3 

a2l,    X,    a23 

a3v  «32>   A      >  where  a21  ss  -  al2,  &c.  =  X3  +  X  (a122  +  oM2  +  «232)- 
Ex.  2.  The  similar  skew  determinant  of  the  fourth  order  expanded  is 

X4  +  X2  (V  +  fl132  +  an2  +  «232  +  «242  +  «342)  +  («12«34  +  «Z3Cr42  +  *U«2»)*. 

42.  Mr.  Cayley  (see  Crelle,  Vol.  xxxil.,  p.  119)  has  applied 
the  theory  of  skew  determinants  to  that  of  orthogonal  substitu- 
tions, of  which  we  shall  here  give  some  account.  It  is  known 
(see  Solid  Geometry,  p.  10)  that  when  we  transform  from  one 
set  of  three  rectangular  axes  to  another,  if  #,  &,  c,  &c.  be  the 
direction-cosines  of  the  new  axes,  we  have 

X=ax  +  by  +  cz1m  Y=dx+b'y  +  c!z,     Z=a"x  +  b"y  +  c"z- 
that  we  have  X2  +  Y2  +  Z2  =  x2  +  y2  +  z% 

whence  a2  +  a"2  +  a"2  =  1,  &c,     ab  -f  a'b'  +  a"b"  =  0,  &c. ; 
that  also  we  have 

x  =  aX+a'Y+a"Z,    y  =  bX+VY+b"Z,    z  =  cX  +  c'Y+ c"Z, 
and  that  we  have  the  determinant  formed  by 
a,  &,  c ;  a',  b\  c  ;  &c.  =  ±  1. 
It  is  also  useful  (in  studying  the  theory  of  rotation  for  example) 
instead  of  using  nine  quantities  a,  6,  c,  &c.  connected  by  six 
relations,  to  express  all  in  terms  of  three  independent  variables. 
Now  all  this  may  be  generalized  as  follows:    If  we  have  a 
function  of  any  number  of  variables,  it  can  be  transformed  by 
a  linear  substitution  by  writing 

x  =  «UX+  avl  F+  a^Z+  &c,     y  =  anX+  an  F+  amZ+  &c,  &c, 
and  the  substitution  is  called  orthogonal  if  we  have 
x2  +  y2  +  z2  +  &c.  =  X2+Y2  +  Z2  +  &v., 
which  implies  the  equations 
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Thus  the  n*  quantities  au,  &c.  are  connected  by  \n  [n  4- 1)  re- 
lations and  there  are  only  \n  (n  —  1)  of  them  independent. 
We  have  then  conversely 

X=  anx  4-  a21y  4-  atlz  +  &c,     Y=  a^x  +  a^  4-  V  +  &c,  &c, 

equations  which  are  immediately  verified  by  substituting  on  the 
right-hand  side  of  the  equations  for  a?,  y,  z,  &c.  their  values. 
And  hence,  the  equation  X24-  Y2  +  &c.  =  x*+y*  +  &c.  gives  us 
the  new  system  of  relations 

Lastly,  forming  by  the  ordinary  rule  for  multiplication  of 
determinants,  the  square  of  the  determinant  formed  with  the 
riz  quantities  oM,  &c,  every  term  of  the  square  vanishes  except 
the  leading  terms  which  are  all  =  1 .  The  value  of  the  square 
is  therefore  =  1.  Thus  the  theorems  which  we  know  to  be 
true  in  the  case  of  determinants  of  the  third  order  are  gene- 
rally true,  and  it  only  remains  to  show  how  to  express  the  w* 
quantities  in  terms  of  \n  (n  —  1)  independent  quantities. 

43.  Let  us  suppose  that  we  have  a  skew  determinant  of  the 
(n  -  l)m  order,  bu,  ftM,  &c.  where  ba  =  -  bm  and  bu  =  b„  =  lu  =  1 ; 
and  let  us  suppose  that  we  form  with  these  constituents  two 
different  sets  of  linear  substitutions,  viz. 

« = W + Kn  +  &»?+  &c,  x= ij  +  \v  +  bj+  &c, 
y  =  Ki + Kti  +  hJ+  &ci  F=  KS  +  M  +  ^f *  &<>., 
*  =  **f + Kv  +  &„{;+  &c,    z=  KH  +  Ki  +  hJ+ &c, 

from  adding  which  equations  we  have,  in  virtue  of  the  given 
relations  between  &n,  512,  &c, 

a;  +  X=  2£,     #  4-  T=  2t/,  &c. 

If  now  the  first  set  of  equations  be  solved  for  f ,  97,  &c.  in  terms 
of  #,  y,  &c,  we  find,  by  Art.  28, 

A?  =#„*+  /9„y  +  £8I*  +  &c->     ^  =  A/»  +  &£  +  &c-> 
(where  /3n,  /312,  &c.  are  minors  of  the  determinant  in  question ;) 
and  putting  for  2£,  x  4-  X,  &c,  these  equations  give 
AZ=  (2/3u  -  A)  x  4  2£tly  +  2/33ls  +  &c, 
A  F=  2/312*  +  (2ft,  -  A)  y  4-  2/3,/  4-  &c,  &c, 
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which  express  X,  F,  &c.  in  terms  of  x,  y1  &c.  But  if  we  had 
solved  from  the  second  set  of  equations  f ,  97,  &c.  in  terms  of 
X  and  F,  we  should  have  got 

Af  =  /3nX+  $a  Y+  /31SZ+  &c,     A,  =  /?21X+  /3.  F+  /32a^+  &c, 

whence,  as  before, 

Aa  =  (2/3„  -  A)  X+  2/3la F+  2/3132-+  &c., 
Ay  =  2/321X+  (2/3,,  -  A)  Y+  2/?^+  &c. 

Thus,  then,  if  we  write 


2/3„-A 


—  a 


2/3,,- A 


11? 


=  #.- 


2^2_,     2A* 


=«. 


I*? 


A  J1/  A  ,7       A         127       A 

we  have  cc,  y,  &c.  connected  with  X,  F,  &c.  by  the  relations 

x  =  anX+  a12  F+  &c,      2/  =  a2lX+  a22  F+  &c,  &c, 

X=  ancc  -f  a21#  +  &c,     F=  a^x  +  a^y  +  &c,  &c. 

We  have  then  x,  y,  &c,  X,  F,  &c.  connected  by  an  orthogonal 
substitution,  for  if  we  substitute  in  the  value  of  a?,  the  values 
of  X,  F,  &c.  given  by  the  second  set  of  equations,  in  order  that 
our  results  may  be  consistent,  we  must  have 

an  +  a™  4  a  J  +  &c.  =  1,     anan  +  a„a22  +  auan  +  &c.  m  0,  &c. 

Thus  then  we  have  seen  that  taking  arbitrarily  the  \n  [n  —  1) 
quantities,  512,  513,  &c,  we  are  able  to  express  in  terms  of  these 
the  coefficients  of  a  general  orthogonal  transformation  of  the 
nm  order. 


Ex,  1.  To  form  an  orthogonal  transformation  of  the  second  order.    Write 
A  =  \    1,    * 


X,  1  I  =  1  +  X2, 
then  (3n  =  fa  =  1,  /312  =  X,  /32i  =  -  X,  and  our  transformation  is 

(1  +  X2)  a;  =  (1  -  X2)  X+  2XF,    (1  +  X2)  y  =  -  2XX+  (1  -  X2)  F, 

(1  +  X2)  X=  (1  -  X2)  x  -  2Xy,      (1  +  X2)  Y=     2\x  +  (1  -  X2)  y. 

Ex,  2.  To  form  an  orthogonal  transformation  of  the  third  order.    Write 

A  =       1,       v,    -  f. 

-v,     1,       X 

H,    -X,     1 

Then  the  constituents  of  the  reciprocal  system  are 

1  +  X2,       v  +  X/jl,  -/jl  +  \v 
v  +  XfJL,       1  +  ft2,      X  +  fiv 

fl  +  \u,     —  X  +  fi.V,  1  +  I/2 


=  1  +  X2  +  M*  +  I/2. 
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consequently  the  coefficients  of  the  orthogonal  substitution  henee  derived  are 
l+X2-^-i/2,         2(i/  +  X/x),  2{\u-fi)} 

2  (X/*  -  i/),  1  +  M2  -  X2  -  j/2,         2  (fu,  +  X), 

2  (Xv  +  fi),  2  0*i/  -  X),         1  +  i/2  -  X2  -  ji» 

where  each  term  is  to  be  divided  by  1  +  X2  +  /a2  +  v2.* 


*LESSON  VI. 
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44.  If  we  add  the  quantity  X  to  each  of  the  leading  terms 
of  a  symmetrical  determinant,  and  equate  the  result  to  0,  we 
have  an  equation  of  considerable  importance  in  analysis.f  We 
have  already  given  one  proof  (Mr.  Sylvester's)  that  the  roots 
of  this  equation  are  all  real  (Ex.  10,  p.  22),  and  we  purpose  m 
this  Lesson  to  give  another  proof  by  M.  Borchardt  (see  Lwuville7 
Yol.  xii.,  p.  50)  chiefly  because  the  principles  involved  in  this 
proof  are  worth  knowing  for  their  own  sakes.  First,  however, 
we  may  remark  that  a  simple  proof  may  be  obtained  by  the 
application  of  a  principle  proved  in  Art.  36.  Take  the  de- 
terminant 

*nfh       av»  a^       &c' 

««>  «mj       aaa  +  X>  &c- 

&c. 

and  form  from  it  a  minor,  as  in  Art.  36,  by  erasing  the  outside 
line  and  column:  form  from  this  again  another  minor  by  the 

*  The  geometric  meaning  of  these  coefficients  may  be  stated  as  follows :  Write 
X  =  a  tan|0,  fi  =  b  tan£0,  v  =  c  tan  £0,  then  the  new  axes  may  be  derived  from  the 
old  by  rotating  the  system  through  an  angle  0  round  an  axis  whose  direction-cosines 
are  a,  b,  c.  The  theory  of  orthogonal  substitutions  was  first  investigated  by  Euler, 
(Nov.  Comm.  Petrop.,  Vol.  xv.,  p.  75,  and  Vol.  xx.,  p.  217)  who  gave  formulae  for  the 
transformation  as  far  as  the  fourth  order.  The  quantities  X,  ft,  v,  in  the  case  of  the 
third  order,  were  introduced  by  Eodrigues,  Liouville,  Vol.  v.,  p.  405.  The  general 
theory,  explained  above,  connecting  linear  transformations  with  skew  determinants 
was  given  by  Cayley,  Crelle,  Vol.  xxxn.,  p.  119. 

f  It  occurs7  in  the  determination  of  the  secular  inequalities  of  the  planets  (see 
Laplace,  Mecaniqw  Celeste,  Part  I.,  Book  XL,  Art.  56). 
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same  rule,  and  so  on.  We  shall  thus  have  a  series  of  functions 
of  A,  whose  degrees  regularly  diminish  from  the  nth  to  the  1st ; 
and  we  may  take  any  positive  constant  to  complete  the  series. 
Now,  if  we  substitute  successively  in  this  series  any  two  values 
of  X,  and  count  in  each  case  the  variations  of  sign  as  in  Sturm's 
theorem,  it  is  easy  to  see  that  the  difference  in  the  number  of 
variations  cannot  exceed  the  number  of  roots  of  the  equation 
of  the  nth  degree  which  lie  between  the  two  assumed  values 
of  X.  This  appears  at  once  from  what  was  proved  in  Art.  36, 
that  if  X  be  taken  so  as  to  make  any  of  these  minors  vanish, 
the  two  adjacent  functions  in  the  series  will  have  opposite  signs. 
It  follows,  then,  precisely  as  in  the  proof  of  Sturm's  theorem, 
that  if  we  dimmish  X  regularly  from  +  go  to  —  go  ,  then  as  X 
passes  through  a  root  of  any  of  these  minors,  the  number  of 
variations  in  the  series  will  not  be  affected ;  and  that  a  change 
in  the  number  of  variations  can  only  take  place  when  X  passes 
through  a  root  of  the  first  equation,  namely,  that  in  which  X 
enters  in  the  n*  degree.  The  total  number  of  variations,  there- 
fore, cannot  exceed  the  number  of  real  roots  of  this  equation. 

But  obviously,  in  all  these  functions  the  sign  of  the  highest 
power  of  X  is  positive ;  hence,  when  we  substitute  +  oo  ,  we  get 
no  variation ;  when  we  substitute  —  co  ,  the  terms  become  alter- 
nately positive  and  negative,  and  we  get  n  variations;  the 
equation  we  are  discussing  must,  therefore,  have  n  real  roots. 
It  is  easy  to  see,  in  like  manner,  that  the  roots  of  every  one  of 
the  series  of  functions  are  all  real,  and  that  the  roots  of  each 
are  interposed  as  limits  between  the  roots  of  the  function  next 
above  it  in  the  series. 

45.  It  will  be  perceived  that  in  the  preceding  Article  we 
have  substituted,  for  the  functions  of  Sturm's  theorem,  another 
series  of  functions  possessing  the  same  fundamental  property, 
viz.  that  when  one  vanishes,  the  two  adjacent  have  opposite 
signs.  M.  Borchardt's  proof,  however,  which  we  now  proceed 
to  give,  depends  on  a  direct  application  of  Sturm's  theorem. 

The  first  principle  which  it  will  be  necessary  to  use  is  a 
theorem  given  by  Mr.  Sylvester  {Philosophical  Magazine^  De- 
cember, 1839),  that  the  several  functions  in  Sturm's  series, 
expressed  in  terms  of  the  roots  of  the  given  equation,  differ 
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only  by  positive  square  multipliers  from  the  following.  The 
first  two  (namely,  the  function  itself,  and  its  derived)  are  of 
course,  (x  —  a){x-  ft)  (x  —  7) ,  &c,  2  [x  —  /3)  (x  —  7) ,  &c. ;  and 
the  remaining  ones  are 

2(a-/3)2(tf-7)(*-S),&c.;  2(a-^)2(^-7)2(7-a)2(^-o),&c.,&c, 

where  we  take  the  product  of  any  h  factors  of  the  given  equa- 
tion, and  multiplying  by  the  product  of  the  squares  of  the  diffe- 
rences of  all  the  roots  not  contained  in  these  factors,  form  the 
corresponding  symmetric  function.  We  commence  by  proving 
this  theorem.* 

46.  In  the  first  place,  let  U  be  the  function,  V  its  first 
derived,  i22,  B3)  &c.  the  series  of  Sturm's  remainders :  then  it  is 
easy  to  see  that  any  one  of  them  can  be  expressed  in  the  form 
A  V-  BTJ.     For,  from  the  fundamental  equations 

U=QJ-R„     V=Q.A-R„    R,  =  Q3Ri-£i,&c., 

we  have 

B=QJ-TJ, 

£<=  (0*0,-1)  K-  0,v=  [Q,Q,Q,-  Q,  -  ft)  v-  (QA-i)  u, 

and  so  on.  We  have  then  in  general f  Rk  =  AV—  BU,  where, 
since  all  the  Q's  are  of  the  first  degree  in  #,  it  is  easy  to  see  that 
A  is  of  the  degree  Jc  —  1,  and  B  of  the  degree  k  —  2,  while  Rk 
is  of  the  degree  n  —  7c. 


*  I  suppose  that  Mr.  Sylvester  must  have  originally  divined  the  form  of  these 
functions  from  the  characteristic  property  of  Sturm's  functions,  vi?.  that  if  the 
equation  has  two  equal  roots  a  =  (3,  every  one  of  them  must  become  divisible  by 
x  —  a.  Consequently,  if  we  express  any  one  of  these  functions  as  the  sum  of  a 
number  of  products  {x  —  a)  (x  —  /3),  &c,  every  product  which  does  not  include 
either  x  —  a  or  x  —  (3  must  be  divisible  by  (a  —  /3)2 ;  and  it  is  evident  in  this  way 
that  the  theorem  ought  to  be  true.  The  method  of  verification  here  employed  does 
not  differ  essentially  from  Sturm's  proof,  Liouville,  Vol.  vn.,  p.  356. 

f  The  theory  of  continued  fractions  which  we  are  -virtually  applying  here  shows 
that  if  we  have  Rk  =  AkV-BkU,  Rkn  -  AknV -  Bk+1U,  then  AkBkn  -  AknBk  is 
constant  and  =  1.    In  fact,  since  Rk+1  =  QkRk  —  Rk-X,  we  have 

Ak+1  =  QkAk  —  Ak-lf    B/t+i  —  QkBk  —  Bk-ly 
whence  AkBkn  —  Ak+1Bk  =  Ak-xBk  —  AkBk-lf 

and  by  taking  the  values  in  the  first  two  equations  above,  namely,  where  k  =  2, 
and  k  =  3,  we  see  that  the  constant  value  =  1. 
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But  now  this  property  would  suffice  to  determine  i2g,  i23,  &c. 
directly.  Thus,  if  in  the  equation  E9  =  Qx  V—  U  we  assume 
Ql  —  ax  +  bj  where  a  and  b  are  unknown  constants,  the  condition 
that  the  coefficients  of  the  two  highest  powers  of  x  on  the  right- 
hand  side  of  the  equation  must  vanish  (since  B2  is  only  of  the 
degree  n  —  2)  is  sufficient  to  determine  a  and  b.  And  so  in 
general,  if  in  the  function  A  V—  BU  we  write  for  A  the  most 
general  function  of  the  k  —  1st  degree  containing  k  constants, 
and  for  B  the  most  general  function  of  the  k  -  2n<*  degree,  con- 
taining k  —  1  constants,  we  appear  to  have  in  all  2k  —  1  constants 
at  our  disposal,  and  have  in  reality  one  less,  since  one  of  the 
coefficients  may  by  division  be  made  =  1.*  We  have  then  just 
constants  enough  to  be  able  to  make  the  first  2&  —  2  terms  of 
the  equation  vanish,  or  to  reduce  it  from  the  degree  n  +  h  —  2 
to  the  degree  n  —  Jc.  The  problem,  then,  to  form  a  function  of 
the  degree  n-  k,  and  expressible  in  the  form  AV—BU,  where 
A  and  B  are  of  the  degrees  k—  1,  &  — 2,  is  perfectly  definite, 
and  admits  but  of  one  solution.  If,  then,  we  have  ascertained 
that  any  function  Rk  is  expressible  in  the  form  AV—  BU,  where 
A  and  B  are  of  the  right  degree,  we  can  infer  that  Rk  must  be 
identical  with  the  corresponding  Sturm's  remainder,  or  at  least 
only  differ  from  it  by  a  constant  multiplier.  It  is  in  this  way 
that  we  shall  identify  with  Sturm's  remainders  the  expressions 
in  terms  of  the  roots,  Art.  45. 

47.  Let  us  now,  to  fix  the  ideas,  take  any  one  of  these 
functions,  suppose 

S  (a  -  ftf  (/3  -  if  (7  -  a)2  [m  -  8)  (as  -  »),  &c, 
and  we  shall  prove  that  it  is  of  the  form  AV—BUy  where  in 
the  example  chosen  A  is  to  be  of  the.  second  degree,  and  B  of 
the  first  in  x.  Now  we  can  immediately  see  what  we  are  to 
assume  for  the  form  of  A,  by  making  x  =  a  on  both  sides  of  the 
equation.  The  right-hand  side  of  the  equation  will  then  be- 
come A  (a  —  (3)  [a  —  y)  (a  —  8)  (a  —  e),  &c.  since  U  vanishes ;  and 
the  left-hand  side  will  become 

2  (a  -  Pf  08  -  yf  (7  -  «f  (a  -  S)  (a  -  e),  &c. 

*  Just  as  the  six  constants  in  the  most  general  equation  of  a  conic  are  only- 
equivalent  to  five  independent  constants,  and  only  enable  us  to  make  the  curve 
satisfy  five  conditions.  '     '  / 
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It  follows,  then,  that  the  supposition  x  =  a  must  reduce  A  to  the 
form  2  (j3  —  y)'2  (a—  /5)  (a  —  7),  and  it  is  at  once  suggested  that 
we  ought  to  take  for  A  the  symmetric  function 

S09_7)'(a!-/S)(a!-y). 

And  in  like  manner,  in  the  general  case,  we  are  to  take  for  A 
the  symmetric  function  of  the  product  of  k  —  1  factors  of  the 
original  equation  multiplied  by  the  product  of  the  squares  of  the 
differences  of  all  the  roots  which  enter  into  these  factors.  It 
will  not  be  necessary  to  our  purpose  actually  to  determine  the 
coefficients  in  B,  which  we  shall  therefore  write  down  in  its 
most  general  form.     Let  us  then  write  down 

2(a-/3y(l3-ryy(y-a)^x-Z),&c.  =  2(a-/3y(x-a)(x-/3) 

x'2(x  —  /3)(x  —  7),  &c.  +  (ax  +  b)(x  —  a)  (x  —  /3),  &c, 

which  we  are  to  prove  is  an  identical  equation.  Now,  since  an 
equation  of  the  pth  degree  can  only  have  p  roots,  if  such  an 
equation  is  satisfied  by  more  than  p  values  of  #,  it  must  be  an 
identical  equation,  or  one  in  which  the  coefficients  of  the  several 
powers  of  x  separately  vanish.  But  the  equation  we  have 
written  down  is  satisfied  for  each  of  the  n  values  x—auix=^^  &c, 
no  matter  what  the  values  of  a  and  b  may  be.  And  if  we  sub- 
stitute any  other  two  values  of  x,  then,  by  solving  for  a  and  b 
from  the  equations  so  obtained,  we  can  determine  a  and  b  so 
that  the  equation  may  be  satisfied  for  these  two  values.  It  is, 
therefore,  satisfied  for  n  +  2  values  of  #,  and  since  it  is  only  an 
equation  of  the  n  +  1st  degree,  it  must  be  an  identical  equation. 
And  the  corresponding  equation  in  general,  which  is  of  the 
n  +  h  —  1  degree,  is  satisfied  immediately  for  any  of  the  n  values 
x  —  a^  &c. ;  while  B  being  of  the  k  —  1  degree  we  can  determine 
the  h  constants  which  occur  in  its  general  expression,  so  that 
the  equation  may  be  satisfied  for  h  other  values  j  the  equation 
is,  therefore,  an  identical  equation. 

48.  We  have  now  proved  that  the  functions  written  in 
Art.  45  being  of  the  form  AV—BU  are  either  identical  with 
Sturm's  remainders,  or  only  differ  from  them  by  constant  factors. 
It  remains  to  find  out  the  value  of  these  factors,  which  is  an 
essential  matter,  since  it  is  on  the  signs  of  the  functions  that 
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everything  turns.  Calling  Sturm's  remainders,  as  before, 
i22,  B51  &c.,  let  Mr.  Sylvester's  forms  (Art.  45)  be  T%,  Ts,  &c., 
then  we  have  proved  that  the  latter  are  of  the  form  T2  =  \R^ 
TB  =  X3i23,  &c.,  and  we  want  to  determine  X2,  X3,  &c.  We  can 
at  once  determine  X2  by  comparing  the  coefficients  of  the 
highest  powers  ofx  on  both  sides  of  the  identity  T2—A2V—  BJJ\ 
for  x  does  not  occur  in  jT2,  while  in  V  the  coefficient  of  xn~x  is  w, 
and  the  coefficient  of  x  is  also  n  in  A^  which  ==  2  (x  —  a) ;  hence 
B2  =  n2.  But  the  equation  T2  =  A2V—B2U  must  be  identical 
with  the  equation  R2  =  Qt  V—  U  multiplied  by  \ ;  we  have, 
therefore,  X2  =  7ia. 

To  determine  in  general  Xw  it  is  to  be  observed  that  since 
any  equation  Tk  =  Ak  V-  Bk  U  is  X^  times  the  corresponding 
equation  for  Rk1  and  since  in  the  latter  case  it  was  proved 
(note,  p.  38)  that  AtBJt+l  —  Ai+lBi=l,  the  corresponding  quan- 
tity for  Ttl  Tk+l  must  =X/tX/[+1.     Now  from  the  equations 

Tk  =  AtV-BtU,     TiH=AUlV-BtHU, 

we  have 

4*  T>  -  A  r*.  =  (ABt»  -  A«Bk)  u=  \xHx  u. 

Now,  comparing  the  coefficients  of  the  highest  powers  of  x  on 
both  sides  of  the  equation,  and  observing  that  the  highest  power 
does  not  occur  in  AkTk+l1  we  have  the  product  of  the  leading 
coefficients  of  Ai+i  and  Tk  =  \\+l.     But  if  we  write 

2  (a -  /8)«  ~p„     2  (a - $)>  (a  -  yf  (/3 -  y)>  =ps,  &c, 

we  have,  on  inspection  of  the  values  in  Arts.  45,  47,  the 
leading  coefficient  in  Ta=paJ  in  Tz—jp^  &c,  and  in  A2  =  ny  in 
^3=^2,  in  AA=p3,  &c.     Hence 

Al=\\)  ft,=\\j  P!= \\>  &c->  whence  X3=^l  f  X4=^- ,  &c. 

n  p2 

The  important  matter  then  is,  that  these  coefficients  are  all 
positive  squares,  and,  therefore,  as  in  using  Sturm's  theorem 
we  are  only  concerned  with  the  signs  of  the  functions,  we  may 
omit  them  altogether. 

49.   When  we  want  to  know  the  total  number  of  imaginary 
roots  of  an  equation,  it  is  well  known  that  we  are  only  con- 
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cerned  with  the  coefficients  of  the  highest  powers  of  x  in 
Sturm's  functions,  there  being  as  many  pairs  of  imaginary  roots 
as  there  are  variations  in  the  signs  of  these  leading  terms. 
And  since  the  signs  of  the  leading  terms  of  T2,  T3,  &c.  are  the 
same  as  those  of  i?2,  i23,  &c,  it  follows  that  an  equation  has  as 
many  pairs  of  imaginary  roots  as  there  are  variations  in  the 
series  of  signs  of  1,  w,  2  (a  -  /3)2,  2  (a  -  Pf  (0  -  7)2  (7  -  a)',  &c. 
This  theorem  may  be  stated  in  a  different  form  by  means  of 
Ex.  3,  p.  20,  and  we  learn  that  an  equation  has  as  many  pairs 
of  imaginary  roots  as  there  are  variations  in  the  signs  of  1,  s0, 
and  the  series  of  determinants 


'«'  s«' Ss' **  ,  &c. 

5'2J     53?     S4>     SS 


the  last  in  the  series  being  the  discriminant ;  and  the  condition 
that  the  roots  of  an  equation  should  be  all  real  is  simply  that 
every  one  of  these  determinants  should  be  positive. 


So,    5, 

S0,     *t>     S2 

*,>  *t 

1 

SU     S2,     SS 

*l     *3>     *4 

1 

50.  We  return  now,  from  this  digression  on  Sturm's  theo- 
rem, to  M.  Borchardt's  proof,  of  which  we  commenced  to  give 
an  account,  Art.  45 ;  and  it  is  evident  that  in  order  to  apply 
the  test  just  obtained,  to  prove  the  reality  of  the  roots  of  the 
equation  got  by  expanding  the  determinant  of  Art.  44,  it  will 
be  first  necessary  to  form  the  sums  of  the  powers  of  the  roots  of 
that  equation.  For  the  sake  of  brevity,  we  confine  our  proof 
to  the  determinant  of  the  third  order,  it  being  understood  that 
precisely  the  same  process  applies  in  general;  and,  for  con- 
venience we  change  the  sign  of  X  which  will  not  affect  the 
question  as  to  the  reality  of  its  values.  Then  it  appears  im- 
mediately, on  expanding  the  determinant,  that  s,  =  an  +  a^  +  a33, 
since  the  determinant  is  of  the  form  X3  —  X2  (an  +  a22  +■  a33)  +  &c. 
And  in  the  general  case  st  is  equal  to  the  sum  of  the  leading 
terms.  We  can  calculate  s2  as  follows:  The  determinant  may 
be  supposed  to  have  been  derived  by  eliminating  cc,  y,  z  be- 
tween the  equations 

\x=anx+al2y+aldz,    Xy^a^x^a^ff+a^z,    \z=a3]x+a32y+aS3z. 
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Multiply  all  these  equations  by  A,  and  substitute  on  the  right- 
hand  side  for  \x,  \y,  \z  their  values,  when  we  .get 

V^=(an2+ai;2+a13>+(V^ 

from  which  eliminating  sc,  y,  z,  we  have  a  determinant  of  form 
exactly  similar  to  that  which  we  are  discussing,  and  which 
may  be  written 


x% 


K,     h 


-A2 


K 

K 

Then,  of  course,  in  like  manner, 

h  =  K  +  K  +  K  =  <  +  <  +  <  +  2<  +  2aJ  +  2<- 
The  same  process  applies  in  general  and  enables  us  from  sp  to 
compute  sp+l.    Thus  suppose  we  have  got  the  system  of  equations 

\px=dnx+d12y+di3z,  'Wy=dinx+d22y+d23z,  V>z=d3]x+d32y+d33z, 

from  which  we  could  deduce,  as  above,  sp  =  dn  +  d22  +  d33 ;  then 
multiplying  both  sides  by  A,  and  substituting  for  A#,  &c.  their 
values,  we  get 
\"*&  =  {dnan  +  duavz  +  dnaxz)  x  +  (dnan  +  dna^  +  dl3a23)  y 

+  {dna5l  +  dA+dA)z, 

**ly = (<*««« + <*a + 4^13) x + «a2i + ^t°« + d>xaJ  y 

+  {d21a3l  +  d22a32  +  d23ajz, 

whence  sp+l  =  rfuaM  +  d22a22  +  S^  +  2<*wdM  +  2d23a23  +  2d31a3X. 

51.  We  shall  now  show,  by  the  help  of  these  values  for 
sp,  &c.  and  of  the  principle  established  Art.  24,  that  every 
one  of  the  determinants  at  the  end  of  Art.  49  can  be  expressed 
as  the  sum  of  a  number  of  squares,  and  is  therefore  essentially 
positive.*  Thus  write  down  the  set  of  constituents 
1,    1,    1,      0,    0,    0,      0,    0,    0 

aM   a22)   ^335      a23>   a3l5   ai2»      tt23?   °31>   fl12 


*  M.  Rummer  first  found  out  by  actual  trial  that  the  discriminant  of  the  cubic 
which  determines  the  axes  of  a  surface  of  the  second  degree  is  resolvable  into  a  sum 
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then  it  is  easy  to  see  that 


is  the  determinant  formed 


from  this  by  the  method  of  Art.  24,  and  which  expresses 
the  sum  of  all  possible  squares  of  determinants  which  can  be 
formed  by  taking  any  two  of  the  nine  columns  written  above. 


The  determinant 


is  thus  seen  to  be  resolvable  into  the 


sum  of  the  squares 

K  ~  aJ  +  (««  -  « J*  +  Ka  -  O2 1  6  [a  J  +  a3;2  +  a  122), 
and  is  therefore  essentially  positive.     Again,  if  we  write  down 
1,    1,    1,      0,    0,    0,      0,    0,    0 


Ki  Ki  Ki  Ki  K->  Ki  Kv  hi  K 

where  bu1  &c.  have  the  meaning  already  explained,  it  will  be 


easily  seen  from  the  values  we  have  found  that 


*0> 

*,J 

s2 

SU 

S» 

Ss 

S* 

*3> 

S* 

is  the 


determinant  which,  in  like  manner,  is  equal  to  the  sum  of  the 
squares  of  all  possible  determinants  which  can  be  formed  out  of 
the  above  matrix.     And  so  in  like  manner  in  general. 
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52.  We  assume  the  reader  to  be  acquainted  with  the  theory 
of  the  symmetric  functions  of  roots  of  equations  as  usually  given 
in  works  on  the  Theory  of  Equations.  Thus  we  suppose  him 
to  be  acquainted  with  Newton's  formula  for  calculating  the  sums 
of  the  powers  of  the  roots  of  the  equation 

xn  -ptxn-x  +iy»M"2  -P**'5  +  &c-  =  °> 
viz.  ^-^  =  0,    s2-plSl  +  2p2  =  0,    ^-iV** +2Vi-3/>.  =  0>  &c-i 


of  squares.    (Crelle,  Vol.  xxvi.,  p.  268).    The  general  theory  given  here  is  due, 
we  have  said,  to  M.  Borchardt. 
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whence '  »,  =^,    9a  mtf  -  2p8,    s3  =p*  -  ZPi  jp,  +  3p3,  &c. ; 
and  with  the  formulae 

2aw£Y  =  5mv,  -  5  rt+^,  -  smf^  -  smsm  +  2sm+p+„  &c. 
If  we  have  any  homogeneous  function  of  the  coefficients 
Pii  P^i  &c*>  we  shall  use  the  word  order  of  that  function,  in 
the  usual  sense,  viz.  to  denote  the  number  of  factors  of  which 
each  term  consists.  Thus,  if  any  term  were  p^p^p^  the  order 
of  the  function  would  be  r  +  s  +  t.  If  the  function  be  not 
homogeneous,  the  order  of  the  function  is  as  usual  regulated 
by  the  order  of  the  highest  term.  By  the  weight  of  a  function 
we  shall  understand  the  sum  of  the  suffixes  attached  to  each 
factor.  Thus,  if  any  term  were  p^p^p^  the  weight  of  the 
function  would  be  r  +  2s  +  3£ ;  or,  again,  if  any  term  were 
PrVsPn  this  term  would  be  of  the  third  order,  while  its  weight 
would  he  r  +  s  +  t.  In  the  case  of  every  function,  with  which 
we  shall  be  concerned,  the  weight  will  be  the  same  for  every 
term. 

53.  On  inspecting  the  expressions  given  above  for  $ }  s2,  s3,  &c. 
in  terms  of  the  coefficients,  it  is  obvious  that  the  weight  of  every 
term  in  s2  is  two,  in  s3  is  three,  and  it  is  easy  to  conclude  by 
induction  that  the  weight  of  every  term  in  sn  is  n.  In  like 
manner,  it  is  evident  that  the  weight  of  2am/3p  is  m+p,  of 
2awt/3y  is  m  +  p  +  q,  &c. 

This  may  be  proved  in  general  as  follows:  If  for  every 
root  a,  /3,  7,  &c.  we  substitute  X  times  a,  X  times  /3,  X  times  7, 
&c,  we  evidently  multiply  the  function  2a,w/3p7*  by  \m+p+q.  But 
it  is  known  that  if  we  multiply  every  root  by  X,  we  multiply 

Px  by  \  Vi  °y  X*j  JPs  Dy  x%  &c-  Jt  Allows  then  that  2aw/3V 
expressed  in  terms  of  the  coefficients  must  be  such  that  if  we 
substitute  for  px,  \pt1  for  p2j  X'^?2,  and  so  on,  we  shall  multiply 
every  term  by  Xm+p+g;  and  this,  in  other  words,  is  saying  that 
the  weight  of  every  term  is  m  +p  +  q. 

54.  Since 

p1  =  a  +  j3  +  y  +  &c,    jp2  =  a({3  +  <y  +  &c.)  +  f3y  +  &c,  &c, 
and  none  of  the  coefficients,  p^  p^  &c.   contains   any  power 
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of  a  beyond  the  first,  it  is  plain  that  the  order  of  any  symmetric 
function  2a7'73/v/  (where  m  is  supposed  to  be  greater  than  p 
or  q)  must  be  at  least  m.  For  of  course,  unless  there  are  at 
least  m  factors,  each  containing  a,  a"1  cannot  appear  in  the  pro- 
duct. But,  conversely,  any  symmetric  function,  whose  order  is 
w,  will  contain  some  terms  involving  a".  For  if  q^  q^  q3l  &c. 
be  the  sum,  sum  of  products  in  pairs,  in  threes,  &c.  of  yS,  7,  S, 
&c,  we  have  pt  =  a  +  qxl  p>2  =  aq1  +  q2l  p3  =  aq^  +  q^  &c,  and  the 
coefficient  of  the  highest  power  of  a  in  such  a  term  as  p2rp3'p4\ 
will  be  q^q^q^  ;  and,  conversely,  the  multiplier  q^q^q^  can  only 
arise  from  the  term  J?2r/?3*p/.  It  therefore  cannot  be  made  to 
vanish  by  the  addition  of  other  terms.  It  follows  then  that 
the  order  of  any  symmetric  function  ScT/S^y  is  equal  to  the 
greatest  of  the  numbers  my  p,  q;  for  we  have  proved  that  it 
cannot  be  less  than  that  number,  and  that  it  cannot  be  greater, 
since  functions  of  a  higher  order  would  contain  higher  powers 
of  a  than  am. 

By  the  help  of  the  two  principles  just  proved  we  can  write 
down  the  literal  part  of  any  symmetric  function,  and  it  only 
remains  to  determine  the  coefficients.  Thu3  if  it  were  required 
to  form  2a'2  (/3  —  7)*,  we  see  on  inspection  that  this  is  a  function 
whose  weight  is  four,  and  that  it  is  of  the  second  order;  that 
is  to  say,  there  cannot  be  more  than  two  factors  in  any  term. 
The  only  terms  then  that  can  enter  in*o  such  a  function  are 
F41  PzPtf  Pii  an^  *ne  calculation  would  be  complete  if  we  knew 
with  what  coefficients  these  terms  are  to  be  affected. 

55.  Symmetric  functions  of  the  differences  of  the  roots  of 
equations*  being  those  with  which  we  shall  have  most  to  deal, 
it  may  not  be  amiss  to  give  a  theorem  by  which  the  sum  of 
any  powers  of  the  differences  can  be  expressed  in  terms  of 
the  sums  of  the  powers  of  the  roots  of  the  given  equation. 
Expanding  (x  —  a)"1  by  the  binomial  theorem,  and  adding  the 
similar  expansions  for  (x  —  /3)v\  &c,  we  have  at  once 

S  (a?-  a)m  =  s0x,n -  ms^1-1  +  }ffi  [m  -  1)  *&+  -  &c. 

Now  if  we  substitute  a  for  x  in  2  (x  —  a)m  it  becomes 
(a  —  /3)w  ■+  (a  —  y)m  +  &c. ;   similarly  if  we  substitute  /3  for  x  it 

*  Such  functions  have  been  called  critical  functions. 
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becomes  (/3  —  a)m  +  (/3  —  y)m  +  &c,  and  so  on ;  and  if  we  add 
the  results  of  all  these  substitutions,  if  m  be  odd,  the  sum 
vanishes,  since  the  terms  (a  —  /3)wl,  (j3  —  a)m  cancel  each  other. 
If  m  be  even,  the  result  is  22  (a  —  /3)m.  But  when  the  same 
substitutions  are  made  on  the  right-hand  side  of  the  equation 
last  written,  and  the  results  added  together,  we  get 

If  m  be  odd,  the  last  term  will  be  —  sms0l  which  will  cancel  the 
first  term,  and,  in  like  manner,  all  the  other  terms  will  destroy 
each  other.  But  if  m  be  even,  the  last  term  will  be  identical 
with  the  first,  and  so  on,  and  the  equation  will  be  divisible  by 
two.     Thus  then  when  m  is  even,  we  have 

2  (a  -  £)m  -  sQsm  -  msxsm_2  +  %m  [m  -  1 )  v,„-2  ~  &S 

where  the  coefficients  are  those  of  the  binomial  until  we  come 
to  the  middle  term  with  which  we  stop,  and  which  must  be 
divided  by  two.     Thus 

2(a-/3)<=V4-4SA+3<-!,  ^{a-^=s0s-6Sls^l5sA-m;,&c. 

56.  Any  function  of  the  differences  will  of  course  be  un- 
changed if  we  increase  or  diminish  all  the  roots  by  the  same 
quantities,  as,  for  instance,  if  we  substitute  x  -  X  for  x  in  the 
given  equation.     It  then  becomes 

x*  _  (i?|  +  nx)  xn-x  +  {p2  +  (n  -  1)  \px  +  |it  («  - 1)  X]  xn~2 

~{p3  +  {n-2)  Xp2  +  &c.}  x1-3  4  &c.  =  0. 

Now  any  function  <f>  of  the  coefficients  p0  p2j  &c.  will,  when 
we  alter^  into  Pi  +  ^p^p^  into^-h  Bp^  &c,  become 

If  then,  in  any  function  of  p^  p2l  &c,  we  substitute  pl  -f  nX 
for  p,,  p2  +  [n  —  1)  Xpt  +  \n  (n  —  1)  X2  for  p2l  &c.  and  arrange  the 
result  according  to  the  powers  of  X,  it  becomes 

^  +  x{M|+(re-1)Pl|+(„-2)ft|  +  &c.}  +  V(&c.)  =  0. 

But  since  we  have  seen  that  any  function  of  the  differences  is 
unchanged  by  the  substitution,  no  matter  how  small  X  be,  it  is 
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necessary  that  any  function  of  the  differences,  when  expressed 
in  terras  of  the  coefficients,  should  satisfy  the  differential  equation 

Ex.  1.  Let  it  be  required  to  form  2  (a  —  ft)2.  We  know  that  its  order  and  weight 
are  both  =  2.  It  must  therefore  be  of  the  form  Ap2  +  Bpx2.  Applying  the  differential 
equation,  we  have  {(n—l)A  +  2nB]  px  =  0,  whence  B  is  proportional  to  n  -  1  and 
A  to  -  2n.    The  function  then  can  only  differ  by  a  factor  from  (n  —  1)  p2  -  2np2. 

The  factor  may  be  shewn  to  be  unity  by  supposing  a  =  1  and  all  the  other 
roots  =  0,  when  px  =  1,  p2  -  °>  and  the  value  just  written  reduces  to  n  —  1  as  it 
ought  to  do. 

Ex.  2.  To  form  for  a  cubic  the  product  of  the  squares  of  the  differences 
(a  —  ft)2  {ft  —  y2)2  (y  —  a)2.  This  is  a  function  of  the  order  4  and  weight  6.  It  must 
therefore  be  of  the  form 

Ap?  +  BPttoPi  +  Cp3Pl*  +  Dpi  +  Ep2p2. 
Operating  with  3t-  +  2/^  -5 — YPi  -7-  it  becomes 

(2  A  +  3B)  p3p2  +  (2J3  +  9(7)  p3p2  +  (B  +  6Z>  +  GE)  p2px  +  (C  +  AE)  p2p*, 

and  as  this  is  to  vanish  identically,  we  must  have  C  —  —  4E,  B  =  1SE,  A  =  —  27 E, 
D-  —  4-E,  or  the  function  can  only  differ  by  a  factor  from 

PiW  +  WPiPiPs  ~  4Pz3  ~  ±PzP\  ~  2<>32- 
The  factor  may  be  shown  to  be  unity  by  supposing  y  and  consequently  p3  to  be  =  0. 

57.  We  shall  in  future  usually  employ  homogeneous  equa- 
tions.  Thus  writing  -  for  a?,  and  clearing  of  fractions,  the 
equation  we  have  used  becomes 

x"  -■B^r-y  -\-rl*ry...±py = 0. 

We  give  xn  a  coefficient  for  the  sake  of  symmetry  ;  and  we  find 
it  convenient  to  give  the  terms  the  same  coefficients  as  in  the 
binomial  theorem ;  and  so  write  the  equation 

a0xn  +  naxxn~xy  +  \n  (n  -  1)  a2xn~Y  +. . .nan_xxyn~x  +  anyn  =  0. 

One  advantage  of  using  the  binomial  coefficients  is,  that  thus 
all  functions  of  the  differences  of  the  roots  will,  when  expressed 
in  terms  of  the  coefficients,  be  such  that  the  sum  of  the  numerical 
coefficients  will  be  nothing.  For  we  get  the  sum  of  the  nu- 
merical coefficients  by  making  aQ  =  a,  =  a2  =*  &c.  =  1 ;  but  on  this 
supposition  all  the  roots  of  the  original  equation  become  equal, 
and  all  the  differences  vanish. 

When  we  speak  of  a  symmetric  function  of  the  roots  of  the 
homogeneous  equation,  we  understand  that  the  equation  having 
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been  divided  by  ey/*,  the  corresponding  symmetric  function  has 
been  formed  of  the  coefficients  —  ,  — ,  &c.  of  the  equation  in  -  , 

%  v  .  \        y 

and  that  it  has  been  cleared  of  fractions  by  multiplying  by  the 
highest  power  of  a0  in  any  denominator.  In  this  way,  every 
symmetric  function  will  be  a  homogeneous  function  of  the 
coefficients  a0,  a„  &c;  for  before  it  was  cleared  of  fractions,  it  was 
a  homogeneous  function  of  the  degree  0,  and  it  remains  homo- 
geneous when  every  term  is  multiplied  by  the  same  quantity. 
Or  we  may  state  the  theory  of  the  symmetric  functions  of  the 
roots  of  the  homogeneous  equation,  without  first  transforming  it 

x 
to  an  equation  in  - .     If  one  of  the  roots  of  the  latter  equation 

be  a,  then  it  is  evident  that  the  homogeneous  equation  is  satisfied 
by  any  system  of  values  x\  y  for  which  we  have  x'  =  o.y\  since 
it  is  manifest  that  we  are  only  concerned  with  the  ratio  x  :  y . 
And  since  the  equation  divided  by  yn  is  resolvable  into  factors, 
so  the  homogeneous  equation  is  plainly  reducible  to  a  product 
of  factors  (y'x  —  yx)  (yHx  —  yx")  (y"1x  —  yx") ,  &c.  Actually  mul- 
tiplying and  comparing  with  the  original  equation,  we  get 

««  =  yy1  Y' ?  &c-j  nai  =  ~  ^xy"y"\  &c.,  \n  [n  -  1)  at  =  ^xx"y"\  &c. 

an  —  ± xx'x"\  &c,  nan_x  —  +  2?/ W",  &c. 

By  making  all  the  y's=  1,  these  expressions  become  the  ordinary 
expressions  for  the  coefficients  of  an  equation  in  terms  of  its 
roots  x\  x'\  &c.  And  conversely,  any  symmetric  function  ex- 
pressed in  the  ordinary  way  in  terms  of  the  roots  x\  x\  may 
be  reduced  to  the  other  form,  by  imagining  each  x  divided  by 
the  corresponding  y\  and  then  the  whole  multiplied  by  such 
a  power  of  yy\  &c.  as  will  clear  it  of  fractions.  Thus  the 
sum  of  the  squares  of  the  differences  2  [x  —  x")'1  becomes 
2  (x'y"  —  y'x"Yy'"2y""2)  &c.  And  generally  any  functions  of 
the  differences  will  consist  of  the  sum  of  products  of  deter- 
minants of  the  form  [x'y"  —  y'x")  (x'y'"  -  yx"\  &c.  by  powers 

of  y\  y\  &c- 

58.  The  differential  equation  which  we  have  given  for 
functions  of  the  differences  of  the  roots,  requires  to  be  modified 
when  the  equation  has  been  written  with  binomial  coefficients. 

H 
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Thus,  if  in  the  equation  a0xn  +  naxxn~ly  +  &c.  =  0,  we  write  x  4-  X 
for  sc,  the  new  «,  becomes  ax  -f  Xa0,  a2  becomes  a2  +  2^X  +  a0X2, 
aa  becomes  a3  +  S\a2  +  3Xaa,  4-  X3a0,  &c,  and  any  function  <j>  of 
the  coefficients  is  altered  by  this  substitution  into 

Any  function  then  of  the  differences,  since  it  remains  unaltered 
when  for  x  we  substitute  x  +  X,  must  satisfy  the  equation 

In  like  manner  any  function  which  remains  unaltered,  when  for 
y  we  substitute  y  +  X,  must  satisfy  the  equation 

Functions  of  the  latter  kind  are  functions  of  the  differences  of 
the  reciprocals  of  the  roots,  and  in  the  homogeneous  notation 
consist  of  products  of  determinants  of  the  form  x'y"  —  yx\  &c. 
by  powers  of  x\  x\  &c.  Functions  of  the  determinants 
x'y"  —  y'x"  alone,  and  not  multiplied  by  any  powers  of  the  x'a 
or  the  y's,  will  satisfy  both  the  differential  equations. 

59.   It  is  to  be  observed,  that  the  condition 

is  not  only  necessary  but  sufficient,  in  order  that  <j>  should  be 
unaltered  by  the  transformation  sc  +  X  for  x.  We  have  seen 
that  the  coefficient  of  X  in  the  transformed  equation  then 
vanishes,  and  the  coefficient  of  X2  is  without  difficulty  found 
to  be 

dd>  dd>      „     d6      -  I  ■'/      d  ■  d  \  *    \* . 


4  x         x  2 


where  in  the  latter  symbol  the  «0,  a„  &c.  which  appear  explicitly, 
are  not  to  be  differential.  But  it  will  be  seen  that  this  is 
precisely 

iMw2wH(w2«4+&c> 


SYMMETRIC  FUNCTIONS.  51 

For  when  we  operate  with  the  symbol  on  itself,  the  result  will 
be  the  sum  of  the  terms  got  by  differentiating  the  al7  a2,  &c. 
which  appear  explicitly,  together  with  the  result  on  the  supposi- 
tion that  these  o1?  a2,  &c.  are  constant.  Thus  then,  the  coeffi- 
cient of  X2  vanishes,   since   a0  -5 — V  &c.  is  supposed  to  vanish 

identically.  So  in  like  manner,  for  the  coefficients  of  the  other 
powers  of  X. 

Ex.  To  form  for  the  cubic  a0x3  +  Zaxx2y  +  Ba2xy2  +  a^3,  the  function 

2  {Xly2  -  xtftf  (xtf,  -  xgjtf  (»#!  -  xxy3y. 

This  can  be  derived  from  Ex.  2,  p.  48,  or  else  directly  as  follows.  The  function  ia  to 
be  of  the  order  4  and  weight  6.    It  must  therefore  be  of  the  form 

Aa3a3a0a0  +  Ba3a^txa0  +  (7a3a1a1a1  +  Da2a2a2a0  +  Ea2a2axax. 

Operate  with  a0  -z — f-  2a,  - — h  3a2  ~r- ,  and  we  get 
da1  da2         *  da3 

(B  +  6A)  a3a2a0a0+(3C+2B)a3a1a1a0+(2E+6D+SB)  a^a^  +  i^E+BC)  a^a^a^O. 

Equating  separately  to  0  the  coefficient  of  each  term,  and  taking  A  =  1,  we  find 

B  =  -6,  C=4,  D  =  i,  E  =  -3. 

60.  M.  Serret  writes  the  operation  a0  -~-  +  &c.  in  a  compact 

form,  which  is  sometimes  convenient.  If  we  imagine  a  fictitious 
variable  f,  of  which  the  coefficients  a0,  a,,  &c.  are  such  func- 
tions, that 

%=a*  ji=2a'>  %=3a*  &c-> 

then  evidently  |  =  «0  d±  +  2a,  §  +  3a,  g+&c 

In  like  manner  nax  ~-  +  &c.  may  be  written  in  the  compact 

form  -j-  ,  where  rj  is  a  variable,  of  which  a0,  at,  &c.  are  sup- 
posed to  be  such  functions  that 

61.  It  is  worth  while  to  add  an  observation  of  M.  Brioschi 
as  to  the  meaning  of  the  first  of  these  operations  when  expressed 
in  terms  of  the  roots.     Let  there  be  any  function  of  the  coeffi- 
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cients  px,  p2l  &c,  let  us  express  these  coefficients  in  terms  of 
the  roots,  and  examine  the  differential  of  the  function  with 
respect  to  any  root.  .Now  if  qx,  q2,  &c.  denote  the  sum,  sum 
of  products  in  pairs,  &c.  of  all  the  roots,  omitting  any  one  root 
a,  then  evidently 

iv1_l   dV±_Q    ±*_0   &c 

,  d        d  d  d       0 

and  s-^**jR+ft.$;^ 

We  have  of  course  corresponding  expressions  for  the  diffe- 
rentials with  respect  to  the  other  roots,   and  if  now  we  add 

all  together,  the  coefficient  of  3—  will  evidently  be  n.     That  of 

-7—  will  be  (n  —  l)px ;  for  since  qx  =jdx  -  a,  when  we  add,  the 
coefficient  in  question  will  be  npx  —  (a  +  /3  +  7  +  &c.)  =  (n  —  1 )  px* 
In  like  manner  the  coefficient  of  -7—  =  (n  —  2)  pa,  and  we  have 

£+|+&c-)=ml:+(n-1)i''|;+(n-2)^|;+&c- 

It  is  evident  now  why,'  when  the  operation  on  the  right-hand 
side  of  this  equation  is  applied  to  any  function  of  the  diffe- 
rences of  the  roots,  the  result  vanishes,  since  when  the  equi- 
valent operation  -=-  +  &c.  is  applied  to  any  difference,  the  result 

vanishes. 

In  the  same  manner,  if  the  equation  had  been  written  with 
binomial  coefficients,  we  should  have  had 

whence,  exactly  as  before, 

d        d       0  d  d       p 


(    53    ) 
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62.  When  we  are  given  h  homogeneous  equations*  in  k 
variables  (or,  what  comes  to#the  same  thing,  k  non-homoge- 
neous equations  in  k-  1  variables)  it  is  always  possible  so  to 
combine  the  equations  as  to  obtain  from  them  a  single  equation 
A  =•  0,  in  which  these  variables  do  not  appear.  We  are  then 
said  to  have  eliminated  the  variables,  and  the  quantity  A  is 
called  the  Eliminant*  of  the  system  of  equations.  Let  us  take 
the  simplest  example,  that  which  we  have  already  considered  in 
the  first  lesson,  where  we  are  given  two  equations  of  the  first 
degree  ax  +  b  =  0,  ax  +  V  —  0.  If  we  multiply  the  first  equation 
by  or',  and  the  second  by  a,  and  subtract  the  first  equation  from 
the  second,  we  get  a V  —  a'b  =  0,  and  the  quantity  ab'  —  a'b  is  the 
eliminant  of  the  two  equations.  Now  it  will  be  observed,  that 
we  cannot  draw  the  inference  ab'  —  a'b  =  0  unless  the  two  given 
equations  are  supposed  to  be  simultaneous,  that  is  to  say,  unless 
it  is  supposed  that  both  can  be  satisfied  by  the  same  value 
of  x.  For  evidently  when  we  combine  two  equations  <f>  (x)  =  0, 
yfr  (x)  =  0,  and  draw  such  an  inference  as  l(f>  [x)  +  myjr  (x)  —  0, 
it  is  assumed  that  x  means  the  same  thing  in  both  equations. 
It  follows  then  that  ab'  —  a'b  —  O  is  the  condition,  that  the  two 
equations  can  be  satisfied  by  the  same  value  of  x,  as  may 
also  be  seen  immediately  by  solving  both  equations  for  x} 
and  equating  the  resulting  values.  And  so  generally,  if  we 
are  given  any  number  of  equations  Z7=0,  F=0,  JF=0,  &c, 
we  may  proceed  to  combine  them,  and  draw  an  inference  such 
as  IU+  m  V+  n  W=  0,  only  if  the  variables  have  the  same  values 
in  all  the  equations.  And  if  by  combining  the  equations,  we 
arrive  at  a  result  not  containing  the  variables,  this  will  vanish  if 
the  equations  can  be  satisfied  by  a  common  system, of  values 
of  the  variables,  and  not  otherwise.  The  eliminant  may  then 
in  general  be  defined  as  that  function  of  the  coefficients  of  the 

*  Eliminants  are  also  called  resultants. 
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system  of  equations,  whose  vanishing  expresses  that  they  can  be 
satisfied  by  a  common  system  of  values  of  the  variables. 

63.  We  have  now  to  show  how  elimination  can  be  per- 
formed, and  what  is  the  nature  of  the  results  arrived  at.  We 
commence  with  two  equations  written  in  the  non-homogeneous 
form 

xm  -Pixni-X  +  pjT*  -  &c.  =  0,  or   $  (x)  =  0, 

xn  _  qp*"1  +  q2xn~2  -  &c.  =  0,  or  f  (a?)  =  0. 

The  eliminant  of  these  equations  is,  as  we  have  seen,  the  condi- 
tion that  they  should  have  a  common  root.  If  this  be  the  case, 
some  one  of  the  roots  of  the  first  equation  must  satisfy  the 
second.  Let  the  roots  of  the  first  equation  be  a,  /3,  7,  &c. ; 
and  let  us  substitute  these  values  successively  in  the  second 
equation,  then  some  one  of  the  results  s]r  (a),  y}r  (/3),  &c.  must 
vanish,  and  therefore  the  product  of  all  must  be  sure  to  vanish. 
But  this  product  is  a  symmetric  function  of  the  roots  of  the  first 
equation,  and  therefore  can  be  expressed  in  terms  of  its  coeffi- 
cients, in  which  state  it  is  the  eliminant  required.  The  rule 
then  for  elimination  by  this  method  is  to  take  the  m  factors 

f(a)  =an  -  qp~l+  22a""2-&c-> 

^(7)=7n-^7M-1+227n-a-&c,&c, 

to  multiply  all  together,  and  then  substitute  for  the  symmetric 
functions  (a^7)n,  &c,  their  values  in  terms  of  the  coefficients  of 
the  first  equation. 

Ex.  To  eliminate  x  between  x2  —  pxx  +p2  —  0,  x2  —  q1x  +  q2  =  0.     Multiplying 
(a2  -  2la  +  q2)  (/32  -  ft/9  +  q2),  we  get 

«2/32  "  fca/3  (a  +  0)  +  q2  (a2  +  /32)  +  9l2a/3  -  qxq2  (a  +  0)  +  ?22  j 

and  then  substituting  a  +  /3  =pv  a/3  =p2,  a2  +  (P  -p^  —  2p2y  we  have 

P?  -P1P2I1  +  <Li  (lh2  ~  2p2)  +  Ptff  -  qMPi  +  q22, 

or  (p2  -  q2Y  +  (Px  -  qx)  (pxq2  -  Ptfi), 

which  is  the  eliminant  required. 

64.  We  obtain  in  this  way  the  same  result  (or  at  least 
results  differing  only  in  sign),  whether  we  substitute  the  roots 
of  the  first  equation  in  the  second,  or  those  of  the  second  in  the 
first.     In  other  words,  if  a',  /3',  7',  &c.  be  the  roots  of  the 
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second  equation,  the  eliminant  may  be  written  at  pleasure  as 
the  continued  product  of  0(a),  <j>  (/3'),  0(7'),  &c,  or  as  the 
product   of  i/r  (a),   ^  (/3),   ^(7),   &c.     For  remembering  that 

(j>  (x)  =  (x  —  a)(x  —  (3)  (x  -  7),  &c,  the  first  form  is 

(«'  _  a)  (a  -  j3)  (a  -  7),  &c.  (P  -  a)  [ff  -  0)  {ff  -  7),  &c, 

and  the  second  is 

(a  -  a')  (a  -  &)  (a  -  7'),  &c.  08  -  <*')  1/3  -  P)  [P  ~  V) ,  &c 

In  either  case  we  get  the  product  of  all  possible  difference? 
between  a  root  of  the  first  equation  and  a  root  of  the  second ; 
and  the  two  products  can  at  most  differ  in  sign. 

65.  If  the  equations  had  been  given  in  the  homogeneous 
form,  with  or  without  binomial  coefficients, 

a0xm  +  maxxm~ly  +  \m  [m  —  1)  a2xm~>2y2  +  &c.  =  0, 
b0xn  +  nbxxH~\j  +\n  {n  -  1)    xnSf  +  &c.  =  0, 
we  can  reduce  them  to  the  preceding  form  by  dividing  them  re- 
spectively by  a0y"\  50?/tt,  when  we  have  px= ,  qx  =  -  ~r* ,  &c. 

We  substitute  then  these  values  for  px1  qx,  &c.  in  the  result 
obtained  by  the  method  of  the  last  article,  and  then  clear  of 
fractions  by  multiplying  by  the  highest  power  of  a0,  or  b0  in 
any  denominator.  Thus  the  eliminant  of  a0x>2  4-  2axxy  +  a2yi1 
b0x*  +  2bxxy  -f  b2y2,  obtained  in  this  manner  from  the  result  of 
Ex.,  Art.  63,  is 

(«A  -  aM*  + 4  \aA  -  «<&)  (%  -  aA)- 

It  is  evident  thus  that  the  eliminant  is  always  a  homogeneous 
function  of  the  coefficients  of  either  equation.  For  before  we 
cleared  of  fractions,  it  was  evidently  a  homogeneous  function 
of  the  degree  0,  and  it  remains  homogeneous  when  every  term 
is  multiplied  by  the  same  quantity. 

The  same  thing  may  be  seen  by  applying  to  the  equations 
directly  the  process  of  Art.  63.  Let  the  values  which  satisfy 
the  first  equation  be  xy':  x"y",  &c. ;  then,  if  the  equations  have 
a  common  factor,  some  one  of  these  values  must  satisfy  the 
second  equation.     We  must  then  multiply  together 

[b^'n  +  nbxxm"y'  +  &c.)  [\x"n  +  nbxx"n-  ly"  +  &c.)  (&c), 
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and  then  substitute  for  the  symmetric  functions  [xx\  &c.)n,  &c. 
their  values  in  terms  of  the  coefficients  of  the  first  equation,  as 
found  by  Art.  57. 

66.  The  eliminant  of  two  equations  of  the  mth  and  ntb  orders 
respectively )  is  of  the  ntn  order  in  the  coefficients  of  the  first  equa- 
tion, and  of  the  mth  in  the  coefficients  of  the  second. 

For  it  may  be  written  either  as  the  product  of  m  factors 
^  (°0>  ^  (£)j  &c->  eacft  containing  the  coefficients  of  the  second 
equation  in  the  first  degree,  or  else  as  the  product  of  n  factors 
<f>  (a),  <f>  (/3'),  &c,  each  containing  in  the  first  degree  the  coeffi- 
cients of  the  first  equation.  Or  confining  our  attention  to  the 
form  (^a)  (^78),  &c.  we  can  see  that  this  form,  which  obviously 
contains  the  coefficients  of  the  second  equation  in  the  degree 
77i,  contains  those  of  the  first  in  the  degree  n,  since  the  sym- 
metric functions  which  occur  in  it  may  contain  the  n*\  and  no 
higher,  power  of  any  root  (Art.  54). 

67.  The  weight  of  the  eliminant  is  mn  ;  that  is  to  say, 
the  sum  of  the  suffixes  in  every  term  is  constant  and  —  mn. 
For  if  each  of  the  roots  a,  ft ;  a',  /3',  &c.  be  multiplied  by  the 
same  factor  X,  then  since  each  of  the  mn  differences  a  -  a  (see 
Art.  64)  is  multiplied  by  this  factor  X,  the  eliminant  will  be 
multiplied  by  Xmn.  But  the  roots  of  the  two  equations  will  be 
multiplied  by  X  if  for  j>„  qt  we  substitute  Xj?„  X^;  for  p2,  <?2; 
X'^>2,  \2q2 ;  &c.  We  see  then  that  if  we  make  this  substitution 
in  the  eliminant,  the  effect  will  be  that  every  term  will  be 
multiplied  by  \mn ;  or,  in  other  words,  the  sum  of  the  suffixes 
in  every  term  will  be  mn.  The  same  thing  may  also  be  seen 
to  follow  from  the  principle  of  Art.  53.  In  ty  (x)  the  sum  of 
the  index  of  every  term  and  the  suffix  of  the  corresponding 
coefficient  is  n ;  that  is  to  say,  yjr  [x)  consists  of  the  sum  of  a 
number  of  terms,  each  of  the  form  qn_f£.  If  then  we  take  any 
terms  at  random  in  each  of  the  factors  >^(a),  ^  (/3),  &c.,  the 
corresponding  term  in  the  product  will  be  q„-iqu-jqn_ioiifi,yk,  &c, 
and  if  we  combine  with  this  all  other  terms  in  which  the  same  co- 
efficients of  the  second  equation  occur,  we  get  qH^iqn^qn.i^OLiffykJ 
&c.  The  sum  of  the  suffixes  of  the  j's  is  n-  i+n—j-\-  n  -&+&c, 
or  since  there  are  m  factors,  the  sum  is  mn  —  [iJrjJc  Jc  +  &c). 
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But,  by  Art.  53,  the  sum  of  the  suffixes  of  the  ^>'s  in  the  ex- 
pression for  2al'/3Vj  &c-  is  *+./  +  &  + &c.  Therefore  the  sum 
of  both  sets  of  suffixes  is  mn,  which  was  to  be  proved. 

The  result  at  which  we  have  arrived  may  be  otherwise  stated 
thus:*  If  Pi,  <?!  contain  any  new  variable  z  in  the  first  degree; 
if  p2,  q2  contain  it  in  the  second  and  lower  degrees ;  if  pz,  q3  in 
the  third,  and  so  on;  then  the  eliminant  will  in  general  contain 
this  variable  in  the  mnm  degree. 

It  is  evident  that  the  results  of  this  and  of  the  last  article  are 
equally  true  if  the  equations  had  been  written  in  the  homo- 
geneous form  aQxm  +  &c,  because  the  suffixes  in  the  two  forms 
mutually  correspond.  And  again,  from  symmetry  it  follows  that 
the  result  of  this  article  would  be  equally  true  if  the  equations 
had  been  written  in  the  form  amxm  +  rna^x^y  4-  &c,  where  the 
suffix  of  any  coefficient  corresponds  to  the  power  of  x  which 
it  multiplies,  instead  of  to  the  power  of  y. 

68.  Since  the  eliminant  is  a  function  of  the  differences 
between  a  root  of  one  equation  and  a  root  of  the  other,  it 
will  be  unaltered  if  the  roots  of  each  equation  be  increased  by 
the  same  quantity ;  that  is  to  say,  if  we  substitute  x  +  \  for  x 
in  each  equation.  It  follows  then,  as  in  Art.  56,  that  the  elimi- 
nant must  satisfy  the  differential  equation 

dA     ,        „*      dA      p 

+B_+(M_1)?2_.+&C.=0) 

or,  as  in  Art.  58,  if  the  equations  had  been  written  with 
binomial  coefficients,  we  have 

dA     „     dA      p         ,   dA     nl   dA      p 

W2"1^/   +°a+2Ji^+&c-=0- 

69.  Given  two  homogeneous  equations  between  three  variables, 
of  the  mth  and  nth  degrees  respectively,  the  number  of  systems  of 

*  Or  again  thus  :  if  in  the  eliminant  we  substitute  for  each  coefficient  pa,  the  term 
as*  which  it  multiplies  in  the  original  equation,  every  term  of  the  eliminant  will  be 
divisible  by  xmn.  Or,  in  the  homogeneous  form,  if  we  substitute  for  each  coefficient 
aa  the  term  xf*ym-*,  which  it  multiplies,  every  term  of  the  eliminant  will  be  divisible 
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values  of  the  variables  which  can  be  found  to  satisfy  simultaneously 
the  tioo  equations  is  mn.* 

Let  the  two  equations,  arranged  according  to  powers  of  a?,  be 

axm  +  [by  +  cz)  xm~l  +  [dy2  +  eyz  +  fz2)  xm~2  +  &c.  =  0, 

a!xn  +  (b'y  +  cz)  xn~x  +  (d'y2  +  eyz  +fz2)  x,l~2  +  &c  =  0. 

If  now  we  eliminate  x  between  these  equations,  since  the  co- 
efficient of  xm~x  is  a  homogeneous  function  of  y  and  z  of  the  first 
degree,  that  of  xm~2  is  a  similar  function  of  the  second  degree, 
and  so  on, — it  follows  from  the  last  Article  that  the  eliminant 
will  be  a  homogeneous  function  of  y  and  z  of  the  mnth  degree. 
It  follows  then  that  mn  values  of  y  and  z\  can  be  found  which 
will  make  the  eliminant  =  0.  If  wre  substitute  any  one  of  these 
in  the  given  equations,  they  will  now  have  a  common  root  when 
solved  for  x  (since  their  eliminant  vanishes) ;  and  this  value  of  #, 
combined  with  the  values  of  y  and  z  already  found,  gives  one 
system  of  values  satisfying  the  given  equations.  So  we  plainly 
have  in  all  mn  such  systems  of  values.  We  shall,  in  Lesson  x., 
give  a  method  by  which,  when  two  equations  have  a  common 
root,  that  common  root  can  immediately  be  found. 

Ex.  To  find  the  co-ordinates  of  the  four  points  of  intersection  of  the  two  conies 

ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  =  0,     a'x2  +  b'y2  +  c'z2  +  2f'yz  +  2g'zx  +  21!  xy  =  0. 

Arrange  the  equations  according  to  the  powers  of  x,  and  eliminate  that  variable; 
then,  by  Art.  32,  the  result  is 

{(ab')  ^  +  2  («/")  yz  +  (ac')  z2}2 

+  4  [(ah')  y  +  [ag')  z]  [(bh') y»  +  {{bg')  +  2  (fh'))y2z  +  {(ch')  +  2  (/</)} z2y  +  (eg')  z*]  =  0, 

where,  as  in  Lesson  I.,  we  have  written  (ab')  for  ab'  —  a'b.  This  equation,  solved  for 
y  :  z,  determines  the  values  corresponding  to  the  four  points  of  intersection.  Having 
found  these,  by  substituting  any  one  of  them  in  both  equations,  and  finding  their 
common  root,  we  obtain  the  corresponding  value  of  x  :  z.  We  might  have  at  once 
got  the  four  values  of  x  :  z  by  eliminating  y  between  the  equations,  but  substitution 
in  the  equations  is  necessary  in  order  to  find  which  value  of  y  corresponds  to  each 
value  of  x.  By  making  2  =  1,  what  has  been  said  is  translated  into  the  language  of 
ordinary  Cartesian  co-ordinates. 


*  These  equations  may  be  considered  as  representing  two  curves  of  the  mth  and 
nth  degrees  respectively;  the  geometrical  interpretation  of  the  proposition  of  this 
Article  being,  that  two  such  curves  intersect  in  mn  points.  The  equations  are  re- 
duced to  ordinary  Cartesian  equations  by  making  z  =  1. 

f  The  reader  will  remember  that  when  we  use  homogeneous  equations,  the  ratio 
of  the  variables  is  all  with  which  we  are  concerned.  Thus  here,  z'  may  be  taken  arbi- 
trarily, the  corresponding  value  of  y  being  determined  by  the  equation  in  y  :  z. 
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70.  Any  symmetric  functions  of  the  mn  values  ivhich  simul- 
taneously satisfy  the  two  equations  can  be  expressed  in  terms  of 
the  coefficients  of  those  equations. 

In  order  to  be  more  easily  understood,  we  first  consider 
non-homogeneous  equations  in  two  variables.  Then  it  is  plain 
enough  that  we  can  so  express  symmetric  functions  involving 
either  variable  alone.  For  eliminating  y,  we  have  an  equation 
in  a?,  in  terms  of  whose  coefficients  can  be  expressed  all  sym- 
metric functions  of  the  mn  values  of  x  which  satisfy  both  equa- 
tions. Similarly  for  y.  Thus,  for  example,  in  the  case  of  two 
conies ;  xtyn  &c,  being  the  co-ordinates  of  their  points  of  intersec- 
tion, we  see  at  once  how  to  express  such  symmetric  functions  as 

x,  ■+  xu  +  xu,  +  nMA   y\ + y\, + y\n  +  y\»»  &c- > 

and  the  only  thing  requiring  explanation  is  how  to  express  sym- 
metric functions  into  which  both  variables  enter,  such  as 

To  do  this,  we  introduce  a  new  variable,  t  —  \x-\-  /my,  and  by  the 
help  of  this  assumed  equation  eliminate  both  x  and  y  from  the 
given  equations.  Thus  y  is  immediately  eliminated  by  substi- 
tuting in  both  its  value  derived  from  t  =  Xx  +  fiy,  and  then  we 
have  two  equations  of  the  mth  and  nttl  degrees  in  a?,  the  eliminant 
of  which  will  be  of  the  mnm  degree  in  £,  and  its  roots  will  be 
obviously  Xxt  4-  fjuyn  Xxtl  +  ^yul  &c,  where  xtyn  xltytl  are  the 
values  of  x  and  y  common  to  the  two  equations.  The  coeffi- 
cients of  this  equation  in  t  will  of  course  involve  X  and  /u.  We 
next  form  the  sum  of  the  kth  powers  of  the  roots  of  this  equa- 
tion in  t,  which  must  plainly  be  =(Xxt  +  fiyl)h+  (Xxil+fiyi)k  +  &c. 
The  coefficient,  then,  of  X*  in  this  sum  will  be  2a?,* :  the  coeffi- 
cient of  A,*_1/z.  gives  us  Sa?,*-1^,  and  so  on. 

Little  need  be  said  in  order  to  translate  the  above  into  the 
language  of  homogeneous  equations.  We  see  at  once  how  to 
form  symmetric  functions  involving  two  variables  only,  such  as 
2,yznzuiziiu<)  for  these  are  found,  as  explained,  Art.  57,  from  the 
homogeneous  equation  obtained  on  eliminating  the  remaining 
variable ;  the  only  thing  requiring  explanation  is  how  to  form 
symmetric  functions  involving  all  these  variables,  and  this  is 
done  precisely  as  above,  by  substituting  t  =  Xx-\- fxy. 
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Ex.  To  form  the  symmetric  functions  of  the  co-ordinates  of  the  four  points 
common  to  two  conies.    The  equation  in  the  last  Example  gives  at  once 

MtS^uu  =  («02  +  4  (ag')  (eg') ;     Z/t^J6uu  =  (ab'y  +  4  (ah')  (bh') ; 

and  from  symmetry,  xpiFuPnn  —  (Jc02  +  4  ikf')  (cf')> 

-  2  fcy,*«A*)  -  4  {(ac')  (af)  +  (ah')  (eg')  +  (ag')  (eh')  +  2  (ag')  (fg%  &c. 

To  take  an  Example  of  a  function  involving  three  variables,  let  us  form 

which  corresponds  to  2  (x'y')  when  the  equations  are  written  in  the  non-homogeneous 
form. 

By  the  preceding  theory  we  are  to  eliminate  between  the  given  equations,  and 
t  =  Xx  +  fiy ;  and  the  required  function  will  be  half  the  coefficient  of  Xfi  in 
2  (2V2,<22/</2w//>)«    If  the  result  of  elimination  be 

At*  +  (B\  +  Cfi)  t3z  +  (Z>\2  +  EXfx  +  F^)  t*z2  +  &c. 

2  (PAAtAJ  =  (B\  +  CfxY  -  2A  (D\s  +  £XM  +  F^\ 

and  2  (xj/AAAu)  =BC-AE. 

By  actual  elimination 

A  =  (ab'Y  +  4  (ah')  (bh'),    5  =  4  {(ba')  (bg^)  +  (bf)  (ah*)  +  (bh')  (af)  +  2  (bh1)  (gh>), 

C=  4  {(abf)  (af)  +  (ag')  (bh')  +  (ah')  (bg')  +  2  (ah')  (fh')}} 

E  =  4  {(ac')  (bh')  +  (be')  (ah')  -  2  (af)  (kf)  -  2  (bg')  (hg1)  +  4  (hf)  (hg% 


71.  To  firm  the  eliminant  of  three  homogeneous  equations  in 
three  variables,  of  the  wito,  wth,  andpth  degrees  respectively. 

The  vanishing  of  the  eliminant  is  the  condition  that  a  system 
of  values  of  x,  y,  z  can  be  found  to  satisfy  all  three  equations.* 
When  this,  then,  is  the  case,  if  we  solve  for  any  two  of  the 
equations,  and  substitute  successively  in  the  remaining  one  the 
values  so  found  for  ar,  ?/,  z,  some  one  of  these  sets  of  values  must 
satisfy  that  equation,  and  therefore  the  product  of  all  the  results 
of  substitution  must  vanish.  Let,  then,  x\  y,  z  ;  x\  y\  z\  &c. 
be  the  system  of  values  which  satisfy  the  last  two  equations,  and 
which  (Art.  69)  are  np  in  number :  we  substitute  these  values 
in  the  first,  and  multiply  together  the  np  results  <f>  [x\  y\  z'\ 
<f>  (#")  y'\  Oj  &c«  ^ne  product  will  plainly  involve  only  sym- 
metric functions  of  x\  y ',  z\  &c.  which  (Art.  70)  can  all  be 
expressed  in  terms  of  the  coefficients  of  the  last  two  equations ; 
and,  when  they  are  so  expressed,  it  is  the  eliminant  required. 


*  If  the  three  equations  represent  curves,  the  vanishing  of  the  eliminant  is  the 
condition  that  all  three  curves  should  pass  through  a  common  point. 
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72.  The  eliminant  is  a  homogeneous  function  of  the  npth  order 
in  the  coefficients  of  the  first  equation  ;  of  the  mp™  in  those  of  the 
second  ;  and  of  the  mnth  in  those  of  the  third. 

For  each  of  the  np  factors  <f>  (a?',  y\  z)  is  a  homogeneous 
function  of  the  first  degree  in  the  coefficients  of  the  first  equation  ; 
and  the  expression  of  the  symmetric  functions  in  terms  of  the 
coefficients  only  involves  coefficients  of  the  last  two  equations, 
from  solving  which  x\  y\  z\  &c.  were  obtained.  The  eliminant 
is  therefore  of  the  npth  degree  in  the  coefficients  of  the  first 
equation;  and  in  like  manner  its  degree  in  the  coefficients  of 
the  others  may  be  inferred. 

73.  The  weight  of  the  eliminant  will  be  wiw^/.that  is  to  say, 
If  all  the  coefficients  in  the  equations  which  multiply  the  first  power 
of  one  of  the  variables,  £,  be  affected  with  a  suffix  1 ,  those  which 
multiply  z2  with  a  suffix  2,  and  so  on  ;  the  sum  of  all  the  suffixes 
in  each  term  of  the  eliminant  will  be  equal  to  mnp.  In  other 
words:  If  all  the  coefficients  which  multiply  z  contain  a  new 
variable  in  the  first  degree  ; — if  those  which  multiply  z2  contain  it 
in  the  second  and  lower  degrees,  and  so  on  ;  then  the  eliminant 
will  contain  this  variable  in  the  degree  mnp. 

This  is  proved  as  in  Art.  67.  In  the  first  place,  it  is  evident 
that  if  a  homogeneous  equation  of  the  mth  degree  be  satisfied  by 
values  x\  y\  z' ;  and  if  the  equation  be  altered  by  multiplying 
each  coefficient  by  a  power  of  X,  equal  to  the  power  of  2,  which 
the  coefficient  multiplies,  then  the  equation  so  transformed  will 
be  satisfied  by  the  values  \x\  \y\  2';  or,  in  general,  that  the 
result  of  substituting  Xx\  Xy\  z  in  the  transformed  equation  is 
A™  times  the  result  of  substituting  x ',  y\  z  in  the  untransformed. 
Thus,  take  the  equation  x3  +  y3  —  z3  —  z2x  —  zy2,  the  transformed 
is  xz  +  ys  —  A*V  —  X 2z2x  —  \zy2 ;  and  obviously  the  result  of  sub- 
stituting \x,  Xy'j  z  in  the  second  is  X3  times  the  result  of 
substituting  x\y\z  in  the  given  equation.  If,  then,  the  three 
given  equations  be  all  transformed  by  multiplying  each  coeffi- 
cient by  a  power  of  X  equal  to  the  power  of  2,  which  the 
coefficient  multiplies,  then  it  follows,  that  if  x\  y\  z  be  one  of 
the  system  of  values  which  satisfy  the  two  last  of  the  original 
equations,  then  the  transformed  equations  will  be  satisfied  by 
(Aa?',  \y\  z')j  and  the  result  of  substituting  these  values  in  the 
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first  will  be  \m<j>  (a?',  y,  z).  The  eliminant,  then,  which  is  the 
product  of  np  factors  of  the  form  <f>  (x,  y,  z)  will  be  multiplied 
by  \mnp.  If  then  any  term  in  the  eliminant  be  akbpm,  &c, 
where  the  suffix  corresponds  to  the  power  of  z,  which  the 
coefficient  multiplies,  since  the  alteration  of  ak  into  \kak,  bl 
into  \lbn  &c,  multiplies  the  term  by  \mnp,  we  must  have 
k  +  I  +  &c.  =  mnp.     Q.  e.  D. 

74.  It  is  proved  in  like  manner  that  three  equations  are  in 
general  satisfied  by  mnp  common  values;  that  any  symmetric 
function  of  these  values  can  be  expressed  in  terms  of  their  co- 
efficients ;  and  that  we  can  form  the  eliminant  of  four  equations 
by  solving  from  any  three  of  them,  substituting  successively  in 
the  fourth  each  of  the  systems  of  values  so  found,  forming  the 
product  of  the  results  of  substitution,  and  then,  by  the  method 
of  symmetric  functions,  expressing  the  product  in  terms  of  the 
coefficients  of  the  equations.  In  this  way  we  can  form  the 
eliminant  of  any  number  of  equations ;  and  we  have  the  follow- 
ing general  theorems :  The  eliminant  of  k  equations  in  k—\ 
independent  variables  is  a  homogeneous  function  of  the  coefficients 
of  each  equation,  whose  order  is  equal  to  the  product  of  the  degrees 
of  all  the  remaining  equations.  If  each  coefficient  in  all  the 
equations  be  affected  with  a  suffix  equal  to  the  power  of  any  one 
variable  which  it  multiplies,  then  the  sum  of  the  suffixes  in  every 
term  of  the  eliminant  will  be  equal  to  the  product  of  the  degrees 
of  all  the  equations.  And,  again,  if  we  are  given  k  equations 
in  k  variables,  the  number  of  systems  of  common  values  of  the 
variables,  which  can  be  found  to  satisfy  all  the  equations,  will  be 
equal  to  the  product  of  the  orders  of  the  equations.  . 


LESSON  IX. 
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75.  The  method  of  elimination  by  symmetric  functions  is, 
in  a  theoretical  point  of  view,  perhaps  preferable  to  any  other, 
it  being  universally  applicable  to  equations  in  any  number  of 
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variables ;  yet  as  it  is  not  very  expeditious  in  practice,  and  does 
not  yield  its  results  in  the  most  convenient  form,  we  shall  in 
this  Lesson  give  an  account  of  some  other  methods  of  elimi- 
nation. The  following  is  the  method  which  most  obviously 
presents  itself.  It  is  in  substance  identical  with  what  is  called 
elimination  by  the  process  of  finding  the  greatest  common 
measure.  We  have  already  seen  that  the  eliminant  of  two 
linear  equations  ax  +  b  =  0,  a'x  +  b'  =  0  is  the  determinant 
ab'  —  bd  =  0.     If  now  we  have  two  quadratic  equations 

ax2  +  bx  +  c  =  0,    dx2  +  b'x  +  c  =  0, 
multiplying  the  first  by  a\  the  second  by  a,  and  subtracting, 

we  get 

(ab')  x  +  (ac)  =  0 ; 

and,  again,  multiplying  the  first  by  c',  the  second  by  c,  sub- 
tracting, and  dividing  by  #,  we  get 

(ac)  x  +  (be)  =  0. 

The  problem  is  now  reduced  to  elimination  between  two  linear 
equations,  and  the  result  is 

(ac')2  +  (&a')(5c')  =  0. 

76.    So,  again,  if  we  have  two  cubic  equations 

ax6  +  bx2 -v  ex  4  d  =  0,   dx3  +  b'x2  +  ex  +  d'  =  0, 

we  multiply  the  first  by  a',  the  second  by  a,  and  subtract; 
and  also  multiply  the  first  by  d\  the  second  by  J,  subtract  and 
divide  by  x.  The  problem  is  thus  reduced  to  elimination  be- 
tween the  two  quadratics 

(ab1)  x2  4-  (ac)  x  +  (ad')  =  0,    (ad)  x2  +  (bd)  x  +  (cd')  =  0. 
By  the  last  article,  the  result  is 

{(ad)2- (ab') (cd')}2+{(ad') (ac) - (ab')(bd)}  {(ad) (db') - {ac')[dc')}=0. 
Now  it  is  to  be  observed  that  the  equation 

(ab')  (cd)  +  (ac)  (db')  +  (ad)  (be)  =  0 

Is  identically  true.     Consequently  when  we  multiply  out,  the 
preceding  result   becomes  divisible   by  (ad),  and  the  reduced 
result  is 
(adf-  2  (ad)  (aV)  (cd)  -  (ad)  (ac')  (bd) 

4-  (ac')2  (cd')  -f  (bd)2  (ab')  -  (ab')  (be')  (cd)  =  0. 
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The  reason  that  in  this  process  the  irrelevant  factor  (ad')  is  in- 
troduced is  that,  if  ad'  =  a'd,  and  therefore  a  to  a  in  the  same 
ratio  as  d  to  d\  we  must  get  results  differing  only  by  a  factor, 
if  from  the  first  equation  multiplied  by  a  we  subtract  the  second 
equation  multiplied  by  a,  or  if  from  the  first  equation  multiplied 
by  d'j  we  subtract  the  second  equation  multiplied  by  d.  Thus, 
on  the  supposition  (ad')  =  0,  even  though  the  original  two  cubics 
have  not  a  common  factor,  the  two  quadratics  to  which  we  re- 
duced them  would  have  a  common  factor.  In  general  then, 
when  we  eliminate  by  this  process,  irrelevant  factors  are  intro- 
duced, and  therefore  other  methods  are  preferable. 

77.  Euler^s  Method.  If  two  equations  of  the  mth  and  ?ith 
degrees  respectively  have  a  common  factor  of  the  first  degree, 
we  must  obtain  identical  results,  whether  we  multiply  the  first 
equation  by  the  remaining  n  —  I  factors  of  the  second,  or  the 
second  by  the  remaining  rn  —  1  factors  of  the  first.  If  then  we 
multiply  the  first  by  an  arbitrary  function  of  the  (n  -  l)th  degree, 
which,  of  course,  introduces  n  arbitrary  constants ;  if  we  multiply 
the  second  by  an  arbitrary  function  of  the  (m-  l)th  degree,  intro- 
ducing thus  m  constants ;  and  if  we  then  equate,  term  by  term, 
the  two  equations  of  the  (m  +  n  -  l)th  degree  so  formed,  we  shall 
have  m  +  n  equations,  from  which  we  can  eliminate  the  m  +  n 
introduced  constants,  which  all  enter  into  those  equations  only 
in  the  first  degree;  and  we  shall  thus  obtain,  in  the  form  of 
a  determinant,  the  eliminant  of  the  two  given  equations. 

Ex.   To  eliminate  between  ax2  +  bxy  +  cy2  =  0,     a'x2  +  h'xy  +  c'y2  =  0. 
We  are  to  equate,  term  by  term, 

(Ax  +  By)  (ax2  +  bxy  +  cy2)  and  (A'x  +  B'y)  (a'x2  +  h'xy  +  c'y2). 
The  four  resulting  equations  are 

Aa —  A'a'  =0, 

Ab  +  Ba-  A'b'  -  B'a!  -  0, 
Ac  +  Bb  -  A'c'  -  B'b'  =  0, 

Be  -  B'c'  =0, 

from  which  eliminating  A,  B,  A',  B',  the  result  is  the  determinant 

a,  0,  a',  0 

b,  a,  b',  a' 

c,  b,  c',  b' 
0,  c,   0,   c' 
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78.  This  method  may  be  extended  to  find  the  conditions  that 
the  equations  should  have  two  common  factors.  In  this  case  it 
is  evident,  in  like  manner,  that  we  shall  obtain  the  same  result 
whether  we  multiply  the  first  by  the  remaining  n  —  2  factors  of 
the  second,  or  the  second  by  the  remaining  m  —  2  factors  of  the 
first.  As  before,  then,  we  multiply  the  first  by  an  arbitrary 
function  of  the  n  —  2  degree  (introducing  n  —  1  constants),  and 
the  second  by  an  arbitrary  function  of  the  m  —  2  degree;  and 
equating,  term  by  term,  the  two  equations  of  the  m  4-  n  —  2  de- 
gree so  found,  we  have  m  +  n  —  1  equations,  from  any  m  +  n  -  2 
of  which,  eliminating  the  m  +  n  —  2  introduced  constants,  we 
obtain  m  +  n  —  1  conditions,  equivalent,  of  course,  to  only  two 
independent  conditions. 

Ex.  To  find  the  conditions  that 

ax3  +  bx2y  +  cxy2  +  dy3  =  0,     a'x3  +  b'x2y  +  c'xy2  +  d'y3  —  0, 
should  have  two  common  factors.    Equating 

(Ax  +  By)  (ax3  +  bx2y  +  cxy2  +  dy3)  =  (A'x  +  B'y)  (a'x3  +  b'x2y  +  c'xy2  +  d'y3), 

we  have  Aa  —  A'a!    =0, 

Ab  +  Ba  -  A'b'  -  B'a'  -  0, 
Ac  +  Bb  -  A'c'  -  B'b'  =  0, 
Ad  +  Be  -  A'd'  -  B'c'  =  0, 

Bd  -B'd'  =  0, 

from  which,  eliminating  A,  B,  A',  B',  we  have  the  system  of  determinants  [for  the 
notation  used,  see  Art.  3], 


a,   by  c,  d,  0 

0,  a,  b,  c,   d 

a',  b',  c',  d',  0 

0,  a',  b',  c',  d! 


=  0. 


79.  Sylvester's  dialytic  method.  This  method  is  identical  in 
its  results  with  Euler's,  but  simpler  in  its  application,  and  more 
easily  capable  of  being  extended.  Multiply  the  equation  of  the 
mtu  degree  by  a?M-1,  x~*y,  xn~3y2,  &c. ;  and  the  second  equation 
by  xm~1J  xm~*y,  xnl~3y2,  &c,  and  we  thus  get  m  +  n  equations, 
from  which  we  can  eliminate  linearly  the  m  +  n  quantities 
xm+n"\  ajT"^,  xm+n-3y%  &c,  considered  as  independent  un- 
knowns. Thus  in  the  case  of  two  quadratics,  multiply  both 
by  x  and  by  y,  and  we  get  the  equations 

ax3  +  bx*y  +  cxy'2  =  0, 

ax*y  +  bxy'2  +  cy3  —  0, 

ax3  +  b'xzy  +  cxy2  =  0, 

a'x2y  -f  Vxy2  +  cy3  —  0, 

K 
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from  which,  eliminating  a?3,  x2y,  xy\  y3,  we  get  the  same  deter- 
minant as  before 

a,   5,   c, 

a,   5,   c 
a',  J',  c 
a',  &',  c' 

In  general,  it  is  evident  by  this  method,  that  the  eliminant 
is  expressed  as  a  determinant  of  which  n  rows  contain  the  coeffi- 
cients of  the  first  equation,  and  m  rows  contain  the  coefficients 
of  the  second.  Thus  we  obtain  the  rule  already  stated  for  the 
order  of  the  eliminant  in  the  coefficients  of  each  equation. 

80.  Bezout^s  method.  This  process  also  expresses  the  elimi- 
nant in  the  form  of  a  determinant ;  but  one  which  can  be  more 
rapidly  calculated  than  the  preceding.  The  general  method 
will,  perhaps,  be  better  understood  if  we  apply  it  first  to  the 
particular  case  of  the  two  equations  of  the  fourth  degree 

ax% bx3y + cx'Y+  dxy3+  ey4=  0,  ax4 -f b'x3y + c'x'y2 + d'xy8 + e'y* - 0. 

Multiplying  the  first  by  a',  the  second  by  a,  and  subtracting, 
the  first  term  in  each  is  eliminated,  and  the  result,  being  divisible 
by  V,  gives 

[ah')  xs  +  [ad)  xly  +  {ad!)  xy2  +  {ae)  y3  =  0. 

Again,  multiply  the  first  by  a'x-\-  b'y,  and  the  second  by  ax  +  by, 
and  the  two  first  terms  in  each  are  eliminated,  and  the  result, 
being  divided  by  y\  gives 

[ad)  x3  +  {{ad')  +  [be')}  xzy  +  {{ae')  +  {bd')}  xtf  +  {be')  y3  =  0. 

Next,  multiply  the  first  by  a'x2  +  b'xy  +  dy2 ;  and  the  second  by 
ax2  +  bxy  +  cy2 ;  subtract,  and  divide  by  y3 ;  when  we  get 

{ad')  x3  f  {{ae')  +  {bd')}  xly  +  {{be')  +  {cd')}  xy2  +  {ce')  y3  =  0. 

Lastly,  multiply  the  first  by  a'x3  +  b'x2y  +  c'xy2  +  d'y3 ;  the  second 
by  ax3  +  bx2y  +  cxy2  +  dy3 ;  subtract,  and  divide  by  yA ;  when  we 

get 

{ae)  x3  +  {be)  x2y  -f-  (ce')  xy2  +  {de) y3  =  0. 

From  the  four  equations  thus  formed  we  can  eliminate  linearly 
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the  four  quantities,  x3,  x2y,  xy*,  y3,  and  obtain  for  our  result  the 
determinant 

(ab'),  (ae)            ,  {ad')                        ,  (ae) 

(ac'),  {ad')  +  {be'),  {ae')  +  (bd)            ,  (V) 

{ad'),  {ae')  +  (&T),  +  (be')  +  K),  (ce') 

K),  (be')9  t«0,  («&') 

81.  The  process  here  employed  is  so  evidently  applicable  to 
any  two  equations,  both  of  the  ntb  degree,  that  it  is  unnecessary 
to  make  a  formal  statement  of  the  general  proof.  On  inspection 
of  the  determinant  obtained  in  the  last  article,  the  law  of  its 
formation  is  apparent,  and  we  can  at  once  write  down  the  deter- 
minant which  is  the  eliminant  between  two  equations  of  the 
fifth  degree  by  simply  continuing  the  series  of  terms,  writing  an 
(af)  after  every  (ae),  &c.     Thus  the  eliminant  is 

(ab'),(ac')  ,(ad')  ,(ae')  ,(«/') 

(ac'),(ad')+(bc'),(ae')+(bd')  ,(«/')+(^')  ,(¥') 

(ad'),  (ae')  +(bd') ,  (af')+(be')  +(cd'),         +(bf)+(oe')  ,  (of) 

(ae')  ,(af')+(be) ,         +(bf)+(ce'),  +(cf)+(de'),(df) 

It  appears  hence  that  in  the  eliminant  every  term  must  con- 
tain flora;  as  was  evident  beforehand,  since  if  both  of  these 
were  =0,  the  equations  would  evidently  have  the*  common 
factor  y  =  0. 

It  appears  also  that  those  terms  which  contain  a  or  a  only  in 
the  first  degree  are  (abf)  multiplied  by  the  eliminant  of  the  equa- 
tions got  by  making  a  and  a  —  0  in  the  given  equations.  For 
every  element  in  the  determinant  written  above  must  contain  a 
constituent  from  the  first  row,  and  also  one  from  the  first  column  ; 
but  as  all  the  constituents  of  the  first  row  or  column  contain  a  or 
a,  the  only  terms  which  contain  a  and  a  in  only  the  first  degree, 
are  (ab')  multiplied  by  the  corresponding  minor ;  and  this,  when 
a  and  a  are  made  =  0,  is  the  next  lower  eliminant. 

82.  It  only  remains  to  show  that  the  process  here  employed 
is  applicable  when  the  equations  are  of  different   dimensions; 
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and,  as  before,  we  commence  with  a  particular  example,  viz., 
the  equations 

ax*  +  bx3y -f  cx2y2  +  dxy5  +  ey"  =  0,     ax2  +  b'xy  +  cf  =  0. 

Multiply  the  first  by  a'f  the  second  by  ax\  and  subtract,  when 

we  have 

(ba)  x3  +  (ca)  x'y  +  (da)  xyz  +  (ea)  y3  =  0. 

In  like  manner,  multiply  the  first  by  ax 4  b'y,  and  the  second  by 
(ax  4  by)  x\  and  we  get 

(ca')  x3  +  {(<#)  +  {da')}  x2y  +  {(db')  +  (ea)}  xy2  +  (eb')  y3  =  0. 

This  process  can  be  carried  no  further ;  but  if  we  join  to  the 
two  equations  just  obtained  the  two  equations  got  by  multiply- 
ing the  second  of  the  original  equations  by  x  and  by  ?/,  we  have 
four  equations  from  which  to  eliminate  a?3,  x2y,  xy2,  y3. 

And  in  general,  when  the  degrees  of  the  equations  are  un- 
equal, m  being  the  greater,  it  will  be  found  that  the  process  of 
Art.  80  gives  us  n  equations  of  the  (m-  l)th  degree,  each  of 
these  equations  being  of  the  first  order  in  the  coefficients  of  each 
equation :  to  which  we  are  to  add  the  m  —  n  equations  found  by 
multiplying  the  second  equation  by  a?***"1,  xm~n~*y,  &c,  and  we 
can  then  eliminate  the  m  quantities  a?"1"1,  xm~2y,  &c,  from  the  m 
equations  we  have  formed.  Every  row  of  the  determinant  con- 
tains the  coefficients  of  the  second  equation,  but  only  n  rows 
contain  the  coefficients  of  the  first.  The  eliminant  is,  therefore, 
as  it  ought  to  be,  of  the  nth  degree  in  the  coefficients  of  the  first, 
and  of  the  mth  in  those  of  the  second  equation. 

83.  Gayley's  statement  of  Bezoufs  method.  If  two  equations 
$  (xj  ?/),  -*}r  (xy  y)j  have  a  common  root,  then  it  must  be  possible 
to  satisfy  any  equation  of  the  form  <£  +  X^  =  0,  independently 
of  any  particular  value  of  \.     Take  then  the  equation 

4>  (»,  y)  ^  W  y')  -  <£  (x\  y)  ^  (*>  y)  =  ° ; 

which,  if  (j>  and  yjr  have  a  common  factor,  can  be  satisfied  inde- 
pendently of  any  particular  values  of  x  and  y\  We  may  in  the 
first  place  divide  it  by  xy'-yx,  which  is  obviously  a  factor:  then 
equate  to  0  the  coefficients  of  the  several  powers  of  x,  y  ;  and 
then  eliminate  the  powers  of  x  and  y  as  if  they  were  independent 
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variables,  when  the  result  comes  out  in  precisely  the  same  form 
as  by  the  method  of  Art.  80. 

Ex.  To.  eliminate  between  ax2  +  bxy  +  cy2  —  0,   a'x2  +  b'xy  +  c'y2  —  0, 

(ax2  +  bxy  +  cy2)  (a'x'2  +  b'x'y'  +  c'y'2)  -  (a'x2  +  b'xy  +  c'y2)  (ax'2  +  bx'y'  +  cy'2), 

when  divided  by  xy'  —  yx',  gives 

{(ab')  x  +  (ac')  y)  x'  +  {(ac')  x  +  (be')  y)  y'  -  0  ; 

and  eliminating  x,  y  between  the  coefficients  of  x'  and  y',  separately  equated  to  0, 

we  get  the  eliminant 

(ac')2  +  (ba')  (be')  =  0. 

84.  We  proceed  now  to  the  theory  of  functions  of  three 
variables,  the  eliminant  of  which,  however,  except  in  particular 
cases,  has  not  been  expressed  as  a  determinant,  though  it  can 
always  be  expressed  as  the  quotient  of  one  determinant  divided 
by  another.  We  shall  show,  in  the  first  place,  how  to  form  a 
function  of  great  importance  in  the  theory  of  elimination.  Given 
Jc  equations  in  h  variables,  w  =  0,  v  =  0,  w  =  0,  &c,  and  if  we 

write  ux,  w2,  u3l  &c.  for  -7-  ,  -j- ,  j-  ,  &c,  then  the  determinant 

&c. 
&c. 
&c. 
&c. 

is  called  Jacobi's  determinant,  or  simply  the  Jacohian  of  the 
given  equations,  and  will  be  denoted  in  what  follows  by  the 
letter  J. 

85.  If  any  number  of  equations  are  satisfied  by  a  common 
system  of  values,  that  system  will  satisfy  the  Jacobian  ;  and  when 
the  equations  are  of  the  same  degree,  it  will  also  satisfy  the  diffe- 
rentials of  the  Jacobian  with  regard  to  each  of  the  variables. 

The  proof  of  this  for  three  variables  applies  in  general.     By 
the  theorem  of  homogeneous  functions,  we  have 
xut  +  yu%  +  zu3  =  nu, 
xvx  +  yv2  +  zv3  =  nv, 
xwx  4  yw2  +  zws  —  nw. 

Now  if,  as  in  Lesson  IV.,  we  write  the  minors  of  the  Jacobian, 
got  by  suppressing  the  row  and  column  containing  wl5  vx,  &c, 
Utf  Fj,  &c,  then  if  we  solve  these  equations,  we  find  (Art.  28) 


wl> 

%, 

W3> 

^ 

v* 

V3, 

wx, 

** 

W* 
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Jx  —  Uxnu  +  Vxnv  +  WxniVj  from  which  it  appears  at  once  that  if 
w,  v,  w  vanish,  J  will  vanish  too.     Again,  differentiating  the 
equation  just  found,  we  have 
_       dJ         dUx  ,       dVx  t        dWx  \      .    TT  ,      ir  ■       TT^ 

dJ      dux ,     dvx ,      ^tf;  ,    ,  TT ,    _      „ 

<$/  «?/  a#  ay  2 

But,  remembering  (Art.  27)  that 

we  see  that  the  supposition  u  =  0,  v  =  0,  w  =  0  (in  consequence  of 
which  J"  is  also  =  0)  makes  -7-  ,  3-  also  to  vanish. 

86.  We  can  now  express  as  a  determinant  the  eliminant  of 
three  equations,  each  of  the  second  degree.  For  their  Jacobian 
is  of  the  third  degree,  and  therefore  its  differentials  are  of  the 
second.  We  have  thus  three  new  equations  of  the  second 
degree,  which  will  be  also  satisfied  by  any  system  of  values 
common  to   the   given    equations.      From   the   six   equations, 

then,  u.v.w.  t-,  -7-,  -r-,  we  can  eliminate  the  six  quantities 
1     7    7     7  dx1  dy1  dz1 

x\  y\  22,  yXj  zx,  xy,  and  so  form  the  determinant  required. 

Again,  if  the  equations  are  all  of  the  third  degree,  /  is  of  the 
sixth,  and  its  differentials  of  the  fifth,  and  if  we  multiply  each 
of  the  three  given  equations  by  a?2,  y\  z\  yz,  zx,  xy,  we  obtain 
eighteen  equations,  which,  combined  with  the  three  differentials 
of  the  Jacobian,  enable  us  to  eliminate  dialytically  the  twenty- 
one  quantities,  a?5,  a?4?/,  &c,  which  enter  into  an  equation  of  the 
fifth  degree.  This  process,  however,  cannot,  without  modifi- 
cation, be  extended  further. 

87.*  Mr.  Sylvester  has  shown  that  the  eliminant  can  always 
be  expressed  as  a  determinant  when  the  three  equations  are  of 
the  same  degree.  Let  us  take,  for  an  example,  three  equa- 
tions of  the  fourth  degree.  Multiply  each  by  the  six  terms 
(x'\  xy^  y\  &c.)  of  an  equation  of  the  second  degree  [or  gene- 

*  The  beginner  may  omit  the  rest  of  this  Lesson. 
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rally  by  the  \n{n—  1)  terms  of  an  equation  of  the  degree  (n  —  2)]. 
We  thus  form  eighteen  [§ti(%  —  1)]  equations.  But  since  these 
equations,  being  now  of  the  sixth  [2n  — 2]  degree,  consist  of 
twenty-eight  [n  (2n  —  1)]  terms ;  we  require  ten  \_^n  (n  +  ])]  ad- 
ditional equations  to  enable  us  to  eliminate  dialytically  all  the 
powers  of  the  variables.  These  equations  are  formed  as  follows : 
The  first  of  the  three  given  equations  can  be  written  in  the 
form  Ax*  +  By  +  Cz-  the  second  and  third,  in  the  form 
A'x'  +  B'y+C'z,   A"x*  +  B"y  +  C"z', 

and  the  determinant  (AB'C")  which  is  of  the  sixth  degree  in 
the  variables  must  obviously  be  satisfied  by  any  values  which 
satisfy  all  the  given  equations.  We  should  form  two  similar 
determinants  by  decomposing  the  equations  into  the  form 
Ay*  +  Bx  +  Cz,  Az4  -\-  Bx  -f  Gy.  So  again,  we  might  decompose 
the  equations  into  the  forms  Ax3  +  By2  +  Cz,  A'x3  +  B'y2  +  C'z, 
A'x3  +  B"y2  +  G"z  (for  every  term  not  divisible  by  x3  or  y2  must 
be  divisible  by  z) ;  and  then  we  obtain  another  determinant 
{AB'C")  which  will  be  satisfied  when  the  equations  vanish 
together.  There  are  six  determinants  of  this  form  got  by  inter- 
changing a?,  y,  and  z  in  the  rule  for  decomposing  the  equations. 
Lastly,  decomposing  into  the  form  Ax'2  +  By2  4-  Cz2,  &c.  we 
get  a  single  determinant,  which,  added  to  the  nine  equations 
already  found,  makes  the  ten  required.  In  general,  we  decom- 
pose the  equations  into  the  form  Ax*  +  By?  +  Czy,  such  that 
a-l-/3  +  7  =  w-|-2,  and  form  the  determinant  AB'  C" ;  and  it  can 
be  very  easily  proved  that  the  number  of  integer  solutions  of 
the  equation  a  +  /3  -1-  y  =  n  +  2  is  \n  (n  +  1),  exactly  the  number 
required. 

88.  When  the  degrees  of  the  equations  are  different,  it  is 
not  possible  to  form  a  determinant  in  this  way,  which  shall  give 
the  eliminant  clear  of  extraneous  factors.  The  reason  why 
such  factors  are  introduced,  and  the  method  by  which  they  are 
to  be  got  rid  of,  will  be  understood  from  the  following  theory, 
due  to  Mr.  Cayley :  Let  us  take  for  simplicity  three  equations, 
w,  Vj  w,  all  of  the  second  degree.  If  we  attempt  to  eliminate 
dialytically  by  multiplying  each  by  #,  y,  z,  we  get  nine  equa- 
tions, which  are  not  sufficient  to  eliminate  the  ten  quantities 
x3)  x2y,  &c.     Again,  if  we  multiply  each  equation  by  the  six 
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quantities,  a?2,  xy,  y2,  &c,  we  have  eighteen  equations,  which  are 
more  than  sufficient  to  eliminate  the  fifteen  quantities  #4,  x3yy  &c. 
If  we  take  at  pleasure  any  fifteen  of  these  equations,  and  form 
their  determinant,  we  shall  indeed  have  the  eliminant,  but  it  will 
be  multiplied  by  an  extraneous  factor ;  since  the  determinant  is  of 
the  fifteenth  degree  in  the  coefficients,  while  the  eliminant  is  only 
of  the  twelfth  (Art.  72,  mn  +  np  +pm  =  12,  when  m  —  n  —  p  =  2). 
The  reason  of  this  is,  that  the  eighteen  equations  we  have  formed 
are  not  independent,  but  are  connected  by  three  linear  relations. 
In  fact,  if  we  write  the  identity  uv  =  vu,  and  then  replace  the 
first  u  by  its  value,  ax2  +  by2 -{- &c.j  and  in  like  manner,  with  the 
v  on  the  right-hand  side  of  the  equation,  we  get 

ax2v  +  by2v  +  cz2v  +  2fyzv  +  &c.  =  a'x2u  +  Vylu  +  &c 

In  like  manner,  from  the  identities  vw=wv1  wu=uw,  we  get  two 
other  identical  relations  connecting  the  quantities  x2u,  y2u^  x2v, 
x2w,  &c.  The  question  then  comes  to  this :  u  If  there  be  m  +p 
linear  equations  in  m  variables,  but  these  equations  connected  by 
jp  linear  relations  so  as  to  be  equivalent  only  to  m  independent 
equations,  how  to  express  most  simply  the  condition  that  all 
the  equations  can  be  made  to  vanish  together."  In  the  present 
case  w  =  15,  ^>  =  3. 

89.  Let  us,  for  simplicity,  take  an  example  with  numbers 
not  quite  so  large,  for  instance,  m  =  3,  p  =  1.  That  is  to  say, 
let  us  consider  four  equations,  s,  £,  m,  v,  where  s  =  ap  +  bxy  +  cxz, 
t=a2x+b2y  +  c2Zj  &c,  these  equations  not  being  independent,  but 
satisfying  the  relation,  Dxs  -f  Dj,  -f  D^u  4-  D4v  =  0.  Now  I  say, 
in  the  first  place,  that  if  we  form  the  determinant  («^2c3)  of  any 
three  of  these  equations,  s,  £,  w,  this  must  contain  D4  as  a  factor. 
For  if  D4  =  0,  we  shall  have  s,  £,  u  connected  by  a  linear  rela- 
tion, so  that  any  values  which  satisfied  both  s  and  t  should  satisfy 
u  also;  and  therefore  the  supposition  D4  =  0  would  cause  the 
determinant  (a^cj  to  vanish.  And  in  the  second  place,  I 
say  that  we  get  the  same  result  (or,  at  least,  one  differing 
only  in  sign)  whether  we  divide  {aj)^)  by  DA  or  (aj)2c4)  by 
i>8.  For  (Art.  15)  2)4  (afacj  is  the  same  as  the  determinant 
whose  first  row  is  a0  bx,  c„  the  second,  aa,  Z>2,  c2,  and  the  third, 
D4a4,  DJ)^  D4c4:   but   we   may   substitute   for  DAaA  its   value 
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-D^ax-D2a2-Dzaz,  and  in  like  manner  for  D464,  D4c4.  The 
determinant  would  then  (Art.  18)  be  resolvable  into  the  sum 
of  three  others;  but  two  of  these  would  vanish,  having  two 
rows  the  same,  and  there  would  remain  DA  {aj?2c4)  =  -  Z>3  [afi^. 
It  follows  then  that  the  eliminant  of  the  system  may  be  ex- 
pressed in  any  of  the  equivalent  forms  obtained  by  forming  the 
determinant  (at£2c3)  of  any  three  of  the  equations,  and  dividing 
by  the  remaining  constant  D4. 

Suppose  now  that  we  had  five  equations  s,  t,  u,  1),  w}  con- 
nected by  two  linear  relations  Dxs  +  D2t  +  D3u  +  Dp  +  D5w  =  0, 
Evs  -f  Ej;  +  E3u  +-  E4v  +  E5w  =  0.  Eliminating  w  from  these 
relations,  we '  have  (D&)  s  +  (D9ES)  t  +  (D3E5)  u  +  (D4E5)  v  =  0, 
and  we  see,  precisely  as  before,  that  the  supposition  {DJE^  =  0 
would  cause  the  determinant  (ajb^)  to  vanish;  and  that  we 
get  the  same  result  whether  we  divide  (atb2ca)  by  (jD^E5)  or 
divide  the  determinant  of  any  other  three  of  the  equations  by 
the  complemental  determinant  answering  to  (D^).  This 
reasoning  may  be  extended  to  any  number  of  equations  con- 
nected by  any  number  of  relations,  and  we  are  led  to  the 
following  general  rule  for  finding  the  eliminant  of  the  system 
in  its  simplest  form.  Write  down  the  constants  in  the  m  -\-p 
equations,  and  complete  them  into  a  square  form  by  adding 
the  constants  in  the  p  relations :  thus 


•5 

an  h  ci 

A,  K 

H 

%•>  K  C2 

»*K 

it; 

«8>     hi     C3 

»»% 

9$ 

«4>     hi     C4 

A,  K 

w\ 

«5J     hi     C5 

D«K 

then  the  eliminant  in  its  most  reduced  form  is  the  determinant 
of  any  m  rows  of  the  left-hand  or  equation  columns,  divided 
by  the  determinant  got  by  erasing  these  rows  in  the  right-hand 
columns. 

Thus,  then,  in  the  example  of  the  last  Article,  we  take 
the  determinant  of  any  fifteen  of  the  equations,  and,  dividing 
it  by  a  determinant  formed  with  three  of  the  relation  rows, 
obtain  the  eliminant;  which  is  of  the  twelfth  degree,  as  it 
ought  to  be. 
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90.  And,  in  general,  given  three  equations  of  the  wth,  nA1 
and  pm  degrees,  we  form  a  number  of  equations  of  the  degree 
m  +  h  +p  —  2,  by  multiplying  the  first  equation  by  all  the  terms 
icn+p~2,  xv+p~37/j  and  so  on.     We  should  in  this  manner  have 

J(n  +  p  -  1)  (n  +p)  +  ^(p  +  m  -  1)  [p  +  wi)  +  |(w  +  w -  1)  (m  +  n) 

equations.  But  the  number  of  terms,  a?m+,H*r2,  &c,  to  be  elimi- 
nated from  the  equations  formed,  is  \{m  -{-n  +  p—  1)  (m  +  n  +p\ 
or,  in  general,  less  than  the  number  of  equations.  But  again, 
if  we  consider  the  identity  uv  =  vw,  which  is  of  the  degree  m  +  n, 
and  multiply  it  by  the  several  terms  a^"'2,  &c,  we  get  %{p—  l)p 
identical  relations  between  the  system  of  equations  we  have 
formed;  and  in  like  manner  \{n  —  1)  w  +  -|(m  —  \)m  other  iden- 
tities ;  and  the  number  of  identities  subtracted  from  the  number 
of  equations  leaves  exactly  the  number  of  variables  to  be  elimi- 
nated, and  gives  the  eliminant  in  the  right  degree. 

91.  If  we  had  four  equations  in  four  variables,  we  should  pro- 
ceed in  like  manner,  and  it  would  be  found  then  that  the  case 
would  arise  of  our  having  m  +  n  linear  equations  in  m  variables, 
these  equations  not  being  independent,  but  connected  by  n+p 
relations;  these  latter  relations  again  not  being  independent, 
but  connected  by  p  other  relations.  And  in  order  to  find  the 
reduced  eliminant  of  such  a  system,  we  should  divide  the  deter- 
minant of  any  m  of  the  equations  by  a  quantity  which  is  itself 
the  quotient  of  two  determinants.  I  think  it  needless  to  go  into 
further  details,  but  I  thought  it  necessary  to  explain  so  much  of 
the  theory,  the  above  being,  as  far  as  I  know,  the  only  general 
theory  of  the  expression  of  eliminants  as  determinants;  since 
whenever,  in  the  application  of  the  dialytic  method,  any  of  the 
equations  is  multiplied  by  terms  exceeding  its  own  degree,  we 
shall  be  sure  to  have  a  number  of  equations  greater  than  the 
number  of  quantities  which  we  want  to  eliminate. 
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92.  When  the  eliminant  of  any  number  of  equations 
vanishes,  these  equations  can  be  satisfied  by  a  common  system 
of  values,  and  we  purpose  in  this  Lesson  to  show  how  that 
system  of  values  can  be  found  without  actually  solving  the 
equations.  The  method  is  the  same  whatever  be  the  number 
of  the  variables ;  but  for  greater  simplicity  we  commence  with 
the  system  of  two  equations,  $  =  0,  yfr  =  0,  where 

4>  -  V  +  <W^  +  **hF*  4  &c  -  0, 

yfr  =  hxn  +  \jt*  +  bn_2xn~2  +  &c.  =  0. 

Let  us  suppose  that  some  root  of  the  second  equation,  x  =  ol 
satisfies  the  first,  and  therefore  that  R  the  eliminant  of  the  system 
vanishes.  Now  in  <j)  we  may  alter  the  coefficients  (am  into  am+Am, 
am_1  into  am_x  +  Am_^  &c.) ;  and  the  transformed  equation 

vm + ^-^"", + &c- + 4je.  +  ■4&?  +  &<=. = o 

will  obviously  still  be  satisfied  by  the  value  x  =  a,  provided  only 
that  the  increments  Am<)  Am_^  &c.  are  connected  by  the  single 
relation 

since  the  remaining  part  of  the  equation,  by  hypothesis,  vanishes 
for  x  =  a.  The  transformed  equation  then  has  a  root  common 
with  ^,  and  therefore  the  eliminant  between  ^  and  that  trans- 
formed equation  vanishes.  But  this  eliminant  is  obtained  from 
R,  the  elimmant  of  <f>  and  ^,  by  altering  in  it  am  into  am+Aml  &c. 
The  eliminant  so  transformed  is 

_ ; "   f  .    dB      A        dR      p    )      _ 

We  have  R  =  0  by  hypothesis ;  and  since  the  increments  AmJ  &c. 
may  be  as  small  as  we  please,  the  terms  containing  the  first 
powers  of  these  increments  must  vanish  separately.     We  have 
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then  A   -, — \  A  _,  -^ h  &c.  =  0.     This  relation  must  be  iden- 

mdam  dam-X 

tical  with  the  relation  Aa+Am  1am~1  +  &c.  =  0,  which  we  have 
seen  is  the  only  relation  that  the  increments  need  satisfy.  It 
follows  then  that  the  several  differential  coefficients  are  pro- 
portional to  a™,  am'1j  &c,  and  therefore  that  a  can  be  found 
by  taking  the  quotient  of  any  two  consecutive  differential  co- 
efficients. 

Cor,  1.   If  an  aq  be  any  two  coefficients  in  <£,  we  must  have, 

n     „    dR     dR       dR     dR        .         .  x.         .  , 

when  R  =  0,  -j-  :  •? —  r:  -= —  :  -= — - ;   since  the  quotient  either 

1  dap    dap_k      daq    aag_k 

of  the  first  by  the  second,  or  of  the  third  by  the  fourth  will  =  a*. 

It  follows  that  -7—  —j ^—  -5 —  vanishes  when  R  =  0,  and 

dap  daq_k      daq  dap_k 

therefore   must   contain   R  as   a   factor;    or,   in   other   words, 

dR  dR      dR  dR  .      D  ,         .-       , 

-=-  — = =-  -=—  contains  it  as  a  tactor  it  we  have  p  +  q  —  r  +  s. 

dap  daq      dar  das 

Cor.  2.  It  is  evident,  by  parity  of  reasoning,  that  the  diffe- 
rential coefficients  of  the  eliminant,  with  regard  to  the  several 
coefficients  in  \Jr,  are  proportional  to  aw,  a1"1,  &c. ;  and  hence,  as 

.11  11  i  i        ■»     „   dR     dR       dR     dR 

in  the  last  corollary,  that,  when  R  =  0,  -=—  :  -= —  : :  -^-  :  -= —  : 
J  dap    dap_k      dbq    dbq  k 

^      dR  dR     dR  dR        1  .      j,         -  ,  , 

or  that  -^ Tl 7-  -5T  contains  it  as  a  factor  when  we  have 

dap  dbq      dar  dos 

p  +  q-r-i  s. 

Cor.  3.  Or,  again,  if  we  substitute  in  the  second  equation 
the  values  of  aM,  a""1,  &c.  given  above,  we  have 

,    dR     ,       dR       0 

when  R  =  0.  But  the  left-hand  side  of  this  equation  cannot 
contain  R  as  a  factor,  for  it  obviously  contains  the  coefficients 
of  0  in  a  degree  less  by  one  than  that  in  which  R  contains 
them.     It  must  therefore  vanish  identically. 

93.  The  results  of  the  preceding  article  may  be  confirmed 
by  calculating  the  actual  values  of  the  differential  coefficients 
of  R.     We  know  (Art.  63)  that  i?  =  0  (a)  <£  (,8)  <f>  (7)  &c.     But 
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since   </>(a)=amawl  +  aw_1an-1  +  &c,  we    have    ~^^  =  aP5    and 
therefore 

^-  =  ap<£  (/3)  $  (7)  +  /3P<£  (a)  <f>  (7)  +  &c 

If  then  a  satisfies  c£,  we  have  </>  (a)  =0,  and  j-  =  ap</>  (/3)  <f>  (7)  &c. 

In  like  manner  -y-  =  a9<£  (j3)  (/>  (7) ;  and  therefore,  as  before, 

Again,  if  we  multiply  together, 
^  ^  =  a^{(/,(/8)}2{^(7)}2&c.  +  i2(a^+a^)  0(7)&c.+&c.; 

and  it  can   easily   be   seen   that   the   series   multiplying  R  is 
If  now  we  subtract  -=-  -7-  ,  the  terms  not  multiplied 


dapdaq '  dar  da 


by  R  will  destroy  each  other  if  we  have  p  +  a  =  r  4-  s,  and  there 
will  remain 

dR  dR_dRdR_      (  d'R         <FR  \ 

dap  daq      dar  das  \dapdaq      dardaj  ' 

dR  dR      dR  dR   . 
Bv  a  similar  process  we  can  show  that   -7—  -^ ^ 77-    is 

J  r  aa^  doq      daq  dop 

divisible  by  R.  but  the  quotient  is  not  -^ — Tl , — 77-. 

^       7  x  aapdbq      daqdov 

94.  What  has  been  said  is  applicable,  as  we  shall  presently 
see,  to  a  system  of  equations  in  any  number  of  variables.  The 
following  simpler  method  only  applies  to  a  system  of  two  equa- 
tions. In  that  case  we  have  seen  (Art.  80)  that  the  eliminant 
can  be  expressed  in  the  form  of  the  determinant  resulting  from 
the  elimination  of  a?m-1,  £cni~2,  &c.  from  a  system  of  equations 
linear  in  these  quantities.  When  this  determinant  vanishes,  the 
equations  are  consistent  with  each  other,  and  if  we  leave  out 
any  one  of  them,  the  remainder  will  suffice  to  determine  x. 
Hence  if  /3n,  /312,  &c.  represent  the  minors  of  the  determinant 
in  question,  we  have  a?"1"1,  a?m_a,  &c.   severally  proportional  to 

ftu  Pi*  #i3>  &c->  or  t0  £«?  £»>  £23>  &c->  &c-     These  values  are 
simpler  than  those  found  by  the  preceding  method;  since  they 
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are  a  degree  lower  than  the  discriminant  in  the  coefficients  of 
each  equation  ♦  whereas  the  values  found  by  differentiating  the 
discriminant  are  a  degree  lower  than  it  only  in  the  coefficients 
of  one  of  the  equations.  For  example,  the  common  value 
which  satisfies  the  pair  of  equations 

ax1  -f-  bx  +  c  =  0,     ax1  +  b'x -f  c  =  0 

is  by  this  method  found  to  be  —  7 — 77  =  —  ~~- :  whereas  by  the 

J  (ac)  (ab) '  J 

preceding  method  it  is  given  in  the  less  simple  form 

2c  {ac')  -  V  {be)         a' (be)  - c  (ab') 
a  (be)  —  c  {ab')       —  2d  (ac)  +  V  (ati) ' 

All  these  values  are  equal  in  virtue  of  the  relation  which  is 
supposed  to  be  satisfied  (ac')2  =  (ab')  (be). 

95.   If  we  substitute  in  any  of  the  equations  used  in  the  last 

article,  the  values  -x for  aT-1,  &c.,  this  equation  must  be 

satisfied  when  i2  =  0,  and  therefore  the  result  of  substitution 
must  be  divisible  by  R.  In  other  words,  if  arl,  a.0,  &c.  be  the 
constituents  of  any  of  the  lines  of  the  determinant  of  Art.  80, 

we  must  have  ar1  —n Y  a  0  -5 \-  &c.  divisible  by  R.     But  if 

dam_x  dam_^ 

we  examine  what  arl,  &c.  are,  we  see  that  arl  is  the  determinant 

/77? 
(ajbn_r)j  &c,  and  thus  that  the  function  arl  «? h&c.  contains 

the  b  coefficients  in  a  degree  one  higher  than  R  while  its  weight 
exceeds  that  of  R  by  n  —  r+1.  Consequently  the  remaining 
factor  must  be  h%\n  multiplied  by  a  numerical  coefficient.  To 
determine  this  coefficient  we  suppose  all  the  terms  of  yfr  to 
vanish  except  bn  u.  Now  it  follows  at  once  from  the  method  of 
elimination  by  symmetric  functions  that  if  ^  consist  of  factors 
F,  W,  &c,  the  eliminant  of  <f>  and  i/r  is  the  product  of  the 
eliminants  of  </>,  V\  </>,  W\  &c.  For  if  V  be  (x—a)(x—/3)  &c, 
and  W  be  (x  —  a!)  (x  —  f¥)  &c,  the  eliminant  of  </>  and  V  is 
</>  (a)  $  (/3)  &c,  that  of  <f>  and  W  is  0  (a')  </>  (ff)  &c,  and  the 
product  of  all  these  is  the  eliminant  of  </>  and  yjr. 

Again,  if  yjr  reduce  to  the  single  term  baxxyP,  since  the  elimi- 
nant of  (j>  and  x  is  a0  and  of  <j>  and  y  is  am,  the  eliminant  of 
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<f>  and  yfr  will  be  bama"anf.     The  only  one  then  of  the  series  of 
terms  -. ,  &c7  which  will  not  vanish  when  all  the  coefficients 

773 

of  ^,  except  ba  are  made  to  vanish,  will  be  -=—  ,  and  this  will 


da 


be  vb™a*~laj'.  But  in  the  case  we  are  considering,  it  will 
be  found  that  the  term  by  which  -=—  is  multiplied  will  be  huaQl 

and  hence  that  in  general,  when  a  =  n  —  r  +  1, 

dR  dR       0         .  ^  \  t->7 

<*rl  J—  +  «„  j-~  +  &c  =  (n  -  r  +  1)  Rbn_r+1. 

aam-l  aam-2 

Ex.  In  order  to  make  what  has  been  said  more  intelligible,  we  repeat  the  proof 
for  the  particular  case  of  the  two  cubics  a3x3  +  a2x2  +  axx  +  a0,  b3x3  +  £>2x2  +  bxx  +  b0, 
then  we  have  the  system  of  equations  (Art.  80) 

(a3b2)  x2  +  (a3bx)  x  +  (a3b0)  =  0, 

(a351)  x2  +  {(a3b0)  +  (a2b,)}  x  +  {a2b0)  =  0, 

(a3b0)  x2  +  (a2b0)  x  +  (a^)  =  0. 

Substituting  then,  suppose  in  the  second  equation ;  the  following  quantity  must  be 

divisible  by  B, 

,  .  dJi      , ,    ,  „       ,    ,  . ,  d It      ,    ,  ,  dli 

(«A)  33;  +  {(«A)  +  («A)}  ^  +  («A)  £-. 

But,  considering  the  order  and  weight  of  the  function  in  question,  it  is  seen  at  once 
that  the  remaining  factor  must  be  b2  multiplied  by  a  numerical  coefficient.  To  deter- 
mine that  coefficient,   let  b0,  bu  b3  all  vanish,  then  the  quantity  we  are  discussing 

reduces  to  -  b2  (at  -, — I-  a0  -?-  J .    But  It,  on  the  same  supposition,  reduces  to  b23a3a02 ; 

and  therefore  the  function  we  are  calculating  at  most  differs  in  sign  from  2b2R. 

96.  There  is  no  difficulty  in  applying  the  method  of 
Arts.  92,  93  to  the  case  of  any  number  of  variables.  For 
greater  clearness  we  confine  ourselves  to  three  variables,  but 
the  same  proof  applies  word  for  word  to  any  number  of  vari- 
ables. Let  there  be  three  equations  <f>  =  0,  ty  =  0,  %  =  0,  where 
<l>  =  am,o,oxm+'~+aa, /8iya3flyV+&c.,  and  let  the  values  x'y'z' 
satisfy  all  the  equations;  then  they  will  still  satisfy  them  if 

in<£we  alter  oWj0j0,aaj/8fy  into  «OT,0,0  + An,o,o>  «■>*,*.+  A«An&c- 
provided  only  that  Am^ ^0x'm  +  &c.  +  Aa ,/3Jy»'y/Vr-r  &c.  =  0. 
But,  as  in  Art.  92,  the  equation  must  also  be  satisfied 

*  dR  A  dR         0 

"An,  0,0  ajL«,P,y 

and  comparing  these  two  equations,  we  see  that  the  value  of 
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each  term  xay'$zn  must  be  proportional  to  the  differential  of 
the  eliminant  with  respect  to  the  coefficient  which  multiplies  it. 
We  obtain  the  values  of  x,  y\  z ',  by  taking  the  ratios  of  the 
differentials  of  R  with  respect  to  the  coefficients  of  any  terms 
which  are  in  the  ratio  of  a?,  y,  z.  And  this  may  be  verified 
as  in  Art.  93.  For  let  the  common  roots  of  ^  ^  substituted 
in  <£,  give  results  </>',  0",  &c.     Then  R  =  <j)'4>"(j>'"  &c.     And 

dR    -  xyWW"  &c.  +  x"ay"Pz'nW  &c.  +  &c. ; 

wCl a  ft.  y 

and  if  we  suppose  (/>'  to  vanish,  the  value  of  this  differential 
coefficient  reduces  to  its  first  term,  and  it  is  seen  as  before,  that 
the  differential  with  regard  to  each  coefficient  is  proportional 
to  the  term  which  that  coefficient  multiplies.  The  same  corol- 
laries may  be  drawn  as  in  Art.  92. 

97.  And  more  generally,  in  like  manner,  if  the  coeffi- 
cients of  </>  be  functions  of  any  quantities  a,  &,  c,  &c.  which 
do  not  enter  into  ^,  ^,  it  is  proved  by  the  same  method,  that 

— — :  -=-  : :  -y— :  -£  where  in  the  latter  differentials  x.  y.  z.  are 
da     db        da     db  '  ^'     ' 

supposed  to  have  the  values  x\  y\  z\  which  satisfy  all  the 
equations.  For  either,  as  in  Art.  93,  we  have  when  <£'  =  0, 
dR      dd>  , ,,  , ...    0      dR       dd>   ,.,,,,,  0  .  .      . 

a5.-«*+     **-8-lS+"*    &<=•;  ^  again,  as  m  Art.  92, 

if  a,  br  c  be  varied,  so  that  the  same  system  of  values  continues 
to  satisfy  </>,  we  have 

da  do  dc 

while,  because  in  this  case,  the  eliminant  of  the  transformed  <f> 
and  of  the  other  equations  continues  to  vanish,  we  have 

-=-  ha  +  -rr  8b  +  -s-  Be  +  &c.  =  0, 
da  do  dc  ' 

and  these  two  equations  must  be  identical. 

98.  The  formulae  become  more  complicated  if  we  take  the 
differentials  of  the  eliminant  with  respect  to  quantities  a,  &,  &c. 
which  enter  into  all  the  equations.     As  before,  if  we  give  these 
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quantities  variations,  consistent  with  the  supposition  that  the 
eliminant  still  vanishes,  we  have 

da  do  dc 

Now  in  the  former  case,  where  a,  5,  c,  &c.  only  entered  into 
one  of  the  equations,  a  change  in  these  quantities  produced  no 
change  in  the  value  of  the  common  roots,  since  the  coefficients 
remained  constant  in  the  other  equations,  whose  system  of 
common  roots  was  therefore  fixed  and  determinate.  But  this 
will  now  no  longer  be  the  case,  and  the  common  roots  of 
the  transformed  equations  may  be  different  from  those  of  the 
original  system.  Let  the  new  system  of  common  roots  be 
x  +  8x\  y'  +  8y\  z  +  8z\  &c,  then  the  variations  are  connected 
by  the  relations 

d±  &+#  sb+&c.+^-  m+'Q  sy+&c.=o, 

da  do  ax  ay     u  1 

I*  Sa+^t  a&  +  &c.4  d4  &'  +  #  «y +  &C-0,  .fee. 
da  do  dx  ay    *  7 

If  there  are  k  such  equations,  there  will  be  7c—  1  independent 
variables;*  we  may  therefore,  between  these  h  relations  elimi- 
nate the  k  —  1  variations  8x\  8y\  &c,  and  so  arrive  at  a  re- 
lation between  the  variations  &z,  8b,  &c.  only;  the  coefficients 

of  which  must  be  severally  proportional  to  -y-  ,  -^-  j  &c. 

Ex.  1.  Let  there  be  two  equations  and  one  variable.    The  final  relation  then  is 
(*t  *£  _  ££  *£)  Sa  +  (^  ^  -  ^  ^)  Sb  +  &c.  =  0 


da    dx       da  dx  J  \db    dx       db   dx, 

and  the  several  coefficients  are  proportional  to  -r-  ,  -gr  j  &c  If  the  equations  had 
been  given  in  the  homogeneous  form,  we  might  have  taken  x  as  constant,  and  sub- 
stituted -j- ,  ~  for  -j- ,  -j-  in  the  preceding  formula.  This  makes  no  change, 
because  it  was  proved,  Art.  85,  that  the  common  root  satisfies  the  Jacobian,  or  makes 

dcf>  d\j/  _  def)  difs 

dx    dy  ~  dy    dx' 


*  If  the  equations  had  been  given  as  homogeneous  functions  of  h  variables,  still 
since  their  ratio  is  all  we  are  concerned  with,  we  may  suppose  any  of  the  variables  z 
to  be  the  same  in  all  the  equations  and  may  suppose  Bz'  =  0. 

M 
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Ex.  2.  If  there  are  three  equations,  the  coefficient  of  $a  is 

d<ft     d\\r    dx 

da  '   da  '  da 

<Pi,     ^v     Xi* 

<t>2,      ^2»      X2 

where  <f>v  (j>2  denote  the  differential  coefficients  of  <p  with  respect  to  x  and  y,  &c. 

99.  If  a  system  of  equations  is  satisfied  by  two  common 
systems  of  values,  not  only  will  the  eliminant  R  vanish,  but 
also  the  differential  of  R  with  respect  to  every  coefficient  in 
either  equation.  For  evidently  the  values  of  the  differentials, 
given  Art.  93,  all  vanish  if  both  cf>  (a)  and  </>  (/3)  =  0,  or,  in 
Art.  96,  if  <£',  <f>"  both  =  0.  In  this  case  the  actual  values  of 
the  two  common  roots  can  be  expressed  by  a  quadratic  equa- 
tion in  terms  of  the  second  differentials  of  R.  The  following, 
though  for  brevity,  stated  only  for  the  case  of  two  equations, 
applies  word  for  word  in  general.     We  have  (see  Art.  93) 

~l  =  **$>$  (7)  $  (B)  &c.  4  /2ytf>  («)  <t>  ($)  &c.  +  &c, 

which,  when  <£  (a),  <f>  (/3)  =  0,  reduces  to  the  single  term 
ap/Sp(/>  (7)  <f>  (8)  &c. 
In  like  manner,  in  the  same  case, 

aafa-VP+W *M *(8) &c-'    s^-^^M**8) &c- 

If  then  we  solve  the  quadratic  in  X  :  //., 

X*  —  -\      d*E    1    2— =  0 
dcbq  dapdaq  da*       ' 

the  roots  will  give  the  ratios  ap  :  a?,  j3p  :  ftq. 

If  the  equations  have  three  common  systems  of  values,  all 
the  second  differentials  of  R  vanish,  and  the  common  roots  are 
found  by  proceeding  to  the  third  differential  coefficients  and 
solving  a  cubic  equation. 
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LESSON  XL 


DISCRIMINANTS. 


100.  Before  entering  on  the  subject  of  discriminants,  we 
shall  explain  some  terms  and  symbols  which  we  shall  frequently 
find  it  convenient  to  employ.  In  ordinary  algebra  we  are  wholly 
concerned  with  equations,  the  object  usually  being  to  find  the 
values  of  x  which  will  make  a  given  function  =0.  In  what 
follows  we  have  little  to  do  with  equations,  the  most  frequent 
subject  of  investigation  being  that  on  which  we  enter  in  the  next 
Lesson :  namely,  the  discovery  of  those  properties  of  a  function 
which  are  unaltered  by  linear  transformations.  It  is  convenient, 
then,  to  have  a  word  to  denote  the  function  itself,  without  being 
obliged  to  speak  of  the  equation  got  by  putting  the  function  =0 : 
a  word,  for  example,  to  denote  ax2 +  bxy  +  cy2  without  being 
obliged  to  speak  of  the  quadratic  equation  ax2  -f  bxy  -f  cy2  =  0. 
We  shall,  after  Mr.  Cayley,  use  the  term  quantic  to  denote  a 
homogeneous  function  in  general ;  using  the  words  quadric, 
cubic,  quartic,  quintic,  ?iic,  to  denote  quantics  of  the  2nd,  3rd, 
4th,  5th,  nth  degrees.  And  we  distinguish  quantics  into  binary, 
ternary,  quaternary,  w-ary,  according  as  they  contain  2,  3,  4, 
n  variables.  Thus,  by  a  binary  cubic,  we  mean  a  function 
such  as  ax3  +  bx2y  -f  cxy2  +  dy3 ;  by  a  ternary  quadric,  such  as 
ax2  +  by2  -f  cz2  +  2fyz  +  2gzx  +  2hxy,  &c.  Mr.  Cayley  uses 
the  abbreviation  (a,  5,  c,  oT$x,  y)3  to  denote  the  quantic 
ax3  +  3bx2y  -f  Sexy2  +  dy3,  in  which,  as  is  usually  most  con- 
venient, the  terms  are  affected  with  the  same  numerical  coeffi- 
cients as  in  the  expansion  of  (x  +  y)s.  So  the  ternary  quadric 
written  above  would  be  expressed  (a,  5,  c,  /*,  g,  K^x,  y,  z)2. 
When  the  terms  are  not  thus  affected  with  numerical  coeffi- 
cients, he  puts  an  arrow-head  on  the  parenthesis,  writing,  for 
instance  (a,  &,  c,  d$x,  y)3  to  denote  ax3  +  bx2y  -+  cxy2  +  dy3. 
When  it  is  not  necessary  to  mention  the  coefficients,  the  quantic 
of  the  nth  degree  is  written  (#,  y)n,  (x,  y,  z)n:  &c. 
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101.  If  a  quantic  in  k  variables  be  differentiated  with  respect 
to  each  of  the  variables,  the  eliminant  of  the  k  differentials  is 
called  the  discriminant  of  the  given  quantic. 

If  n  be  the  degree  of  the  quantic,  its  discriminant  is  a  homo- 
geneous function  of  its  coefficients,  and  of  the  order  k(n—  l)*"1. 
For  the  discriminant  is  the  eliminant  of  k  equations  of  the 
(n  —  l)th  degree,  and  (Art.  74)  must  contain  the  coefficients  of 
each  of  these  equations  in  a  degree  equal  to  the  product  of  the 
degrees  of  all  the  rest,  that  is  (n  —  l)*"1.  And  since  each  of 
these  equations  contains  the  coefficients  of  the  original  quantic 
in  the  first  degree,  the  discriminant  contains  them  in  the 
k  (n  —  1)*_1  degree.  Thus,  then,  the  discriminant  of  a  binary 
quantic  is  of  the  degree  2  [n  —  1) ;  of  a  ternary,  is  of  the  degree 
3(n-l)2;  &c. 

102.  If  in  the  original  quantic  every  coefficient  multiplying  the 
first  power  of  one  of  the  variables  x,  be  affected  with  a  suffix  1, 
every  term  multiplying  the  second  power  by  a  suffix  2,  and  so  on  ; 
then  the  sum  of  the  suffixes  in  each  term  of  the  discriminant  is 
constant  and  =n(n—lf~1.  It  was  proved  (Art.  74)  that  if 
every  coefficient  in  a  system  of  equations  were  affected  with  a 
suffix  corresponding  to  the  power  of  x  which  it  multiplies,  then 
the  sum  of  the  suffixes  in  every  term  of  their  eliminant  would  be 
equal  to  the  product  of  the  degrees  of  those  equations,  viz., 
=  mnp  &c.  Now  suppose,  that  in  the  first  of  these  equations 
the  suffix  of  x°,  instead  of  being  0,  was  I ;  that  of  x1  was  I  +  1 , 
and  so  on ;  it  is  evident  that  the  effect  would  be  to  increase  the 
sum  of  the  suffixes  by  I  for  every  coefficient  of  the  first  equation 
which  enters  into  the  eliminant ;  and  since  (Art.  74)  every  term 
contains  np  &c.  coefficients  of  the  first  equation ;  the  total  sum 
of  suffixes  is  mnp  &c.  +  Inp  &c.  =  (m  +  I)  np  &c.  Now,  in  the 
present  example,  it  is  evident  that  every  coefficient  in  the  k  —  1 
differentials  Z7a,  Us,  &c.,*  multiplies  the  same  power  of  x  as 
it  did  in  the  original  quantic  U.  But  in  the  remaining  diffe- 
rential, Ul}  every  coefficient  multiplies  a  power  of  x  one  less 
than  in  £7",  and  the  coefficient  multiplying  any  term  xl  in  this 


*  We  write,  as  before,  Ulf  U2,  U3,  &c.  to  denote  the  differential  coefficients  of  U 
with  respect  to  x,  y,  z,  &c. 
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differential  will  be  marked  with  the  suffix  Z+l,  since  it  arose 
from  differentiating  a  term  xl+1  in  the  original  quantic.  It 
follows,  then,  that  the  sum  of  suffixes  in  the  discriminant 
must  =  in  -  \f  +  (n-  If'1  =  n(n-  If*. 

We  shall  briefly  express  the  results  of  this  and  of  the  last 
article  by  saying  that  the  order  of  the  discriminant  is  k(n  —  l)*"1 ; 
and  its  weight,  nin—lf'1.  Thus  for  a  binary  quantic  the  weight 
of  the  discrimmant  is  n  (n  -  1). 

103.  If  a  binary  quantic  contain  a  square  factor,  then,  as  is 
well  known,  the  discriminant  vanishes  identically.  For  the  two 
differentials  must  each  contain  that  factor  in  the  first  degree, 
and  therefore,  since  they  have  a  common  factor,  their  eliminant 
vanishes.  In  like  manner,  if  a  ternary  quantic  be  of  the  form 
X2<£  +  XY^r  +  r2%,  where  X  =  ax  +  by -\- cz,  Y=dx  +  b'y +  c'z, 
then  the  discriminant  must  vanish,  since  every  term  in  any  of 
the  differentials  must  contain  either  X  or  Y,  and  therefore  the 
differentials  have  common  the  system  of  roots  derived  from  the 
equations  X=  0,  Y=  0.  In  like  manner,  the  discriminant  of  a 
quaternary  quantic  vanishes,  if  the  quantic  can  be  expressed  as 
a  function  in  the  second  degree  of  X,  F,  Z,  these  being  any 
linear  functions  of  the  variables.*  We  shall  call  those  values 
which  make  all  the  differentials  vanish,  the  singular  roots  of  the 
quantic. 

104.  We  shall  now  discuss  the  properties  of  the  discriminant 
of  the  binary  quantic  U=  a0xn  -f  najc~xy  +  \n  (n—  1)  a2xn~2y2+  &c. 

The  eliminant  of  U  and  Ux  is  a0  times  the  discriminant ;  and 
the  eliminant  of  U  and  U2  is  an  times  the  discriminant.^  For 
since  n U=  xUt-\-yU2l  the  result  of  substituting  in  nil  any  root 
of  Ux  is  y'U^]  and  when  all  the  results  of  substitution  are 
multiplied  together,  the  product  will  be  y'y'y'"  &c.  (which  is 
=  a0,  see  Art.  57),  multiplied  by  the  product  of  the  results  of 
substituting  the  same  roots  in  Z72,  which  is  the  discriminant. 


*  In  other  words,  the  vanishing  of  the  discriminant  of  an  algebraical  equation 
expresses  the  condition  that  the  equation  shall  have  equal  roots;  and  the  vanishing 
of  the  discriminant  of  the  equation  of  a  curve  or  surface  expresses  the  condition  that 
the  curve  or  surface  shall  have  a  double  point. 

f  We  do  not  take  account  of  mare  numerical  factors. 
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105.  To  express  the  discriminant  in  terms  of  the  values 
x\V\i  X^V^  &c">  which  ma7ce  the  quantic  vanish. 

Let  U=(xy1-yx1)(xy2-yxz){x7j3-7jx3)  &c.  (see  Art.  57) ; 
then 

ui = y,  ixy-yx^  (x2/3-  yx*)  &c- + y,(«8r,  -yxx)\xy-yx^  &c. + &<$.; 

and  the  result  of  the  substitution  in  Ux  of  any  root  xxyx  of  U  is 
yx  [xxyt  —  yxx2)  (xxy3  -  yxx3)  &c.  Similarly,  the  result  of  sub- 
stituting x2y2  is  y2  {x2yx  -  xxy2)  [x#B  - y2x3)  &c.  If,  then,  all  the 
results  of  substitution  are  multiplied  together,  the  product  is 

±  Mjh &c-  (*,&  -  y&Y  fay*  -  y^1  fo&  -  y,x,f  &c. 

This,  then,  is  the  eliminant  of  U  and  ZTj,  and  if  we  divide  it 
by  aQl  which  is  =  yxy2y^  &c.,  we  shall  have  the  discriminant 
=  {xxy2-  yxx2Y  (x1y3  -  yxx3)2  &c.  If  we  make  in  it  all  the  ?/'s  =  1, 
we  get  the  theorem  in  the  well-known  form  that  the  discriminant 
is  equal  to  the  product  of  the  squares  of  all  the  differences  of 
any  two  roots  of  the  equation.  We  shall,  for  simplicity,  refer 
to  the  theorem  in  the  latter  form. 

106.  The  discriminant  of  the  product  of  two  quantics  is  equal 
to  the  product  of  their  discriminants  multiplied  by  the  square  of 
their  eliminant  For  the  product  of  the  squares  of  differences  of 
all  the  roots  evidently  consists  of  the  product  of  the  squares  of 
differences  of  two  roots  both  belonging  to  the  same  quantic, 
multiplied  by  the  square  of  the  product  of  all  differences  between 
a  root  of  one  and  a  root  of  the  other,  and  this  latter  product  is 
the  eliminant  (Art.  64).  As  a  particular  case  of  this,  the  dis- 
criminant of  (x  -  a)  4>  (x)  is  the  discriminant  of  <j>  (x)  multiplied 
by  the  square  of  <f>  (a).  For  if  /3,  7,  &c.  be  the  roots  of  <f>  [x), 
then  [cL  —  fty  (a-7)2  (P-jY  &c.  is  equal  to  the  square  of 
(a  -  0)  (a  -  7)  &c.  which  is  </>  (a),  multiplied  by  the  product  of 
the  squares  of  all  differences  not  containing  a. 

107.  The  discriminant  of  (a0,  ax...an_x,  a,Xxi  I/T  ™  °f  ^ 
form  an(j>  +  as,n_l*^,  where  yfr  is  the  discriminant  of  the  equation  of 
the  (n-  if  degree  (a0,  a,...*^,  a^Jx,  y)n~\  For  we  evidently 
get  the  same  result  whether  we  put  any  term  an  =  0in  the 
discriminant ;  or  whether  we  put  an  =  0  in  the  quantic,  and  then 
form  the  discriminant.    But  if  we  make  an  =  0  in  the  quantic,  we 
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get  x  multiplied  by  the  {n-  l)ic  written  above,  and  (Art.  106) 
its  discriminant  will  then  be  the  discriminant  of  that  (n  —  l)ic 
multiplied  by  the  square  of  the  result  of  making  in  ita?  =  0; 
that  is,  by  the  square  of  an_x.  In  like  manner  we  see  that  the 
discriminant  is  of  the  form  a$  +  a*yjr* 

108.  The  discriminant  being  a  function  of  the  determi- 
nants ocl7/2- x(j/^  &c.  must  satisfy  the  two  differential  equa- 
tions (Art.  58), 

(?A  ,  ,        t.      dA      ,        oN      dA 

na^ + (n " x)  a>  as" + 'n  ~ 2)  ffl^3 + &c-  -  °> 

1  da0         2  dax         3  da2 

or,  if  the  original  equation  had  been  written  with  binomial 
coefficients, 

dA      .         .      dA     x  dA  dA      ~ 

Ex.  To  form  the  discriminant  of  (a0,  av  a2,  ...^x,  y)n,  which  we  suppose  arranged 
according  to  the  powers  of  a0.  We  know  (Art.  107)  that  the  absolute  term  is 
a^D,  where  D  is  the  discriminant  of  (a15  a2,  ..^frx,  y)"-1.    The  discriminant  then  is 

«!2Z)  +  a0cp  +  a02\fs  +  &c. ;  operating  on  this  with  ax  -3 — I-  2a2  - — h  3a3  -5 — (-  &a,  we 

may  equate  separately  to  zero  the  coefficient  of  each  power  of  a0.  Thus  then  the 
part  independent  of  a0  is 

«!</>  +  ±axa2D  +  a?  \2a2  -r—  +  3a3  -r—  +  &c.  J  D, 
or,  remembering  that  ( «2  j — ^  2a3  - — I-  &c. )  D  =  0,  we  have 


<t>  =  -±a2D  +  a1[a3-  +  2ai^-+&c.)I), 

and  the  discriminant  is 

(o-!2  -  4a0a2)  D  +  a^  (a3  -^  +  2a4  —  +  &c.  J  D  +  a32xfr  +  &c. 

In  like  manner,  from  the  coefficient  of  ax  we  can  determine  \]/,  but  the  result  is  not 
simple  enough  to  seem  worth  writing  down. 


*  This  theorem  was  first  published  by  Joachimsthal ;  I  had,  however,  previously 
been  led  by  simple  geometrical  considerations  to  the  following  theorem  in  which  it 
is  included.  If  at  contain  a  factor  z,  and  if  a0  contain  z2  as  a  factor,  the  discriminant 
will  be  divisible  by  z2.  If  a2  contain  z  as  a  factor,  if  ax  contain  z2,  and  a0  contain  z3, 
the  discriminant  will  in  general  be  divisible  by  z6.  In  like  manner,  if  a3  contain  z  j 
a2,  z2  j  a,.,  z3 ;  and  a0,  z\  the  discriminant  will  be  divisible  by  z12,  &c. 
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109.  If  the  discriminant  of  a  binary  quantic  vanishes,  the 
quantic  has  equal  roots,  and  the  actual  values  of  these  roots  can 
be  found  by  a  process  similar  to  that  employed  in  Lesson  x. 
Let  U=  anxn  +  axxn~l+  a2xn~2  +  &c.  be  a  quantic  whose  discrimi- 
nant vanishes,  and  having  therefore  a  square  factor  (a -a)2. 
Then  evidently  F,  where 

V=  A0xn  +  Axxn~x  +  A2xn~*  +  &c. 

will  also  be  divisible  by  a?  — a,  provided  that  A0l  Ax,  &c.  be  any 
quantities  satisfying  the  condition 

A0an  +  A^1  +  Ay  +  &c.  =  0. 

In  this  case  then  we  shall  have  U+  X  V  divisible  by  x  —  a. 
Let  it  =  (x  —  a)  {{x  —  a)  <f>  (x)  +  \yjr  (x)}.  It  follows  then,  from 
Art.  107,  that  the  discriminant  of  U+W  is  the  discriminant 
of  the  quantity  within  the  brackets,  multiplied  by  the  square 
of  the  result  of  substituting  a  for  x  inside  the  brackets.  But 
this  result  is  X^fr  (a).  We  have  proved  then  that  in  the  case 
supposed,  the  discriminant  of  U+  X  V  is  divisible  by  X2. 

But  since  U+W  is  derived  from  U  by  altering  aQ  into 
a0  +  \A0,  &c,  the  discriminant  of  U+W  is  derived  from  the 
discriminant  of  U  by  a  like  substitution,  and  is  therefore 

By  hypothesis  A  =  0.  But  the  discriminant  will  not  be  divisible 
by  X2  unless  the  coefficient  of  X  vanish.  Now  the  relation  thus 
obtained  between  A0,  AxJ  &c.  must  be  identical  with  the  relation 
A0an  +  Ax<x'x  +  &c.  =  0,  which  we  have  already  seen  is  the  only 
relation  that  need  be  satisfied  by  A^  Ax1  &c.  in  order  that  the 
discriminant  of  U+  X  V  may  be  divisible  by  X2.  We  must  have 
therefore  the  quantities  an,  a"*"1,  aw~2,  &c.  respectively  propor- 
tional to  -j-  ,  -y-  ,  j—  ,  &c.     Dividing  any  one  of  these  terms 

by  that  consecutive,  we  get  an  expression  for  a.  We  may  state 
this  result:  When  the  discriminant  vanishes,  the  several  diffe- 
rential coefficients  of  the  discriminant  with  respect  to  «0,  ax)  &c. 
are  proportional  to  the  differential  coefficients  of  the  quantic  with 
respect  to  the  same  quantities. 


DISCRIMINANTS.  89 

110.   This  result  may  be  confirmed  by  forming  the  actual 

values  of  -y— ,  &c.  in  terms  of  the  roots :  which  may  be  done 

by  solving  from  the  n  equations  |  TJNIV3 

d&      d&  dax      dA  da„   ,    - 
aa      a^j  aa      aa2  da. 

We  know  the  expressions  for  A,  a1?  a2,  &c.  in  terms  of  the 
roots  (see  Art.  61),  and  therefore  from  these  n  equations  can 

find   the   n   sought   quantities   -j— ,   &c.      The   result   will   be 
found  to  be 

^=S(^-7)2(7-8)2(8-^ 

x{(a-/3)(a-7)  +  (a-/3)(a-S)f(a-7)(a-S)), 
where  the  product  of  the  squares  of  all  the  differences,  not  con- 
taining a,  is  multiplied  by  the  sum  of  the  products  (n  —  2  taken 
together)  of  the  differences  which  contain  a, 

^--**<fi-  yy  (7  _  sy  (s  -  py  {(«  - ft  («  -7) + «*.}, 

-^-  =  2a2  08 -  yy  (y -  S)'  (S  - £)•  {(«- /9)  (a-y)  +  &c},  &c, 

and  the  supposition  a  =  #  reduces  these  sums  to  quantities  which 
are  in  the  ratio  1,  a,  a'2,  &c.     As  in  Art.  92,  it  follows  from  the 

theorem  of  the  last  article  that  -^ -n -n —  is  divisible  by 

dav  daq      dar  dat 

A  when  p  +  q  =  r  -f  s.     If  more  than  two  of  the  roots  are  equal 

to  each  other,  all  these  differentials  vanish  identically,  and  we 

find  the  equal  roots  by  proceeding  to  second  differentials  of  the 

discriminant. 

111.  We  know,  from  Art.  94,  that  instead  of  the  functions 
in  the  last  two  articles,  which  are  of  an  order  in  the  coefficients 
only  one  lower  than  the  discriminant,  we  may  substitute  func- 
tions of  an  order  two  lower,  and  possessing  the  same  property, 
viz.  that  they  vanish  when  more  than  two  roots  are  equal,  and 
that  if  two  roots  are  equal  (a  =  /3)  they  are  to  each  other  in 
the  ratios  1,  a,  a'2,  &c.  If  we  proceed  by  Bezout's  method  of 
elimination    (Art.  80)  to   eliminate  between  the  two  differen- 
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tials  Utf  Ua;  the  resulting  equations  of  the  (n  —  2)th  degree,  when 
expressed  in  terms  of  the  roots  are  2  (a  —  ft)2  (x  —  y)(x  —  8)  —  0, 
2<?1(a-/3)2(*-7)  (*-S)  =  0,  2?2(a-/3)2,&c.  =  0,  where  qlf  q2,  &c. 
are  the  sum,  sum  of  products  in  pairs,  &c.  of  all  the  roots 
except  a  and  /3.*  The  discriminant  is  then,  by  Bezout's 
method,  expressed  as  a  determinant,  whose  constituents  are 

E    (a-/3)2,    S&    («-#',   2?2    (a-fl'.&c, 
Sj>-«",   22,2  («-/3)«,    22&(a-0)*,&c, 
2&(a-/3)2,   2M2(a-/3)2,   jgtf  (a- £)',  &c,  &c 
And  when  the  given  equation  has  two  roots  equal,  the  first 
minors   of  this  determinant  will,   by  Art.  94,  be  in  the  ratio 
1,  a,  a2,  &c.     A  somewhat  simpler  series,  possessing  the  same 
property,  is  2  (,3- 7)2  (7- S)2  (S -/3)2,  2«  (£-7)2  (7-S)2(S-/3)2, 
2a*  (0- 7)*,  &c 


112.  The  following  proof  of  the  theorem  of  Art.  109  is 
applicable  to  the  case  of  a  quantic  in  any  number  of  variables. 
For  simplicity,  we  confine  ourselves  to  the  case  of  two  inde- 
pendent variables,  the  method,  which  is  that  of  Art.  98,  being 
equally  applicable  in  general.  Let  the  coefficients  in  U  be 
functions  of  any  quantities  «,  &,  &c,  and  let  variations  be  given 
to  these  quantities  consistent  with  the  supposition  that  the  dis- 
criminant still  vanishes,  and  therefore  such  that 

■*#■*  8a  +  -77  8b  +  &c.  =  0. 
da  do 

And  if  the  effect  of  this  change  in  a,  5,  &c.  is  to  alter  the 
singular  roots  from  #,  y  into  x  ■+  &r,  y  +  8y*  since  these  new 
values  satisfy  U^  U^  £73,  &c,  we  must  have 

dUlSi       dU^,x        dUlSi       dUx. 

dU*  *     ,  ^  si  ,  je      <dU*z    ,  dU*  *       n 
_,^  +  _,S5  +  &c.  +  ^^  +  ^3^0, 

-^-8  Sa  +  -^  85  4  &c.  +  -3-  *  &c  +  -j-8  5v  =  0. 

*  The  first  of  these  functions  of  degree  re  —  2  is  one  of  the  series  to  which  we 
are  led  by  Sturm's  process ;  but  any  of  the  others  may  be  substituted  for  it,  and  will 
give  rise  to  another  series  possessing  the  same  property. 
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Multiply   these   equations    by   a?,   y,  z   respectively   and   add; 

then  since  nTJ—xTJxA- yU2  +  zU^  the  coefficient  of  ha  will  be 

dU        .    .        dU      dUx     dU3      dUt     +,  „  .     .     -  . 

n  -=-  ;  and  since  -T-2  =  -j-1 ,  -^  =  — 7-1 ,  the  coefficient  of  bx 
da  1  ax         ay       ax         az 

will  be  (n  —  1)  Ux,  which  will  vanish,  since  Ux  is  satisfied  for  the 

singular  roots.     We  get  therefore 

dvswSb  +  &c  = 

da  do 

and  therefore  the  differentials  of  A  with  respect  to  a,  &,  &c.  are 
proportional  to  the  differentials  of  U  with  respect  to  the  same 
quantities,  it  being  understood  that  the  a:,  y,  z  which  occur  in 
the  latter  differentials  are  the  singular  roots. 

113.  The  theorem  proved  for  binary  quantics  (Art.  107)  may 
be  extended  to  quantics  in  general.  Let  a  be  the  coefficient 
of  the  highest  power  of  any  of  the  variables,  5,  c,  d,  &c.  those 
of  the  terms  involving  the  next  highest  power;  then  the  dis- 
criminant is  of  the  form 

ae  +  (</>>  36  ^>  &c.£&,  c,  d,  &c.)2. 
Thus,  for  a  ternary  quantic  to  which,  for  greater  simplicity, 
we  confine  ourselves,  if  a  be  the  coefficient  of  zn ;  &,  c  those  of 
zn~1xJ  zn~xy,  then  if  in  the  discriminant  we  make  a  —  0,  the  re- 
maining part  will  be  of  the  form  b2<p  +  bcyjr  -f  c2%.  To  prove 
this:  first,  let  U  be  any  quantic  whose  discriminant  vanishes^ 
V  any  other  satisfied  by  the  singular  roots  of  £7,  then  I 
say  that  the  discriminant  of  U+W  will  be  divisible  by  A,2. 
For  let  U=  azn  +  bzn'xx  +  &c,  F  =  Azn  +  Bzn~xx  +  &c,  then 
the  coefficient   of  X   in   the   discriminant   of    U+W  will   be 

A  -j-  +  B  -j  -f  &c,  and  (Art.  112)    ^-,  &c.  are  proportional 

to  3n,  zn~1x1  &c.  The  coefficient  of  X  is  therefore  proportional 
to  the  result  of  substituting  the  singular  roots  in  F,  and  there- 
fore vanishes. 

Now  in  the  case  we  are  considering,  the  supposition  of 
a  =  0,  5  =  0,  c  =  0  must  make  the  discriminant  vanish,  since 
then  all  the  differentials  vanish  for  the  singular  roots  #  =  0, 
y  =  0.  Any  other  quantic  V  will  vanish  for  the  same  values, 
provided  only  A  =  Q.     The  general  form  of  the  discriminant 
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then  must  be  such  that  if  we  substitute  for  b,  b  +  \B ;  for  c, 
C  +  A-C7,  &c,  and  then  make  a,  Z>,  c  =  0,  the  result  must  be 
divisible  by  X2 ;  or,  in  other  words,  if  we  put  for  5,  \B ;  for  c, 
\(7,  &c,  and  then  make  a  =  0,  the  result  is  divisible  by  X2, 
which  was  the  thing  to  be  proved. 

114.  Concerning  discriminants  in  general,  it  only  remains 
to  notice  that  the  discriminant  of  a  quadratic  function  in  any 
number  of  variables  is  immediately  expressed  as  a  symmetrical 
determinant.  And  conversely,  from  any  symmetrical  deter- 
minant, we  may  form  a  quadratic  function  which  shall  have 
that  determinant  for  its  discriminant.  The  simplest  notation 
for  the  coefficients  of  a  quadratic  function  is  to  use  a  double 
suffix,  writing  the  coefficients  of  x\  y\  &c,  aw,  a22,  a33,  &c, 
and  those  of  xy,  xz,  &c,  al2,  a13  §  a12  and  an  being  identical  in 
this  notation.  The  discriminant  is  then  obviously  the  sym- 
metrical determinant 

«U>     ««U     «18>     &C* 

«*n  a**  <**i  &c- 

««j  «M»  aaa»  &c- 
&c. 
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115.  Invariants.  The  discriminant  of  a  binary  quantic 
being  a  function  of  the  differences  of  the  roots  is  evidently 
unaltered  when  all  the  root3  are  increased  or  diminished  by 
the  same  quantity.  Now  the  substitution  of  x  +  \  for  x  is  a 
particular  case  of  the  general  linear  transformation,  where,  in 
a  homogeneous  function,  we  substitute  for  each  variable  a  linear 
function  of  the  variables;  as  for  example,  in  the  case  of  a 
binary  quantic  where  we  substitute  for  x,  Xx  +  yu,y,  and  for 
y,  Xx  +  fju'y.  It  will  illustrate  the  nature  of  the  enquiries  in 
which  we  shall  presently  engage  if  we  examine  the  effect  of 
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this  substitution  on  the  discriminant  of  the  binary  quadratic, 
ax*  +  2bxy  +  cy*.  When  the  variables  are  transformed,  it  be- 
comes 

a  (Xx  +  fiy)2  +  2b  [Xx  +  f*y)  [X'x  +  J^'y)  +  c  (X'x  +  fi'yf ; 

and  if  we  call  the  transformed  equation  ax2+2b'xy+c'y2i  we  have 

a'  =  aX2  +  2bXX'  +  cX"2,     c  =  afi2  4  2b  ^  +  cfjt,'2, 

V  =  a\fi  +  b  (X/n'  +  X'fjb)  +  cjtd'fi'. 

It  can  now  be  verified  without  difficulty  that 

a'c  —  b'2  =  (ac  —  b2)  (X/ju  —  X'p,)* ; 

that  is  to  say,  the  discriminant  of  the  transformed  quadratic  is 
equal  to  the  discriminant  of  the  given  quadratic  multiplied  by 
the  square  of  the  determinant  Xp  —  Vyu-,  which  is  called  the 
modulus  of  transformation. 

116.  Now,  a  corresponding  theorem  is  true  for  the  discrimi- 
nant of  any  binary  quantic.  We  can  see  a  priori  that  this 
must  be  the  case,  for  if  a  given  quantic  has  a  square  factor, 
it  will  have  a  square  factor  still  when  it  is  transformed;  so 
that  whenever  the  discriminant  of  the  given  quantic  vanishes, 
that  of  the  transformed  must  necessarily  vanish  too.  The  one 
must  therefore  contain  the  other  as  a  factor.  The  theorem 
however  can  be  formally  proved  as  follows:  Let  the  original 
quantic  be  (xyt—yx1)(xy2  —  yx2)  &c,  then  (Art.  105)  the  dis- 
criminant is  {x^-y&Y  (x^-y^f  &c. 

Now  the  linear  factor  (xyx  —  yxt)  of  the  given  quantic  be- 
comes by  transformation  yt  (XX  +  jjlY)  —  xx  (VZ+/iT),  and 
if  we  write  this  in  the  form  YXX  —  Xx  Y^  we  shall  have 
Yt  =  Xyx  —  X'xtl  Xt  =  —  fiyl  -f  jjl'x^  If  then  the  transformed 
quantic  be  written  as  the  product  of  the  linear  factors 
( YXX—  XXY)  (Y2X—  X2Y)  &c,  we  have  expressions,  as  above, 
for  F„  X1 ;  F2,  X2,  &c.  in  terms  of  jf%  xt ;  y2,  a?2,  &c.  We 
can  then,  without  difficulty,  verify  that 

( YtX2 -  Xx  Y2)  =  (Xy  -  X»  (yxx2  -  xxy2). 

It  follows  immediately  that  (YXX2-  Y2XJ  (YXX3-  Y2Xj2  &c. 
is  equal  to  (yxx2  —  x^y2)2  (yxxz  —  ysxx)2  &c.  multiplied  by  a  power 
of  Xfi'  —  X'fj,  equal  to  the  number  of  factors  in  the  expression 
for  the  discriminant  in  terms  of  the  roots.     A  corresponding 
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theorem  is  true  for  the  discriminant  of  a  quantic  in  any  number 
of  variables. 

What  I  have  called  Modern  Algebra  may  be  said  to  have 
taken  its  origin  from  a  paper  in  the  Cambridge  Mathematical 
Journal,  for  Nov.  184.1,  where  Dr.  Boole  established  the  prin- 
ciples just  stated  and  made  some  important  applications  of 
them.  Subsequently  Mr.  Cayley  proposed  to  himself  the  pro- 
blem to  determine  h  priori  what  functions  of  the  coefficients 
of  a  given  equation  possess  this  property  of  invariance;  viz. 
that  when  the  equation  is  linearly  transformed,  the  same  func- 
tion of  the  new  coefficients  is  equal  to  the  given  function 
multiplied  by  a  quantity  independent  of  the  coefficients.  The 
result  of  his  investigations  was  to  discover  that  this  property 
of  invariance  is  not  peculiar  to  discriminants  and  to  bring 
to  light  other  important  functions,  (some  of  them  involving 
the  variables  as  well  as  the  coefficients)  whose  relations  to 
the  given  equation  are  unaffected  by  linear  transformation. 
In  explaining  this  theory,  even  where,  for  brevity,  we  write 
only  three  variables,  the  reader  is  to  understand  that  the 
processes  are  all  applicable  in  exactly  the  same  way  to  any 
number  of  variables*. 

117.  We  suppose  then  that  the  variables  in  any  homo- 
geneous quantic  in  k  variables  are  transformed  by  the  sub- 
stitution 

x  =  \X+  iix  F+  vtZ+  &c, 

y  =  \X+  fi2  F+  v2Z+  &c, 

z  =  \3X+  >i3  Y+  vzZ+  &c,  &c, 

and  we  denote  by  A  the  modulus  of  transformation ;  namely, 
the  determinant,  whose  constituents  are  the  coefficients  of 
transformation,  \,  p%i  v1}  &c,  X2,  /z2,  v2,  &c,  &c. 

Now  it  is  evidently  not  possible  in  general  so  to  choose  the 
coefficients  \,  fi^  &c,  that  a  certain  given  function  aa?w  +  &c. 
shall  assume,  by  transformation,  another  given  form  a!Xn  -f  &c. 
In  fact,  if  we  make  the  substitution  in  aicn  +  &c,  and  then 
equate  coefficients,  we  obtain,  as  in  Art.  115,  a  series  of  equa- 
tions a  =  a\n  +  &c,  the  number  of  which  will  be  equal  to  the 
number  of  terms  in  the  general  function  of  the  nth  degree  in 
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k  variables.  And  to  satisfy  these  equations  w£  have  only  at 
our  disposal  the  k*  constants  \,  \a,  &c,  a  number  which  will 
in  general  be  less  than  the  number  of  equations  to  be  satisfied.* 
It  follows  then  that  when  a  function  axn  +  &c,  is  capable  of 
being  transformed  into  a'.XM  +  &c.,  there  will  be  relations  con- 
necting the  coefficients  a,  &,  &c,  a',  b\  &c.  In  fact  we  have 
only  to  eliminate  the  ¥  constants  from  any  W  + 1  of  the 
equations  a'  =  a\1"  +  &c,  and  we  obtain  a  series  of  relations 
connecting  aya\  &c.,  which  will  be  equivalent  to  as  many 
independent  relations  as  the  excess  over  #"  of  the  number  of 
equations.  Thus  in  the  case  of  a  binary  quantic,  the  number 
of  terms  in  a  homogeneous  function  of  the  nth  degree  is  n  +  1. 
If  then,  in  any  quantic  aajw+&c.,  we  substitute  for  a?,  \X+ fitY, 
and  for  y,  \X  +  /iaY9  and  if  we  then  equate  coefficients  with 
a'X*  +  &c,  we  have  n+1  equations  connecting  a,  a',  \1?  &c, 
from  which,  if  we  eliminate  the  four  quantities  \ti  \2,  /it,  ^2,  we 
get  a  system  equivalent  to  n  —  3  independent  relations  between 
a,  5,  a ,  b\  &c.  It  will  appear  in  the  sequel  that  these  relations 
can  be  thrown  into  the  form  <f>  (a,  &,  &c.)  =  <j>  (a',  Z/,  &c.) ;  or, 
in  other  words,  that  there  are  functions  of  the  coefficients 
a,  5,  &c.  which  are  equal  to'  the  same  functions  of  the  trans- 
formed coefficients.  The  process  indicated  in  this  article  is 
not  that  which  we  shall  actually  employ  in  order  to  find  such 
functions,  but  it  gives  an  a  priori  explanation  of  the  existence 
of  such  functions,  and  it  shows  what  number  of  such  functions, 
independent  of  each  other,  we  may  expect  to  find. 

118.  Any  function  of  the  coefficients  of  a  quantic  is  called 
an  invariant,  if  when  the  quantic  is  linearly  transformed,  the 
same  function  of  the  new  coefficients  is  equal  to  the  old  function 


*  The  number  of  terms  in  the  general  equation  of  the  nth  degree  homogeneous 
.  ^      .     (»  +  l)(»  +  2)...(n  +  *-l)  :■-,.  '  a-***         i 

in  Tc  variables  is    ~-= — TTZTT) '   and  xt  1S  eas^  to  see  that  the  or^ 

cases  where  this  number  is  not  greater  than  Tc1  are  first ;  when  n  =  2,  when  it  becomes 
£jfc  (k  +  1),  a  number  necessarily  less  than  F,  Jc  being  an  integer ;  and  secondly,  the 
case  k  =  %  n  =  3,  when  both  numbers  have  the  same  value  4.  That  is  to  say,  the 
only  cases  where  a  given  function  can  be  made  by  transformation  to  assume  any 
assigned  form,  are  first,  the  case  of  a  quadratic  function  in  any  number  of  variables  j 
and  secondly,  the  case  of  a  cubic  function  homogeneous  in  two  variables. 
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multiplied  by  some  power  of  the  modulus  of  transformation; 
that  is  to  say,  when  we  have 

$ [a\  b\  c,  &c.)  =  Ap<j>  (a,  &,  c,  &c.). 
Such  a  function  is  said  to  be  an  absolute  invariant  when  p  =  0 ; 
that  is  to  say,  when  the  function  is  absolutely  unaltered  by 
transformation  even  though  A  be  n^|  =1.  If  a  quantic  have 
two  ordinary  invariants,  it  is  easy  to  deduce  from  them  an 
absolute  invariant.  For  if  it  have  an  invariant  <£,  which  when 
transformed  becomes  multiplied  by  Ap,  and  another  -*/r,  which 
when  transformed  becomes  multiplied  by  A9,  then  evidently  the 
qth  power  of  <£  divided  by  the  pth  power  of  yjr  will  be  a  function 
which  will  be  absolutely  unchanged  by  transformation. 

It  follows,  from  what  has  been  just  said,  that  a  binary 
quadratic  or  cubic  can  have  no  invariant  but  the  discrimi- 
nant, which  we  saw  (Art.  116)  is  an  invariant.  For  if  there 
were  a  second,  we  could  from  the  two  deduce  a  relation 
<f>  (a,  I,  &c.)  =  (/>(«',  £',  &c).  But  we  see  from  Art.  117  that 
there  can  be  no  relation  connecting  «,  Z>,  &c.  with  a',  5',  &c, 
since,  with  the  help  of  the  four  constants  Xx,  &c.  at  our  dis- 
posal, we  can  transform  a  given  quadratic  or  cubic,  so  that  the 
coefficients  of  the  transformed  equation  may  have  any  values 
we  please.  In  the  same  manner  we  see  that  a  quantic  of  the 
second  order  in  any  number  of  variables  can  have  no  invariant 
but  the  discriminant. 

119.  In  the  same  manner  as  we  have  invariants  of  a  single 
quantic  we  may  have  invariants  of  a  system  of  quantics.  Let 
there  be  any  number  of  simultaneous  equations  axn  +  &c.  =  0, 
dx  -H  &c.  =  0,  &c,  and  if  when  the  variables  in  all  are  trans- 
formed by  the  same  substitution,  these  become  AXn  4-  &c.  =  0, 
A'Xn  +  &c.  =  0,  &c,  then  any  function  of  the  coefficients  is  an 
invariant  if  the  same  function  of  the  new  coefficients  is  equal 
to  the  old  function  multiplied  by  a  power  of  the  modulus  of 
transformation;   that  is  to  say,  if 

$  {A,  B,  A',  B\  A\  &c.)  =  A"(j>  [a,  b,  a,  b\  a",  &c.). 

The  simplest  example  of  such  invariants  is  the  case  of  a 
system  of  linear  equations.  The  determinant  of  such  a  system 
is  an  invariant  of  the  system.     This  is  evident  at  once  from 
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the  definition  of  an  invariant  and  from  the  form  in  which  the 
fundamental  theorem  for  the  multiplication  of  determinants  has 
been  stated  at  p.  18. 

If  we  are  given  an  invariant  of  a  single  quantic,  we  can 
derive  from  it  a  series  of  invariants  of  systems  of  quantics  of 
the  same  degree.  In  order  to  make  the  spirit  of  the  method 
more  clear,  we  illustrate  it  in  the  first  instance  by  a  simple 
example.  We  have  seen  (Art.  115)  that  ac  —  b2  is  an  in- 
variant of  the  quadratic  ax2  +  2bxy  -f  cz/2,  and  we  shall  now 
thence  derive  an  invariant  of  a  system  of  two  quadratics. 
*  Suppose  that  by  a  linear  transformation  ax2  +  2bxy  -f  cy2 
becomes  AX2 +  2BXY+ CY2,  and  dx2 +  2b'xy  +  dy2  becomes 
A'X2  +  2B'XY+C'Y2;  then  evidently  by  the  same  transfor- 
mation, (h  being  any  xonstant), 

(a  +  ha')  x2  +  2  (b  +  hb') xy+  (c  +  he) y2 

will  become  [A  +  kA')  X2  +  2  (B  +  hB')  XY+(C+hC)  Y2. 

Forming  then  the  invariant  of  the  last  quadratic,  we  have 
(Art.  115) 

(A  +  hA')(C+kC')-(B+hB')2  =  A:2 {{a  +  hd)  (c  +  hd)  -(b  +  hb')2}. 

But  since  h  is  arbitrary,  the  coefficients  of1  the  respective  powers 
of  h  must  be  equal  on  both  sides  of  the  equation ;  and  therefore 
we  have  not  only,  as  we  knew  before, 

{AC-  B2)  =  A2  {ac-b2),     (A'C  -  B'2)  =  A2  (dd -b'2), 

but  also        AC  +  A'C-  2Bti'  =  A2  (ad  +  a'c - 2bb') , 

an  equation  which  may  also  be  directly  verified  by  the  values 
of  Aj  J5,  &c.  given  Art.  115.  We  see  then  that  ad  +  a'c-  2bb' 
is  an  invariant. 

By  exactly  the  same  method,  if  we  have  any  invariant  of  a 
quantic  axtl+&c.)  and  if  we  want  to  form  invariants  of  the  system 
a#n  +  &c,  aV  +  &c,  we  have  only  to  substitute  in  the  given 
invariant  for  each  coefficient  a,  a  +  ha\  for  6,  b  +  hb\  &c,  and 
the  coefficient  of  every  power  of  h  in  the  result  will  be  an 
invariant.  Writing  down,  by  Taylor's  theorem,  the  result  of 
substituting  a  +  ha  for  a,  &c,  the  theorem  to  which  we  have 
been  led  may  be  stated  thus:  If  we  have  any  invariant  of 
a  quantic  axn  +  &c.)   and  if  we  perform  on   it   the  operation 

0 
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a  -j-  4-  V  -jj  +  &c,  we  get  an  invariant  of  the  system  of  two 

qualities  ax  +  &c.,  a'xn  +  &c.  "We  may  repeat  the  same  opera- 
tion and  thus  get  another  invariant  of  the  system,  or  we  may 

J  7 

operate  with  a"  -j-  +  b"  -jj  +  &c,  and  thus  get  an  invariant  of 

a  system  of  three  qualities;  and  so  on.  This  latter  process 
gives  us  the  invariants  which  we  should  find  by  substituting 
for  «,  a  +  ha  -+•  ld\  &c,  and  taking  the  coefficients  of  the  pro- 
ducts of  every  power  of  k  and  I.  In  the  same  manner  we  get 
invariants  of  a  system  of  any  number  of  quantics. 

120.  Covariants.  A  covariant  is  a  function  involving  not 
only  the  coefficients  of  a  quantic,  but  also  the  variables,  and 
such  that  when  the  quantic  is  linearly  transformed,  the  same 
function  of  the  new  variables  and  coefficients  shall  be  equal 
to  the  old  function  multiplied  by  some  power  of  the  modulus 
of  transformation  ;  that  is  to  say,  if  axn  +  &c.  when  transformed 
becomes  AXn  +  &c,  a  function  (f>  will  be  a  covariant*  if  it  is 
such  that 

</>  (j4j  B,  &c,  X,  Y,  &c.)  =  Ap(f>  (a,  5,  &c.,  #,  ?/,  &c). 

Every  invariant  of  a  covariant  is  an  invariant  of  the  original 
quantic.  This  follows  at  once  from  the  definitions.  Let  the 
quantic  be  «^n  +  &c,  and  the  covariant  a'xm  +  &o,.  which  are 
supposed  to  become  by  transformation  ^4Xw  +  &c.,  A'Xm  +  &c. 
Now  an  invariant  of  the  covariant  is  a  function  of  its  coefficients 
such  that 

<f>  (A\  B',  &c.)  -  Ap<£  (a',  b\  &c). 

But  A\  B\  &c.  by  definition  can  only  differ  by  a  power  of 
the  modulus  from  being  the  same  functions  of  A,  B,  &c.  that 
a',  b\  &c.  are  of  a,  &,  &c.     Hence  when  the  functions  are  both 


*  In  the  geometry  of  curves  and  surfaces,  all  transformations  of  coordinates  are 
effected  by  linear  substitutions.  An  invariant  of  a  ternary  or  quaternary  quantic  is 
a  function  of  the  coefficients,  whose  vanishing  expresses  some  property  of  the  curve 
or  surface  independent  of  the  axes  to  which  it  is  referred,  as,  for  instance,  that  the 
curve  or  surface  should  have  a  double  point.  A  covariant  will  denote  another  curve 
or  surface,  the  locus  of  a  point  whose  relation  to  the  given  curve  is  independent  of 
the  choice  of  axes.  Hence  the  geometrical  importance  of  the  theory  of  invariants 
and  covariants. 
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expressed  in  terms  of  the  coefficients  of  the  original  quantic  and 
its  transformed,  we  have 

yjr  [A,  B,  &c.)  =  A^Jr  (a,  b,  &a), 
or  the  function  is  an  invariant.     Similarly,  a  covariant  of  a 
covariant  is  a  covariant  of  the  original  quantic. 

121.  We  shall  in  this  and  the  next  article  establish  prin- 
ciples which  lead  to  an  important  series  of  covariants. 

If  in  any  quantic  u  we  substitute  x  +  kx  for  x,  y  +  fa/  for  y, 
&c,  where  x'y'z  are  cogredient  to  xyz,  then  the  coeffi- 
cients of  the  several  powers  of  &,  which  are  all  of  the  form 

lx  ~j--\-y'  -j-  +&c. )  w,  have  been  called  the  first,  second,  third, 

&c.  emanants*  of  the  quantic.     Now  each  of  these  emanants  is 

a  covariant  of  the  quantic.     We  evidently  get  the  same  result 

whether  in  any  quantic  we  write  x-\-kx  for  a?,  &c,  and  then 

transform  a?,  x\  &c.  by  Finear  substitutions,  or  whether  we  make 

the  substitutions  first  and  then  write  X-\-kX  for  X,  &c.     For 

plainly 

\X+  fi,  Y+  vxZ*  k  (\X'  +  ^  F  +  vxZ) 

=  \{X+  kX)  +  ^{Y+kY')+  v,  (Z+  kZ). 

If  then  u  becomes  by  transformation  £7,  we  have  proved  that 
the  result  of  writing  x  -f  kx  for  a?,  &c.  in  w,  must  be  the  same 
as  the  result  of  writing  X+kX'  for  X,  &c.  in  £7",  and  since  k 
is  indeterminate,  the  coefficients  of  k  must  be  equal  on  both 
sides  of  the  equation ;   or 

du       ,  du      p  — ,  dU     Tr,  dU     p       p 


X 


122.  If  we  regard  any  emanant  as  a  function  of  x\y\  <Scc. 
treating  a?,  y,  &c.  as  constants  /  then  any  of  its  invariants  will  be 
a  covariant  of  the  original  quantic  when  a?,  yy  <foc.  are  considered 
as  variables. 

dpu  dp  U 

We  have  iust  seen  that  x'p  -^ — H&c.  becomes  Xtp  -T^F--\-&c. 
J  dxp  dXp 

when   we   substitute    for   x\    \XX  +  fil  Y'  +  &c,    and    for   x, 

*  In  geometry  emanants  denote  the  polar  curves  or  surfaces  of  a  point  with  regard 
to  a  curve  or  surface. 
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\X  +  fitY  +  &c.      It   is    evidently   a   matter   of   indifference 

whether    the    substitutions    for    x\   &c.    and    for    a?,  &c.    are 

simultaneous    or  successive.     If  then    on  transforming  x\  &c. 

dpu 
alone,   xp  -5—  +  &c.  becomes   aX'p  -f  &c,   then  «,  &c.  will  be 

such  functions  of  #,  &c.  as  when  x,  y,  &c.  are  transformed  will 

become  -rp- ,  &c.     Now  an   invariant  of  the  given  emanant 

considered  as  a  function  only  of  x\  y\  &c.  is  by  definition  such 

a  function  of  its  coefficients  as  differs  only  by  a  power  of  the 

modulus  from   the   corresponding   function  of  the  transformed 

coefficients  a,  6,  &c.     But  since,  as  we  have  seen,  a,  &c.  become 

dpU 

Jyp  J  ^c'  wnen  xi  &c*  are  transformed,  it  follows  that  the  given 

dpu 
invariant  will  be  a  function  of  -^ — ,  &c,  which  when  x.  &c.  are 

dxp  '        '  ' 

transformed  will  differ  only  by  a  powor  of  the  modulus  from 

rJ ''  TT 
the   corresponding   function   of  -y=^ ,  &c.     It  is  therefore   by 

definition  a  covariant  of  the  quantic. 

Thus  then,  for  example,  since  we  have  proved  (Art.  115) 
that  if  the  binary  quantic  ax1  +  2bxy  -f  cy*  becomes  by  trans- 
formation AX'2  +  2BXY+CY2,  then 

AC-B*=tf(ac-V); 

it  follows  now,  by  considering  the  second  emanant  (x  -5 — Yy'  -7-  ]  u 

of  a  quantic  of  any  degree,  that 

d*U  d*U     (  d*U  V_    ,(d»u    d*u      (  d2u  V 
dJC*  *  dY*      [dXdYJ  ~      *[<&■ '  dtf       \dxdy) 

a  theorem  of  which  other  demonstrations  will  be  given. 

123.  In  general,  if  we  take  the  second  emanant  of  a  quantic 
in  any  number  of  variables,  and  form  its  discriminant,  this  will 
be  a  covariant  which  is  called  the  Hessian  of  the  quantic.  It 
was  noticed  (Art.  114)  that  the  discriminant  of  every  quadratic 
function  may  be  written  as  a  determinant.  Thus  then  if,  as 
we  have  done  elsewhere,  we  use  the  suffixes  1,  2,  &c.  to  de- 
note  differentiation    with    respect   to   x,   y,   &c.,   so   that,   for 
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example,  un  shall  denote  -7-5 ,  then  the  quadratic  emanant  is 

cue 

unx2  +  2uX2xy'  +  &c,  and  its  discriminant,  which  is  the  Hessian, 

is  the  determinant 

Ull1  Urt  M13>  &C« 
W2!>  U2*  W23>  &C* 
W31>     ^32>     W33J     &C« 


&c. 


124.    We  have  seen   (Art.  119)   that  the  determinant  of  a 
system  of  linear  equations  is  an  invariant  of  the  system.     If 
then,  given  a  system  w,  v,  w1  &c,  we  take  their  first  emanants 
xui  +#'W2  +  Z'U3 ~f~ ^c,j  ^c,j  their  determinant 
wt,   «„    m3,   &c. 

«\|       V2>       WS)      &C« 

w„  w2,  w3,  &c. 
&c. 

is  a  covariant  of  the  system.  This  is  the  determinant  already 
called  the  Jacobian  (p.  69).  The  Hessian  is  the  Jacobian  of 
the  system  of  differentials  of  a  single  quantic  uti  u^  w3,  &c. 


125.  Contravariants.  When  a  set  of  variables  a?,  y,  &c.  are 
linearly  transformed,  it  constantly  happens  that  other  variables 
connected  with  them  are  also  linearly  transformed,  but  by  a 
substitution  different  from  that  which  is  applied  to  a?,  y,  &c. 
If  the  equations  connecting  a?,  y,  z  with  the  new  variables  be 
written  as  before 

x  =  \X+pJ+vxZ,  tj  =  \X+^Y+v2Z,  z  =  \9X+^Y+y& 

then  variables  f,  77,  f  are  said  to  be  transformed  by  the  inverse 
substitution,  if  the  new  variables,  expressed  in  terms  of  the 
old,  are 

where  if  in  the  first  substitution  the  coefficients  are  the  con- 
stituents of  the  determinant  (\^2v3)  read  horizontally,  in  the 
second  they  are  the  same  constituents  read  vertically;  and 
where  if  in  the  first  substitution  the  old  variables  are  expressed 
in  terms  of  the  new,  in  the  second  the  new  are  expressed  in 


102  LINEAR  TRANSFORMATIONS. 

terms  of  the  old.  Stated  thus,  it  is  evident  that  the  relation 
between  the  two  substitutions  is  reciprocal.  Solving  for  f ,  ?;,  f 
in  terms  of  E,  H,  Z,  we  get  (Art.  28) 

where  Lt1  Mv  &c.  are  the  minors  obtained  by  striking  out  from 
the  matrix  of  the  determinant  \fi2v3  (the  modulus  of  transfor- 
mation) the  line  and  column  containing  \1?  /* ,  &c. 

Sets  of  variables  x,y,z\  £,  77,  f,  supposed  to  be  transformed 
according  to  the  different  rules  here  explained,  are  said  to  be 
contragredient  to  each  other.  In  what  follows,  variables  sup- 
posed to  be  contragredient  to  #,  y,  z  are  denoted  by  Greek 
letters,  the  letters  a,  /3,  7  being  usually  employed  in  subsequent 
lessons.  We  proceed  to  explain  two  of  the  most  important 
cases  in  which  the  inverse  substitution  is  employed. 

126.  When  a  function  of  a?,  3/,  2,  &c.  is  transformed  by 
linear  substitutions  to  a  function  of  X,  Y,  Z,  &c,  then  the 
differential  coefficients,  with  respect  to  the  new  variables,  are 
linear  functions  of  those  with  respect  to  the  old,  but  are  ex- 
pressed in  terms  of  them  by  the  inverse  substitution.  We  have 
d  d  dx  d  dy  d  dz  _ 
d X      dx  dX      dy  dX      dz  dX 

But  from  the  expressions  for  a?,  y,  &c.  in  terms  of  X,  F,  &c, 
we  have 

dx  dy  _  dz  _ 

S       "     dX"**     dX~    3* 
Hence  then         -7^ 


d 

dX~ 

-\ 

!«• 

+  &C. 

d 

dY~ 

SM, 

<* 

ft** 

<2 

*  +  * 

+  &c, 

&c. 

Similarly 

Thus  then,  according  to  the  definition  given  in  the  last  article, 

the  operating  symbols  -=-  ,  -3- ,  -=-  ,  &c.   are  contragredient  to 

a?,  3/,  a,  &c. ;  that  is  to  say,  when  the  latter  are  linearly  trans- 
formed, the  former  will  be  linearly  transformed  also,  but  accord- 
ing to  a  different  rule,  viz.  the  rule  explained  in  the  last  article. 


LINEAR  TRANSFORMATIONS.  103 

If,  as  before,  w1?  wg,  &c.  denote  the  differential  coefficients  of  u, 
and  TJX,  U2l  &c.  those  of  the  transformed  function  U,  we  have 
just  proved  that 

Consequently,  if  w1?  w2,  u3  all  vanish,  Z7X,  Cf,  Us  must  all  vanish 
likewise.  Now  we  know  that  mj7  m2,  w3  all  vanish  together  only 
when  the  discriminant  of  the  system  vanishes ;  if  then  the  dis- 
criminant of  the  original  system  vanishes,  we  see  now  that  the 
discriminant  of  the  transformed  system  must  vanish  likewise, 
and  therefore  that  the  latter  contains  the  former  as  a  factor, 
as  has  been  already  stated  (Art.  116). 

127.  In  plane  geometry,  if  x,  y,  z  be  the  trilinear  co-ordinates 
of  any  point,  and  x%  +yy  +  z£=0  be  the  equation  of  any  line, 
f,  77,  f  may  be  called  the  tangential  co-ordinates  of  that  line 
(see  Conies,  Art.  70).  Now,  if  the  equation  be  transformed  to 
any  new  system  of  axes  by  the  substitution  x  =  \X+&c,  the 
new  equation  of  the  line  becomes 

f(x,x+A.lr+v1^)+nC\XfMsr+vi^)+f(xrr+/f,F+v,^), 

so  that  if  the  new  equation  of  the  right  line  be  written 
HX+HF+ZZ=0,  we  have 

H  =  \?  +  M  +  \£  11  =  ^  +  ^  +  ^,  Z»Fjf*W+.r,{: 
In  other  words,  when  the  co-ordinates  of  a  point  are  transformed 
by  a  linear  substitution,  the  tangential  co-ordinates  of  a  line  are 
transformed  by  the  inverse  substitution.  In  like  manner,  in  the 
geometry  of  three  dimensions,  the  tangential  co-ordinates  of  any 
plane  are  contragredient  to  the  co-ordinates  of  any  point.  When 
we  transform  to  new  axes,  all  co-ordinates  xyzw,  x'y'z'w,  &c. 
expressing  different  points,  are  cogredient :  that  is  to  say,  all 
must  be  transformed  by  the  same  substitution  x  =  \lX+&c, 
x'  =  \X'  -f  &c,  &c.  But  the  tangential  co-ordinates  of  every 
plane  will  be  transformed  by  the  inverse  substitution,  which  has 
been  just  explained. 

We  shall  make  frequent  use  of  the  principle  stated  in  this 
article,  that 

*g  +yn+zt=XZ+  YR  +  ZZ, 

where  x,  y,  z  being  supposed  to  be  changed  by  the  substitution, 
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cc  =  \X+yu,1F+&c,  f,  97,  f  are  supposed  to  be  changed  by  the 
inverse  substitution  H  =  Xxf  -f  \r]  +  \3£,  &c.  In  other  words,  in 
the  case  supposed,  xg  +  yr)  +  «f  is  a  function  absolutely  unaltered 
by  transformation. 

128.  If  a  function  ape1 4  &c.  becomes  by  transformation 
-4Xn  +  &c,  then  any  function  involving  the  coefficients  and  those 
variables  which  are  supposed  to  be  transformed  by  the  inverse 
substitution,  is  said  to  be  a  contravariant  if  it  is  such  that  it 
differs  only  by  a  power  of  the  modulus  from  the  corresponding 
function  of  the  transformed  coefficients  and  variables:  that  13 
to  say,  if 

<j>(A)  By  &c.,  H,  H,  &c.)  =  Apcj>  («,  6,  &c,  f,  77,  &c). 

Such  functions  for  instance  constantly  present  themselves  in 
geometry.  If  we  have  an  equation  expressing  the  condition 
that  a  line  or  plane  should  have  to  a  given  curve  or  surface  a 
relation  independent  of  the  axes  to  which  it  is  referred ;  as,  for 
example,  the  condition  that  the  line  or  plane  should  touch  the 
curve  or  surface ;  then,  when  we  transform  to  new  axes,  it  is 
obviously  indifferent  whether  we  transform  the  given  relation 
by  substituting  for  the  old  coefficients  their  values  in  terms  of 
the  new,  or  whether  we  derive  the  condition  from  the  trans- 
formed equation  of  the  curve  by  the  same  rule  as  that  by  which 
it  was  originally  formed.  In  this  way  it  is  seen  that  such  a  con- 
dition is  of  such  a  kind  that  <£  (a,  Z>,  £,  &c.)  differs  only  by  a 
factor  from  0  (A,  B,  H,  &c). 

129.  Besides  co variants  and  contravariants  there  are  also 
functions  involving  both  sets  of  variables,  and  such  as  to  differ 
only  by  a  power  of  the  modulus  from  the  corresponding  trans- 
formed functions:  i.e.  such  that 

0  (^,  £,&c.,  X,  I^v-c.,  E,  H,&c.)  =  ^^ 

Mr.  Sylvester  uses  the  name  concomitant  as  a  general  word 
to  include  all  functions  whose  relations  to  the  quantic  are  un- 
altered by  linear  transformation,  and  he  calls  the  functions  now 
under  consideration  mixed  concomitants.  I  do  not  choose  to 
introduce  a  name  on  my  own  responsibility ;  otherwise  1  should 
be  inclined  to  call  them  divariants.     The  simplest  function  of 
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the  kind  is  x%  4  yr)  4  sf,  which  we  have  seen  (Art.  127)  is  trans- 
formed to  a  similar  functi< 
of  every  quantic  whatever. 


formed  to  a  similar  function ;    and  is  therefore  a  concomitant 


130.    If  we  are  given  any  invariant  i"  of  the  quantic 

a0xn  4  naxxn~xy  4  nbjc~xz  +  \n  (n  —  1)  a2xn~*y2  4  &c, 

we  can  deduce  from  it  a  contravariant  by  the  method  used  in 
Art.  119.  If  a0xn  +  &c.  becomes  by  transformation  A0Xn  4  &c, 
then,  since  x%  4  &c.  becomes  Xa  4  &c,  it  follows  that 

ay+&c.  +  Jc{x£  +  yv  +  zZ)n  =  A0Xn+&c.  +  k{X~+YlI  +  ZZ)\ 
Now  an  invariant  of  the  original  quantic  fulfils  the  condition 

*  (4*  A,  B0  Ac)  =  A»tf>  («0,  o„  J„  &c). 
Forming  then  the  same  invariant  of  the  new  quantic,  it  will  be 
seen  that 
$  {AQ  4  kzn,  Ax  +  ka^H,  &c.)  =  Ap<£  (o0  4  fcf ,  o,  +  ^f"1^  &c). 

Since  h  is  arbitrary  we  may  equate  the  coefficients  of  like 
powers  of  Jc  on  both  sides  of  this  equation. 

But,  by  Taylor's  theorem,  these  coefficients  are  all  of  the  form 

We  have  proved  then  that  they  differ  only  by  a  power  of  the 
modulus  from  the  corresponding  function  of  the  transformed 
equation.  They  are.  therefore  contravariants,  since  it  is  assumed 
all  along  that  f ,  77,  J  are  to  be  transformed  by  the  inverse  sub- 
stitution. Mr.  Sylvester  has  called  contravariants  formed  by  this 
rule,  first,  second,  &c.  evectants  of  the  given  invariant.     Thus 

£n  -7-  4  f1"1^  -7—  4  &c.  is  the  first  evectant.     It  is  to  be  ob- 
da0  dax 

served  that  in  the  original  quantic  the  coefficients  are  supposed 
to  be  written  with,  and  in  the  evectant  without,  binomial  coeffi- 
cients.    Comparing  this  article  with  Art.  119  we  see  that  the 

function  (■"  -= — h  &c.  may  be  considered  either  as  a  contravariant 

of  the  single  given  quantic,  or  as  an  invariant  of  the  system 
obtained  by  combining  with  the  given  quantic  the  linear  func- 
tion xt-  +  yi]  +  z%.  The  theory  of  contravariants  therefore  may 
be  included  under  that  of  invariants. 
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If  we  perform  the  operation  £M  —  +  &c.  upon  any  covariant, 

we  obtain  a  mixed  concomitant,  for  it  is  proved  in  the  same  way 
that  the  result,  which  will  evidently  be  a  function  involving 
variables  of  both  kinds,  will  be  transformed  into  a  function  of 
similar  form. 

Ex.  1.  We  know  that  ac—b2  is  an  invariant  of  ax2+2bxy+cy2 ;  hence  c£2-  2bfyi +arj2 
is  a  contra  variant  of  the  same  system. 

Ex.  2.  Similarly  abc  +  2fgh  —  af2  —  bg2  -  ch2,  being  the  discriminant,  and  therefore 
an  invariant  of  ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy, 

(be  -f2)  P  +  (co  -  g2)  v2  +  (ab  -  h2)  I2  +  2(gh-  af)  „£  +  2  (hf-  bg)  &  +  2(fg-  ch)  fr, 
is  a  contravariant  of  the  same  quantic.  Geometrically,  as  is  well  known,  it  expresses 
the  tangential  equation  of  the  conic  represented  by  the  given  quantic. 

Ex.  3.  Given  a  system  of  two  ternary  quadrics  ax2  4-  &c,  a'x1  +  &c,  then  since 

d 
a'  (be  —f2)  +  &c  is  an  invariant  of  the  system  (Art.  119) ;  operating  with  P  T"  +  &c-> 

we  find  that 

(be'  +  b'c  -  2ff)  P  +  (ca'  +  c'a  -  2gg')  v2  +  (ab'  +  a'b  -  2hh')  £2 

+  2  (gh'  +  g'h  -  af  -  a'f)  „£  +  2  (hf  +  h'f-  bg'  -  b'g)  &  +  2  (fg'  +fg  -  ch'  -  c'h)  gq 

is  a  contravariant  of  the  system.    We  might  have  equally  found  this  contravariant 

by  operating  with  a'  -j-  +  &c-  on  ^ne  contravariant  of  the  last  article.    Geometrically, 

it  expresses  the  condition  that  a  line  should  be  cut  harmonically  by  two  conies. 

131.  When  the  discriminant  of  a  quantic  vanishes,  it  has 
a  set  of  singular  roots  x'y'z'  [geometrically  the  co-ordinates  of 
the  double  point  on  the  curve  or  surface  represented  by  the 
quantic] ;  and  in  this  case  the  first  evectant  will  be  a  perfect 
nth  power  of  [x '£  -f-  y 'rj  +  z 'f) .  Since  we  have  seen  that  the 
evectant  is  a  function  unaltered  by  transformation,  it  is  sufficient 
to  see  what  it  becomes  in  any  particular  case.  Now  if  the 
discriminant  vanishes,  the  quantic  can  be  so  transformed  that 
the  new  coefficients  of  icn,  #w-1y,  xn~xz  shall  vanish;  that  is  to 
say,  so  that  the  singular  root  shall  be  y  =  0,  3  =  0,  [geome- 
trically, so  that  the  point  yz  shall  be  the  double  point].  Now 
it  was  proved  (Art.  113)  that  the  form  of  the  discriminant  is 

Evidently  then,  not  only  will  this  vanish  when  a0,  an  bt  vanish ; 
but  also  its  differentials  will  vanish  with  respect  to  every 
coefficient   except   a0.      The   evectant   then    reduces   itself   to 
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-j-   multiplied   by   the   perfect   ntil   power  £n;   which   is  what 

(x'g  +  y'y  +  z'Zy  becomes  when  y  and  z  —0,  and  x  —1.  Thus 
then,  if  the  discriminant  of  a  ternary  quadric  vanish,  the  quadric 
represents  two  lines :  the  contravariant 

(bc-f)?  +  {ca-g*)v*  +  &G. 

becomes  a  perfect  square ;  and  if  we  identify  it  with  (a?'{ -\-y'rj+z'^Y, 
we  get  xy'z  the  co-ordinates  of  the  intersection  of  the  pair  of 
lines.  If  a  quantic  have  two  sets  of  singular  roots,  all  the  first 
differentials  of  the  discriminant  vanish,  and  its  second  evectant 
becomes  a  perfect  nth  power  of 

where  xyz\  x"y"z"  are  the  two  sets  of  singular  roots.  And 
so  on. 


LESSON  XIII. 


FORMATION  OF  INVARIANTS  AND  COVARIANTS. 

132.  Having  now  shown  what  is  meant  by  invariants,  &c. 
we  go  on  to  explain  the  methods  by  which  such  functions  can 
be  formed.  Three  of  these  methods  will  be  explained  in  this 
Lesson :  and  a  fourth  in  the  next  Lesson. 

Symmetric  functions.  The  following  method  is  only  appli- 
cable to  binary  quantics.  Any  symmetric  function  of  the  diffe- 
rences of  the  roots  is  an  invariant,  provided  that  each  root  enters 
into  the  expression  the  same  number  of  times.*     It  is  evident  that 

*  If  in  the  equation  the  highest  power  of  x  is  written  with  a  coefficient  a0,  we 
have  to  divide  by  that  coefficient  in  order  to  obtain  the  expression  for  the  sum,  &c. 
of  the  roots ;  and  all  symmetric  functions  of  the  roots  are  fractions  containing  powers 
of  a0  in  the  denominator.  When  we  say  that  a  symmetric  function  of  the  roots  is 
an  invariant,  we  understand  that  it  has  been  made  integral  by  multiplying  it  by  such 
a  power  of  a0  as  will  clear  it  of  fractions ;  or,  what  comes  to  the  same  thing,  if  we 
form  the  symmetric  function  on  the  supposition  that  the  coefficient  of  xn  is  1,  that 
we  make  it  homogeneous  by  multiplying  each  term  by  whatever  power  of  a0  may 
be  necessary. 
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an  invariant  must  be  a  function  of  the  differences  of  the  roots, 
since  it  is  to  be  unaltered  when  for  x  we  substitute  x  +  \. 
Now  the  most  general  linear  transformation  is  evidently  equi- 
valent to  an  alteration  of  each  root  a  into  —, ; .     By  this 

change  the  difference  between  any  two  roots  a  —  /3,  becomes 
r-f- S,l  )n k  •     In  order  then  that  any  function  of  the 

differences  may,  when  transformed,  differ  only  by  a  factor  from 
its  former  value,  it  is  necessary  that  the  denominator  should  be 
the  same  for  every  term ;  and  therefore  the  function  must  be 
a  product  of  differences,  in  which  each  root  occurs  the  same 
number  of  times.  Thus  for  a  biquadratic,  2  (a  —  /3)2  (7  —  S)2  is 
an  invariant,  because,  when  we  transform,  all  the  terms  of 
which  the  sum  is  made  up  have  the  same  denominator.  But 
S  (a  —  /3)2  is  not  an  invariant,  the  denominator  for  the  term 
{a-j3y  being  (\'a +  /&')"  (V£  + /a')*,  and  for  the  term  (7-S)2 
being  (V7  +  p'f  {X'8  +  fju')\ 

133.    Or  perhaps  the  same  thing  may  be  more  simply  stated 

by  writing  the  equation   in  the  homogeneous  form.     We  saw 

(Art.  116)  that  if  we  change  x  into  \x-\-fiy,  y  into  X'x  -+  /i'yy 

the   quantity   xxy2  —  x2yt    becomes    (\fi  -  V/x)  (x^y2  -  sr^),   and 

consequently,  that  any  function  of  the  determinants  x^y2  —  x>iyx 

&c.  is  an  invariant.     Now  (Art.  57)  any  function  of  the  roots 

expressed  in  the  ordinary  way,  is  changed  to  the  homogeneous 

x      x 
form  by  writing  for  a,  /3,  &c.  — ,  — 2 ,  &c,  and  then  multiplying 

by  such  a  power  of  the  product  of  all  the  yh  as  will  clear  it 
of  fractions.  If  any  function  of  the  differences  in  which  all  the 
roots  do  not  equally  occur,  be  treated  in  this  way,  powers  of 
the  ?/'s  will  remain  after  the  multiplication,  and  the  function  will 
not  be  an  invariant.  Thus,  for  a  biquadratic  2  (a  -  /3)2  be- 
comes ty^y*  (^,^2  —  x$y  5  out  the  function  2  (a  —  /3)2  (7  —  S)2, 
in  the  expression  for  which  all  the  roots  occur,  becomes 
^  ix\Vi  ~~  x$\il  (^4  ~  x$z?  which  being  a  function  of  the  de- 
terminants only  is  an  invariant. 

It  is  proved  in  like  manner,  that  any  symmetric  function 
formed  of  differences  of  roots  and  differences  between  x  and 
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one  or  more  of  the  roots  is  a  covariant,  provided  that  each  root 
enters  the  same  number  of  times  into  the  expression.  Thus 
for  a  cubic  2  (a  —  /3)'2  (x  —  yf  is  a  covariant. 

134.  We  can,  by  the  method  just  explained,  form  invariants 
or  covariants  which  shall  vanish  on  the  hypothesis  of  any  system 
of  equalities  between  the  roots.  Thus,  let  it  be  required  to  form 
an  invariant  which  shall  vanish  when  any  three  roots  are  all 
equal  it  is  evident  that  every  term  must  contain  some  one 
of  the  three  differences  a  —  /3,  j3  —  7,  7  -  a ;  and  in  like  manner 
for  every  other  set  of  three  that  can  be  formed  out  of  the  roots. 
Thus,  in  a  biquadratic,  there  are  four  sets  of  three  roots :  the 
difference  a  —  /3  belongs  to  two  of  these  sets,  and  7  —  8  to  the 
other  two;  therefore  2  (a  —  fiY(y  —  S)2*  is  an  invariant  which 
will  vanish  if  any  set  of  three  roots  are  all  equal.  In  like 
manner  for  a  quintic,  there  are  ten  sets  of  three :  a  —  j3  belongs 
to  three  sets,  7  —  8  to  three  other  sets ;  the  remaining  sets  are 
CC7S,  aSs,  /87s,  /3Ss,  two  of  which  contain  7-6,  and  the  other 
two  8  -  e.  The  function  then  2  (a  -  /3)4  (7  -  8)2  (8  -  e)2  (7  -  e)2  is 
an  invariant  which  will  vanish  if  any  set  of  three  roots  are 
all  equal.  This  invariant  (Arts.  53,  54)  is  of  the  fourth  order 
and  its  weight  is  10. 

So,  again,  if  we  wish  to  form  a  covariant  of  a  biquadratic 
which  shall  vanish  when  two  distinct  pairs  of  roots  are  equal; 
the  expression  must  contain  a  difference  from  each  of  the  pairs 
a-/3,  7  —  8;  a  —  7,  /3  —  8,  a  —  S,  ft  —  7.     Such  an  expression 

would  be 

2(a-/3)2(/3-7)2(7-a)2(*-.S)4, 

or  2  {a -13)  (a -7)  (a  -8)  (x-  ft)2  {x - 7)2  (x -  8)% 

which  are  covariants  of  the  fourth  and  sixth  degrees  respectively 
in  the  variables ;  and  of  the  fourth  and  third  in  the  coefficients, 
and  every  term  of  which  vanishes  when  two  distinct  pairs  of 
roots  are  equal. 

135.  Mutual  differentiation  of  covariants  and  contravariants. 
When  we  say  that  (j>  (a,  5,  £,  97,  &c.)  is  a  contra  variant,  f,  77,  &c. 
may  be  any  quantities  which  are  supposed  to  be  transformed  by 

*  2  (a  —  (3)  (y  —  <$)  would  vanish  identically. 
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the  reciprocal  substitution.     Now  we  have  shown  (Art.*  126) 

that  the  differential  symbols  -=-  ,  -=- ,  &c.   are    so    transformed. 

We  may,  therefore,  in  any  contravariant  substitute  these  diffe- 
rential symbols  for  f,  ?;,  &c,  and  we  shall  obtain  an  operating 
symbol  unaltered  by  transformation,  and  which,  therefore,  if 
applied  either  to  the  quantic  itself  or  to  any  of  its  covariants, 
will  give  a  covariant  if  any  of  the  variables  remain  after  diffe- 
rentiation ;  and  if  not,  an  invariant.  Similarly,  if  applied  to  a 
mixed  concomitant,  it  will  give  either  a  contravariant  or  a  new 
mixed  concomitant,  according  as  the  variables  are  or  are  not 
removed  by  differentiation.  Or  again,  in  any  contravariant  in- 
stead of  substituting  for  f ,  77,  &c,  •=-  ,  -7-  ,  &c.  and  so  obtaining 

dU    dU      , 
an  operating  symbol,  we  may  substitute  ■■=-  ,  -=— ,  where  U  is 

either  the  quantic  itself  or  any  of  its  covariants,  and  so  obtain 
a  new  covariant.  The  relation  between  the  sets  of  variables 
x,  y,  0,  &c,  f ,  ??,  f,  &c.  being  reciprocal,  we  may,  in  like  manner, 

substitute  in  any  covariant,  for  x,  y,  2,  &c,  -j*  j  j~  1  jvj  &c«> 

when  we  get  an  operative  symbol  which  when  applied  to  any 
contravariant  will  give  either  a  new  contravariant  or  an  in- 
variant. 

Thus  then,  if  we  are  given  any  covariant  and  contravariant, 
by  substituting  in  one  of  them,  differential  symbols  and  operating 
on  the  other  we  obtain  a  new  contravariant  or  covariant ;  which 
again  may  be  combined  with  one  of  the  two  given  at  first,  so 
as  to  generate  another ;  and  so  on. 

136.   In  the  case  of  a  binary  quantic  this  method  may  be 

stated  more  simply.      The  formulae  for  direct  transformation 

being 

x  =  \lX^tilY1    y  =  \X  +  fi2Y, 

those  for  the  reciprocal  transformation  are  (Art.  125) 

H  =  \f  +  \v,     H  =  fig  +  /V7> 
whence  A  f  =  pfi  -  X2H,     A 77  =  -  ^H  +  X,H, 

which  may  be  written 

Aij-\H+M-S)s     M-f)«\H+/»,(-S). 
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Thus  we  see  that,  with  the  exception  of  the  constant  factor 
A ,  7}  and  —  f  are  transformed  by  exactly  the  same  rules  as 
x  and  y ;  and  it  may  be  said  that  y  and  —  x  are  contragredient 
to  x  and  y.  Thus  then  in  binary  quantics,  covariants  and 
contravariants  are  not  essentially  distinct,  and  we  have  only  in 
any  covariant  to  write  r\  and  —  f  for  x  and  y  when  we  have 
a  contravariant ;  or  vice  versa.  In  fact,  suppose  that  by  trans- 
formation any  homogeneous  function  whatever  <f>  (a?,  y)  becomes 
4>  (X,  Y) ;    the   formulae  just   given  show  that  <f>  (77,  —  f )  will 

become  —  4>  (H,  —  H),  where  p  is  the  degree  of  the  function  in 

x  and  y.  If  then  (j>  (a?,  y)  is  a  covariant ;  that  is  to  say,  a 
function  which  becomes  by  transformation  one  differing  only  by 
a  power  of  A  from  a  function  of  like  form  in  X  and  F;  evidently 
<f>  (77,  —  f )  will  by  transformation  become  one  differing  only  by 
a  power  of  A  from  one  of  like  form  in  H  and  H ;  that  is  to  say, 
it  will  be  a  contravariant.  For  example,  the  contravariant, 
noticed  (Art.  130,  Ex.  1),  eg2  -  2b%7)  +  ar)'\  by  the  substitution 
just  mentioned,  becomes  the  original  quantic. 

Instead  then  of  saying  that  the  differential  symbols  are 
contragredient  to  x  and  ?/,  we  may  say  that  they  are  cogredient 
to  y  and  —  x ;  and  if  either  in  the  quantic  itself  or  any  of  its 

covariants  we  write  v  ,  —  -j-  for  a;  and  y,  we  get  a  differential 

symbol  which  may  be  used  to  generate  new  covariants  in  the 
manner  explained  in  the  last  article.      Or  we  may  substitute 

■j-  ,  —  -j-    for  x  and   ?/,  and   so  get   a  new   covariant.      The 

following  examples  will  sufficiently  illustrate  this  method: 

Ex.  1.   To  find  an  invariant  of  a  quadratic,  or  of  a  system  of  two  quadratics. 
Suppose  that  by  transformation  ax2  +  2bxy  +  cy2  becomes  AX2  +  2BXY  +  CY2,  then 

since  we  have  seen  that  Ay,  -At  are  transformed  by  the  same  rules  as  x  and  y, 
it  follows  that  the  operative  symbol 

2b -j—y  +  c  — )  becomes  by  transformation  [A  -rr—,  —  2B  ■  ■     „,+  C -z —  1  . 
dy2  dxdy        dx2)  J  \     dY2  dXdY         dX2J 

If  then  we  operate  on  the  given  quadratic  itself,  we  get 

4A2(ac-  h2)=±-(AC~B2), 
which  shows  that  ac  —  b2  is  an  invariant ;  or  if  we  operate  on  a'x2  +  2b' xy  +  c'y2  and 
its  transformed,  we- get 

2 A2  (ac'  +  ca!  -  2bb')  =  2  {AC  +  CA'  -  2BB'), 


\    dy 
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which  shows  that  ac'  +  ca'  —  2bb'  is  an  invariant.    We  might  also  infer  that 

a  (bx  +  cy)2  —  2b  (bx  +  cy)  {ax  +  by)  +  c  (ax  +  by)2 
is  a  covariant ;  but  this  is  only  the  quantic  itself  multiplied  by  ac  —  b2, 

Ex.  2.  Every  binary  quantic  of  even  degree  has  an  invariant  of  the  second  order  in  the 
coefficients.  We  have  only  to  substitute,  as  just  explained,  ~r  t  ~  ~j~  for  x  and  y,  and 
operate  on  the  quantic  itself.  Thus  for  the  quartic  (a,  b,  c,  d,  eftx,  y)*,  we  find  that 
ae  —  4bd  +  3c2  is  an  invariant;  or  for  the  general  quantic  (a0,  ax...an-x,  a^fcx, y)n, 
we  find  that  a0an  —  naxan-x  +  \n(n  —  1)  a2an-2  —  &c.  is  an  Invariant ;  where  the  coeffi- 
cients are  those  of  the  binomial,  but  the  middle  term  is  divided  by  two. 

If  we  apply  this  method  to  a  quantic  of  odd  degree ;  as,  for  example,  if  we  operate 

on  the  cubic  ax*  +  3bx2y  +  3cxy2  +  dy',  with  d  -^  -  3c  ^-  +  3b  ^-2  -  a  ^ ,  it 

will  be  found  that  the  result  vanishes  identically.  We  thus  find  however  that  a 
system  of  two  cubics  has  the  invariant  (ad'  —  a'd)  —  3  (be'  —  b'c).  Or,  in  general,  that 
a  system  of  two  quantics  of  odd  degree,  a0xn  +  &c,  b0xn  +  &c,  has  the  invariant 

(a0bn  -  anb0)  -  n  {alb„r.l  -  a-n-^)  +^n(n-  1)  (a2Jn_2  -  an^b2)  -  &c, 

which  vanishes  when  the  two  quantics  are  identical. 

137.  When,  by  the  method  just  explained,  we  have  found 
an  invariant  of  a  quantic  of  any  degree,  we  have  immediately 
by  the  method  of  Art.  122,  a  covariant  of  any  quantic  of  higher 
degree.  Thus  knowing  that  ac  —  ff  is  an  invariant  of  a  quad- 
ratic, by  forming  that  invariant  of  the  quadratic  emanant  of 

,       d%  d2u       (  d*u  \2  . 
any  quantic,  we   learn  that  -^  -y-j  —  I  -j — y  1    is  a  covariant 

of  any  quantic  above  the  second  degree.  In  like  manner,  from 
the  invariant  of  a  quartic  ae  —  kbd  +  3c'2,  we  infer  that  for  every 
quantic  above  the  fourth  degree, 

d*u  dAu  d*u       d*u  f   dAu   \* 

dx*  dy*         dx*dy  dxdys  \dx2dy2J 

is  a  covariant,  &c.  In  this  way  we  see  that  a  quantic  in 
general  has  a  series  of  covariants,  of  the  second  order  in  the 
coefficients,  and  of  the  orders  2(n  —  2),  2(n  —  4),  2(w  — 6),  &c. 
in  the  variables.  These  covariants  may  be  combined  with  the 
original  quantic  and  with  each  other,  so  as  to  lead  to  new  co- 
variants  or  invariants. 

Ex.  1.  A  quai-tic  has  an  invariant  of  the  third  order  in  the  coefficients.  We  know 
that  its  Hessian 

(ax2  +  2bxy  +  cy2)  (ex2  +  2dxy  +  ey2)  -  (bx2  +  2cxy  +  dy2)2, 
or  (ac  -  b2)  x*  +  2  {ad  -  be)  x*y  +  (ae  +  2bd  -  3c2)  x2y2  +  2  (be-  cd)  xy3  +  (ce  -  d2)  y4, 
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is  a  covariant.  Operate  on  this  with  (a,  b,  c,  d,  e^f  T" ,  —  -g  J  ;  and  we  get  seventy- 
two  times 

ace  +  2bcd  -ad2-  eb2  -  c3, 

which  is  therefore  an  invariant. 

Ex.  2.  Every  quantic  of  odd  degree  has  an  invariant  of  the  fourth  order  in  the 

coefficients.    The  quantic  has  a  quadratic  covariant  --.  )t-1-  ■ ,  nz{  —  &c.  of  the  second 

order  in  the  coefficients ;  and  the  discriminant  of  this  quadratic  will  be  an  invariant 
of  the  original  qiiantic  (Art.  120)  and  will  be  of  the  fourth  order  in  its  coefficients. 
In  fact,  it  is  proved  in  this  way  that  every  quantic  has  an  invariant  of  the  fourth 
order;  for  if  we  take  any  of  the  covariants  of  this  article  which  are  all  of  even 
degree,  its  invariant  of  the  second  order  will  be  of  the  fourth  in  the  coefficients  of 
the  original  quantic.  But  when  the  quantic  is  of  even  degree,  it  may  happen  that 
the  invariant  so  found  is  only  the  square  of  its  invariant  of  the  second  order. 

Ex.  3.  To  form  the  invariant  of  the  fourth  order  for  a  cubic. 

Its  Hessian  is  (ax  +  by)  (ex  +  dy)  —  (bx  +  cy)2  ; 

or  (ac  -  b2)  x2  +  (ad  -  be)  xy  +  (bd  -  c2)  y2. 

Hence  (ad  -  be)2  -  4  (ac  -  b2)  (bd  -  c2) 

is  an  invariant  of  the  cubic.    In  fact,  it  is  its  discriminant 

a2d?  +  4mc3  +  4tdb3  -  Bb2c2  -  Gabcd. 

138.  From  any  invariant  of  a  binary  quantic  we  can  gene- 
rate a  covariant.     For  from  it   we  can   form    (Art.  130)   the 

evectant   contravariant   |? n  -% — H  &c. ;   and   then  in  this  substi- 

tuting  y<)—x  for  £  and  77,  we  have  a  covariant.  For  example, 
from  the  discriminant  of  a  cubic  which  has  been  just  written 
we  form  the  evectant 

f  {ad2  -  Sbcd  +  2c3)  -  3?V  (acd  +  he2  -  2b*d) 

- Z£rf  (abd+b2c - 2ac2)  +  tf  (a*d-  Babe  +  2b5), 

whence  we  infer  that  the  cubic  has  the  cubic  covariant 

(a?d-3abc+2b\  abd+b*c-2ac\  2b2d-acd-bc\  Bbcd-adi-2cr§x,yf. 

139.  The  differential  equation. — If  n  be  the  order  of  any 
binary  quantic,  6  the  order  in  the  coefficients  of  any  of  its  in- 
variants;  then  the  weight  (see  Art.  52)  of  every  term  in  the 
invariant  is  constant  and  =  \nd.  If  we  alter  x  into  \x,  leaving 
y  unchanged;  then  since  this  is  a  linear  transformation,  the 
invariant  must,  by  definition,  remain  unaltered,  except  that  it 
may  be  multiplied  by  a  power  of  X  which  is  in  this  case  the 
modulus  of  transformation.*   It  is  proved  then  precisely  as  in 

Q 
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Art.  53  that  the  weight,  or  sum  of  the  suffixes  in  every  term 
is  constant. 

Again,  the  invariant  must  remain  unaltered,  if  we  change 
x  into  ?/,  and  y  into  a?,  a  linear  transformation,  the  modulus  of 
which  is  —  1.  The  effect  of  this  substitution  is  the  same  as  if 
for  every  coefficient  aa  we  substitute  an_a.  Hence  the  sum  of 
a  number  of  suffixes 

a  +  ft  +  7  +  &c.  m  (n  —  a)  +  (n  —  j3)  +  (n  —  7)  +  &c, 

whence  2  (a  +  /3  +  y  +  &c.)  =  nd.     q.e.d. 

COR.  n  and  6  cannot  both  be  odd  since  their  product  is  an 
even  number;  or,  a  binary  quantic  of  odd  degree  cannot  have 
an  invariant  of  odd  order. 

140.  The  principle  just  established  enables  us  to  write  down 
immediately  the  literal  part  of  any  invariant  whose  order  is 
given.  For  the  order  being  given,  the  weight  is  given  also. 
Thus  if  it  were  required  to  form  for  a  quartic  an  invariant  of 
the  third  order  in  the  coefficients,  the  weight  must  be  6,  and 
the  terms  of  the  invariant  must  be 

Aa^a^  +  Ba^a^  +  Ca3a3a0  +  Basa2at  +  Ea^a^ 

where  the  coefficients  A,  B,  &c.  remain  to  be  determined.  The 
reader  will  observe  that  there  are  as  many  terms  in  this  in- 
variant as  the  ways  in  which  the  number  6  can  be  expressed 
as  the  sum  of  three  numbers  from  0  to  4  inclusive ;  and  gene- 
rally that  there  may  be  as  many  terms  in  any  invariant  as  the 
ways  in  which  its  weight  \n0  can  be  expressed  as  the  sum  of 
0  numbers  from  0  to  n  inclusive. 

We  determine  the  coefficients  from  the  consideration  that 
since  an  invariant  is  to  be  unaltered  by  the  substitution  either 
of  x  +  X  for  x,  or  y  -\-  \  for  3/,  evidently,  as  in  Art.  58,  every 
invariant  must  satisfy  the  two  differential  equations 

dl     n     dl     0     dl     M        A  dl     ,      ^      dl     s        A 

a.-y-  +2at-y-  +  3a„-7—  +  &c.=0,   na.  -7-+  (n-l)a2-j-  +&c.  =  0, 
°dat         lda2         2da3  ?         d%  "ai 

it  being  supposed  that  the  original  equation  has  been  written 
with  binomial  coefficients.  In  practice  only  one  of  these  equa- 
tions need  be  used ;  for  the  second  is  derived  from  the  first  by 
changing  each  coefficient  aa  into  an_a.     It  is  sufficient  then  to 
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use  one  of  the  equations,  provided  we  take  care  that  the  func- 
tion we  form  is  symmetrical  with  regard  to  x  and  y\  that  is 
to  say,  which  does  not  change  (or  at  most  changes  sign)*  when 
we  change  aa  into  an_a.  And  this  condition  will  always  be 
fulfilled  if  we  take  care  that  the  weight  of  the  invariant  is 
that  which  has  been  just  assigned.  Thus  then,  in  the  example 
chosen  for  an  illustration,  if  we  operate  on  Aa4a2aQ  -f  &c.  with 

a°d^  +  &C">  Weget 

(2B  +  2  A)  aAaxaQ  +  (D  +  6  C  +  4A)  a3a2aQ 

+  (2D  +  45)  apAax  +  (GE+  3D)  qoyo,  =  0, 

whence  if  we  take  -4  =  1,  the  other  coefficients  are  found  to  be 
B  =  —  1,2)  =  2,  C=  —  1,  E=—  1,  and  the  invariant  is 

141.  In  seeking  to  determine  an  invariant  of  given  order 
by  the  method  just  explained,  we  have  a  certain  number  of 
unknown  coefficients  A,  2?,  (7,  &c.  to  determine,  and  we  do  so 
by  the  help  of  a  certain  number  of  conditions  formed  by  means 
of  the  differential  equation.  Now  evidently  if  the  number  of 
these  conditions  were  greater  than  the  number  of  unknown 
coefficients,  the  formation  of  the  invariant  would  in  general 
be  impossible ;  if  they  were  equal  we  could  form  one  invariant ; 
if  the  number  of  conditions  were  less,  we  could  form  more 
than  one  invariant  of  the  given  order.  We  have  just  seen 
that  the  number  of  terms  in  the  invariant,  which  is  one  more 
than  the  number  of  unknown  coefficients,  is  equal  to  the  number 
of  ways  in  which  its  weight  \nQ  can  be  written,  as  the  sum 
of  6  numbers,  none  being  greater  than  n.     But  the  effect  of 

the  operation  a0  -j-  +  &c.  is  evidently  to  diminish  the  weight 

by  one ;  the  number  of  conditions  to  be  fulfilled  is  therefore 
equal  to  the  number  of  ways  in  which  ±nd—l  can  be  expressed 


*  When  we  change  x  into  y  and  y  into  x  this  is  a  transformation  whose  modulus 
is  I  0,  1  |  or  —  1.    Any  invariant  therefore  which  when  transformed  becomes  mul- 

I  1,  0  I 
tiplied  by  an  odd  power  of  the  modulus  of  transformation  will  change  sign  when  we 
interchange  x  and  y.    Such  invariants  are  called  skew  invariants. 
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as  the  sum  of  6  numbers,  none  exceeding  n.  Thus,  in  the 
example  of  Art.  140,  the  number  of  conditions  used  to  deter- 
mine A,  B)  &c.  was  equal   to  the  number  of  ways  in  which 

5  can  be  expressed  as  the  sum  of  three  numbers  from  0  to  4 
inclusive.  To  find  then  generally  whether  an  invariant  of  a 
binary  quantic  of  the  order  6  can  be  formed,  and  whether 
there  can  be  more  than  one,  we  must  compare  the  number 
of  ways  in  which  the  numbers  \nQ,  \nQ  —  \  can  be  expressed 
as  the  sum  of  6  numbers  from  0  to  n  inclusive.  On  this  prin- 
ciple is  founded  Mr.  Cayley's  investigation  of  the  number  of 
invariants  of  a  binary  quantic,  of  which  we  give  an  account 
in  an  Appendix. 

142.  Similar  reasoning  applies  to  covariants.  A  covariant, 
like  the  original  quantic,  must  remain  unaltered,  when  we 
change  x  into  px,  and  at  the  same  time  every  coefficient  aa 
into  p*aa.  If  then  the  coefficient  of  any  power  of  a?,  xf-  in 
the  covariant  be  aa&/3Cr,  &c.  it  is  obvious,  as  before,  that 
/j,  4-  a  +  j3  +  &c.  must  be  constant  for  every  term  ;  and  we  may 
call  this  number  the  weight  of  the  covariant. 

Again,  in  order  that  the  covariant  may  not  change  when 
we  alter  x  into  y  and  y  into  a?,  we  must  have 

fi  4  a  +  0  +  7  +  &c.  =  [jP  -  fO  +  {n  ~  «)  +  [n  -  fi)  +  &c, 

where  j>  is  the  degree  of  the  covariant  in  x  and  y ;  whence  if 

6  be  the  order  of  the  covariant  in  the  coefficients,  we  have 
immediately  its  weight  =J(w0+_p).  Thus  if  it  were  required 
to  form  a  quadratic  covariant  to  a  cubic,  of  the  second  order 
in  the  coefficients,  w  =  3,  0=£>  =  2,  and  the  weight  is  4.  We 
have  then  for  the  terms  multiplying  a?2,  a  +  /3  =  2  and  these 
terms  must  be  a2a0  and  axax.  In  like  manner  the  terms  mul- 
tiplying xy  must  be  a3a0,  atjx^  and  those  multiplying  y*  must 
be  a3aj,  a2ar  In  this  manner  we  can  determine  the  literal  part 
of  a  covariant  of  any  order.  The  coefficients  are  determined 
as  follows: 

143.  From  the  definition  of  a  covariant  it  follows  that  we 
must  get  the  same  result  whether  in  it  we  change  x  into  x  +  Xy, 
or  whether  we  make  the  same  change  in  the  original  quantic 
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and  then  form  the  covariant.  But  this  change  jn  the  original 
quantic  is  equivalent  (Art.  58)  to  changing  ax  into  ax  4  Xa0, 
a2  into  a2  +  2at\  +  a0\a,  &c.  Hence  in  the  covariant  also  the 
change  of  x  to  x  +  \y  must  be  equivalent  to  changing  ax  into 
ai  +  ^aoi  &0,     -ket  tne  covariant  then  be 

A0af  +pAxaTxy  +  \p{p-l)  Ajt*tf  +  &c. 

Let  us  express  that  these  two  alterations  are  equivalent,  and 
let  us  confine  our  attention  to  the  terms  multiplying  X.     Then 

if,  as  in  Art.  60,  we  use   the  abbreviation   -^  to  denote  the 

d-       ~      i       o 
operation  a0  -j-  +  2a ,  -5 — h  &c,  we  get 

f =°>  f -^  f =^>&0-  ^=^-^-  |3fc*W 

In   like   manner,   writing   -y-    for   na,  -j-  +  (w  -  1)  a  -^-  +  &c. 
0    rf?7  x  daQ     K         J    2  ^  ' 

we  have 

Thus  we  see  that  when  we  have  determined  A0  so  as  to  satisfy 

dA 

the  equation  -~  —  0 ;   in  other  words,  when  A0  is  a  function 

of  the  differences  of  the  roots  of  the  quantic  (Art.  58),  all  the 
other  terms  of  the  covariant  are  known.  The  covariant  is 
in  fact 

It  will  be  observed  that  the  weight  of  the  covariant  being 
\{n6  +  p)  the  weight  of  the  term  A0  is  \{n6—p)]  since  the 
weight  of  A0  together  with  p  makes  up  the  weight  of  the 
covariant.  This  term  A0,  whence  all  the  other  terms  are  de- 
rived, is  called  by  Mr.  M.  Roberts  the  source  of  the  covariant. 
He  observes  also  that  the  source  of  the  product  of  two  cova- 
riants  is  the  product  of  their  sources.  For  if  we  multiply  the 
covariant  last  written  by 

t>   * '   dBa    q_x       d2Bn  x  "V     p 
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we  get,  as  may  be  easily  seen, 

drj  *  dvf  1.2 

Hence  if  we  know  any  relation  connecting  any  functions  of  the 
differences  A0,  BQl  (?0,  &c.  the  same  relation  will  connect  the 
covariants  derived  from  these  functions. 

Ex.  1.  To  find  the  quadratic  covariant  of  a  cubic.    We  have  seen  (Art.  142)  that 

d       „       d 
A0  is  of  the  form  a2aQ  +  Baxav      Operate  on  this  with  a0  -a — 1-  2ax  -j— ,   and  we 

get  (2  +  22?)  a0ax  =  0,   whence  2?  =  —  1  and  A0  =  a2a0  —  a^.      Operate  then  with 

d  d  d 

3a*  da  +  2a>2  da  +  a*  da  '  and  we  have  2Al  =  aza°  ~  a*ai'    ®Ve™te  with  the  same 
on  At,  and  we  have  A2  =  axa3  —  a2a2.    The  covariant  therefore  is 
(a2a0  -  a^O  x*  +  (a0a3  -  a2ax)  xy  +  (axa3  -  a^)  y2. 

Ex.  2.  To  find  a  cubic  covariant  of  a  cubic  of  the  third  order  in  the  coefficients. 
Here  n  —  3,  6  =  3,  \  (nd  +  p)  =  6.  The  sum  then  of  the  suffixes  of  the  coefficient 
of  x3  will  be  3 ;  and  this  coefficient  must  be  of  the  form  Aa3a0aQ  +  2?a2a1rc0  +  Ca^a^ 

Operate  with  a0  - — h  2ax  - — h  3a2  -p  ,  and  we  get 

(3.4  +  B)  a2aQa0  +  (22?  +  3C)  a^a^, 

whence  if  we  take  A  —  1,  we  have  2?  =  —  3,  C—2,  or  A0  =  a3a0a0  —  Sa^a,,  +  2alalal. 

Operate  on  this  three  times  successively  with  3a,  - — \-  2a„  -= ho,—,  and  we  have 

r  da0  dax         3  da2 ' 

the  remaining  coefficients  and  the  covariant  is  (see  Art.  138) 
(a3a0a0  —  3a2aja0  +  2a1a1a1)  x3  +  3  (a^^  —  2a2a2a0  +  a^aj  x<ly 

+  3  (2a3ala1  —  a2a2ax  —  a3a2a0)  xy2  +  (3a3«2a1  —  2a2a2a2  —  a3a3a0)  y3. 

144.  We  have  seen  that  a  quantic  has  as  many  covariants 
of  the  degree  p  in  the  variables  and  of  the  order  6  in  the  co- 
efficients, as  functions  AQ  whose  weight  is  %(n0—p)  can  be 

dA 
found  to  satisfy  the  equation  -^  =  0.     And,  as  in  Art.  141,  we 

see  that  this  number  is  equal  to  the  difference  of  the  ways  in 
which  the  numbers  \{n6  —  p)  and  ^(nd  —  p)  —  1  can  be  expressed 
as  the  sum  of  0  numbers  from  0  to  n  inclusive.  It  may  be  re- 
marked that  p  cannot  be  odd  unless  both  n  and  6  are  odd. 
Hence  only  qualities  of  odd  degree  can  have  covariants  of  odd 
degree  in  the  coefficients,  and  these  must  also  be  of  odd  degree 
in  the  variables. 

145.  The  results  arrived  at  (Art.  143)  may  be  stated  a  little 
differently.      The  operation  y  -7-  performed  on  any  quantic  is 
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equivalent  to  a  certain  operation  performed  by  differentia- 
ting with  respect  to  the  coefficients.  Thus,  for  the  quantic 
(a0,  at,  a2  ..-X^i  vYi  we  get  tne  same  result  whether  we  operate 

on  it  with  y  -j  or  with  aQ-j — 1-2^1 — h  &c.  This  latter  opera- 
tion then  may  be  written  \y  ■=-  ;  and  the  property  already 
proved  for  a  covariant  may  be  written  that  we  have  for  it 
y  ~T  ~~  \y  T  =  ®'  "^n  otner  wora<s,  that  we  get  the  same 
result  whether  we  operate  on  the  covariant  with  y-j-  or  with 

aQ  -j — [-2^-j-  +  &c.     In  his  Memoirs  on  Quantics,  Mr.  Cayley 

has  started  with  this  property  as  his  definition  of  a  covariant ; 
a  definition  which  includes  invariants  also,  since  for  them  we 

have  y  -7-  =  0,  and  therefore  also  \y  -j-    =  0. 

146.    It  can  be  proved,  in  like  manner,  that  quantics  in  any 
number  of  variables  satisfy  differential  equations  which  may  be 

\z  j-     ,   &c.      Thus,   for  the 

quantic  (a,  &,  c,/,  #,  h~]j[x,  y,  z)2,  we  have 

d  d         d.d  d  d      7  d      ^    d 

and  every  covariant  must  satisfy  these  two  equations.  While 
every  invariant  must  satisfy  the  two  equations 

dl       dl     „ndl     m         dl     ,dl     „    dl 


d 
written  y-j 


'    d' 


>    Zdx 


a 


dl+Zctf+2hdb  =  0>     adg+ldf+i9dc=^ 


as  may  easily  be  proved  from  the  consideration  that  the  invariant 
remains  unaltered  if  we  substitute  for  #,  x  +  \y  or  x  +  fiz. 
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LESSON  XIV. 


SYMBOLICAL  REPRESENTATION  OF  INVARIANTS  AND  COVARIANTS. 

147.  It  remains  to  explain  a  fourth  method  of  finding  in- 
variants and  co variants,  given  by  Mr.  Cayley  in  1846  [Cambridge 
and  Dublin  Mathematical  Journal^  vol.  L,  p.  104,  and  Crelle^ 
vol.  xxx.) ;  which  not  only  enables  us  to  arrive  at  such  functions, 
but  also  affords  the  basis  of  a  regular  calculus  by  means  of  which 
they  may  be  compared  and  identified. 

Let  xx,  yx ;  a?2,  y2  be  any  two  cogredient  sets  of  variables ;  then 

it  has  been  proved  (Arts.  126, 116, 135)  that  j-,j-,  3—  ,  -=-  are 

axx    dyx    dx2    dy2 

transformed  by  the  reciprocal  substitution ;  that   7—  -^ , — =— 

«M%  oxtdyx 
is  an  invariant  symbol  of  operation ;  and  that  if  we  operate 
with  any  power  of  this  symbol  on  any  function  of  xxJ  y^  a?2,  y2j 
we  shall  obtain  a  covariant  of  that  function.     We  shall  use  for 

-y-  -r. -Y~  -=—  the  abbreviation  12. 

dxt  dy2      dxu  dyt 

Suppose  now  that  we  are  given  any  two  binary  quantics 

U,  Vj  we  can  at  once  form  covariants  of  this  system  of  two 

quantics.     For  we  have  only  to  write  the  variables  in  U  with 

the  suffix  (1),  those  in  V  with  the  suffix  (2),  and  then  operate 

on  the  product  UV  with  any  power  of  the  symbol  12 ;  when  the 

result  must  be  an  invariant  or  covariant.     Thus  if 

U=  ax* 4  2bxxyx  +  cy* ;    F=  a'x*  +  2 b'x2y2  +  c'y2% 

and   if   we   operate   on    UV  with  122,  which,  written  at  full 

length,  is 

J?_d?_        a*     a*  d?          d* 

dx*  dy*      dx*  dyx*  dxxdyx  dx2dy2 ' 

the  result  is  ac  4-  ca  —  2bb\  which  is  thus  proved  to  be  an  inva- 
riant of  the  system  of  equations.  In  general,  it  is  obvious  that 
the  differentials  marked  with  the  suffix  (1)  only  apply  to  Z7,  and 
those  with  the  suffix  (2)  only  to  F;  and  it  is  unnecessary  to 
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retain  the  suffixes  after  differentiation;*  so  that  122  applied  to 
two  quantics  of  any  degree  gives  the  covariant 

d*Ud*V     d*Ud*V     ft  d'U    d*V 

i 2 ■ 

dx*    dy1       dy1    dx2  dxdy  dxdy ' 

If  we  had  operated  simply  with   12  we  should  have  obtained 

'       T      ,.      dUdV     dUdV      ... 

the  Jacobian  -r-  ~5 r-  ~i~  *  which  we  saw,  Art.  124,  was 

dx  dy       dy  dx1  1  1 

a  covariant  of  the  system  of  quantics. 

Similarly  the  symbol  123  applied  to  two  cubics  gives  the 
invariant 

{ad!  —  ad)  —  3  (he  - b'c\ 

or  to  any  two  quantics  gives  the  covariant 

d3Ud3V         d3U    d3V  d3U    dsV       d3Ud3V9 

dx3    dy3  dx*dy  dxdy*         dxdy2,  dx2dy       dy*    dx3  ' 

and  so  in  like  manner  for  the  other  powers  of  12. 

148.  We  can  by  this  method  obtain  also  invariants  or  co- 
variants  of  a  single  function  Z7.  It  is,  in  fact,  only  necessary  to 
suppose  in  the  last  article  the  quantics  U  and  V  to  be  identical. 
Thus,  for  instance,  in  the  example  of  the  two  quadratics  given 
in  the  last  Article,  if  we  make  a  =  a,  b  =  b\  c  =  c1  the  invariant 
122  becomes  2{ac  —  ff).  And,  in  like  manner,  the  expression 
there  given  for  the  covariant  12a  of  a  system  Z7,  F,  by  making 
U—  V,  gives  the  covariant  of  a  single  quantic 

d*Ud2U     (d2U\2 
dx1    dy*       \dxdyj  ' 

In  general,  whenever  we  want  by  this  method  to  form  the 
covariants  of  a  single  function,  we  resort  to  this  artifice : — We 
first  form  a  covariant  of  a  system  of  distinct  quantics,  and  then 
suppose   the   quantics   to   be    made   identical.      And  in  what 

*  If  W  be  any  function  containing  xv  yx ;  x2,  y2 ;  we  shall  get  the  same  result 
whether  we  linearly  transform  these  variables,  and  afterwards  omit  all  the 
suffixes  in  the  transformed  equation;  or  whether  we  omit  the  suffixes  first,  and 
afterwards  transform  x  and  y.  This  results  immediately  from  the  fact  that 
xv  V\ ;  x2f  Vi'i  x,  y  are  cogredient.  It  follows  then  at  once  that  if  W  written  as  a 
function  of  xv  yt-  x2,  y2;  be  a  covariant  of  U,  V;  that  is  to  say,  if  the  expression 
of  the  coefficients  of  IT  in  terms  of  the  coefficients  of  U  and  V  be  unaffected  by 
transformation,  then  W  is  also  a  covariant  when  the  suffixes  are  all  omitted. 

R 
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follows,  when  we  use  such  symbols  as  12w  &c.  without  adding 
any  subject  of  operation,  we  mean  to  express  derivatives  of  a 
single  function  U.  We  take  for  the  subject  operated  on,  the 
product  of  two  or  more  quantics  TJX%  Z72,  &c,  where  the  variables 
a? ,  yl ;  a?2,  y2 ;  &c.  are  written  in  each  respectively,  instead  of 
x  and  y\  and  we  suppose  that  after  differentiation  all  the 
suffixes  are  omitted,  and  that  the  variables,  if  any  remain,  are 
all  made  equal  to  x  and  y. 

149.  From  the  omission  of  the  suffixes  after  differentiation, 
it  follows  at  once  that  it  cannot  make  any  difference  what 
figures  had  been  originally  used,  and  that  12n  and  34w  are 
expressions  for  the  same  thing.  In  the  use  of  this  method  we 
have  constantly  to  employ  transformations  depending  on  this 
obvious  principle.  Thus,  we  can  show  that  when  n  is  odd,  12n 
applied  to  a  single  function  vanishes  identically.  For,  from 
what  has  been  said  12n  =  21w;  but  12  and  21  have  opposite 
signs,  as  appears  immediately  on  writing  at  full  length  the 
symbol  for  which  12  is  an  abbreviation.  It  follows  then  that 
12w  must  vanish  when  n  is  odd.  Thus,  in  the  expansion  of  123, 
given  at  the  end  of  Art.  147,  if  we  make  U=  J7,  it  will  obviously 
vanish  identically.  The  series  12'2,  124,  126  &c.  gives  the  series 
of  invariants  and  covariants  which  we  have  already  found 
(p.  112).     It  is  easy  to  see  that,  when  n  is  even,  12w  applied  to 

a0an  -  napn_x  +  \n  (n  - 1)  ap+%  -  &c, 

where  the  last  coefficient  must  be  divided  by  two,  as  is  evident 
from  the  manner  of  formation. 

150.  The  results  of  the  preceding  Articles  are  extended 
without  difficulty  to  any  number  of  functions.  We  may  take 
any  number  of  quantics  Z7,  F,  W%  &c,  and,  writing  the  variables 
in  the  first  with  the  suffix  (1),  those  in  the  second  with  the  suffix 
(2),  in  the  third  with  the  suffix  (3),  and  so  on,  we  may  operate 
on  their  product  with  the  product  of  any  number  of  symbols 
12a,  23^,  31*,  14*,  &c. ;  where,  as  before,  23  is  an  abbreviation 

for  ? ; - =-  ,  &c.     After  the  differentiation  we  suppress 

dxti  dya      dxa  dy2 
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the  suffixes,  and  we  thus  get  a  co variant  of  the  given  system  of 
quantics,  which  will  be  an  invariant  if  it  happens  that  no  power 
of  x  and  y  appear  after  differentiation.  Any  number  of  the 
quantics  U,  V,  W,  &c,  may  be  identical ;  and  in  the  case  with 
which  we  shall  be  most  frequently  concerned,  viz.,  where  we 
wish  to  form  derivatives  of  a  single  quantic,  the  subject  operated 
on  is  D^Cg&c,  where  U%  and  Z72  only  differ  by  having  the 
variables  written  with  different  suffixes. 

It  is  evident  that  in  this  method  the  degree  of  the  derivative 
in  the  coefficients  will  be  always  equal  to  the  number  of  different 
figures  in  the  symbol  for  the  derivative.  For  if  all  the  functions 
were  distinct,  the  derivative  would  evidently  contain  a  coefficient 
from  every  one  of  the  quantics  £7",  7",  IF,  &c. ;  and  it  will  be  still 
true,  when  ?7,  F,  W  are  supposed  identical,  that  the  degree  in 
the  coefficients  is  equal  to  the  number  of  factors  in  the  product 
U1  U2  U3  &c.  which  we  operate  on.  Thus,  the  derivatives  con- 
sidered in  the  last  Article  being  all  of  the  form  12p  are  all  of  the 
second  degree  in  the  coefficients. 

Again,  if  it  were  required  to  find  the  degree  of  the  derivative 
in  x  and  y.  Suppose,  in  the  first  place,  that  the  quantics  were 
distinct,  U  being  of  the  degree  ??,  V  of  the  degree  n\  W  of  the 
degree  n",  and  so  on ;  and  suppose  that  in  the  operating  symbol 
the  figure  1  occurs  a  times ;  2,  /3  times ;  and  so  on ;  then,  since 
Z7is  differentiated  a  times ;  F,  /3  times,  &c,  the  result  is  of  the 
degree  (n  -  a)  +  (ri  —  /3)  +  [n  —  y)  +  &c.  When  the  quantics 
are  identical,  if  there  are  p  factors  in  the  product  TJJJ^..TJP 
which  we  operate  on,  the  degree  of  the  result  in  x  and  y  will  be 
np-  (a  +  /3  +  Y  +  &c).  While  again,  if  there  be  r  factors  such 
as  12  in  the  operating  symbol,  it  is  obvious  thata+/3-f  7+&c.).=2r. 
It  is  clear  that  if  we  wish  to  obtain  an  invariant,  we  must  have 
cc  =  /3  =  7  =  w. 


151.  To  illustrate  the  above  principles,  we  make  an  ex- 
amination of  all  possible  invariants  of  the  third  degree  in  the 
coefficients.  Since  the  symbol  for  these  can  only  contain  three 
figures,  its  most  general  form  is  12*.  23^.  3T7 ;  while,  in  order 
that  it  should  yield  an  invariant,  we  must  have 
cc  +  fy  =  a4-/3  =  /3  +  7  =  w, 
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whence  a  =  (3  =  y.  The  general  form,  then,  that  we  have  to 
examine  is  (12.23.31)*.  Again,  if  a  be  odd,  this  derivative 
vanishes  identically;  for,  as  in  Art.  149,  by  interchanging  the 
figures  1  and  2,  we  have  (12.23.31)*  =  (21.13. 32)«;  but  these 
have  opposite  signs.  It  follows,  then,  that  all  invariants  of  the 
third  order  are  included  in  the  formula  (12.23.31)*,  where  a 
is  even.  Thus,  122.232.312  is  an  invariant  of  a  quartic,  since 
the  differentials  rise  to  the  fourth  degree;  124.234.314  is  an 
invariant  of  an  octavic;  126.236.316  of  a  quantic  of  the  twelfth 
degree,  and  so  on ;  only  quantics  whose  degree  is  of  the  form 
4m  having  invariants  of  the  third  order  in  the  coefficients.  If 
we  wish  actually  to  calculate  one  of  these,  suppose  122.232.312, 

I  write,  for  brevity,  ft,  rj^  &c,  instead  of  -7-  ,  -*— ,  &c.  Then 
we  have  actually  to  multiply  out 

(&%  -  UY  (f  a  -  to.)'  (to,  -  f  a)*     d.  u 

In  the  result  we  omit  all  the  suffixes,  and  replace  f 4  by  -7-5-  &c. ; 

or,  when  we  operate  on  a  quartic,  by  a0  the  coefficient  of  sc4. 
There  are  many  ways  which  a  little  practice  suggests  for 
abridging  the  work  of  this  expansion,  but  we  do  not  think  it 
worth  while  to  give  up  the  space  necessary  to  explain  them; 
and  we  merely  give  the  results  of  the  expansion  of  the  three 
invariants  just  referred  to.  12*. 23*.  31*  yields  the  invariant  of 
a  quartic  already  obtained  (Art.  137,  Ex.  1,  and  Art.  140),  viz.: — 

124.234.314  gives 

%  (¥0  ~  4¥»  +  &V0  +  an  (-  Htto  +  12aA  -  8<V0 

+a6(3a6a0  -  Sa5at  -  22a4a2  +  24a3a3)  +  a5(24a6a2-36a4a3)  +  15a4a4«4. 

And  126.236.316  gives 
«]2(Vo"  6aBat+15a4at- 1 0a3«3)  +  au(- 6a7o0+  30a6a  - 54a6a2+30a4a8) 
+  al0  (15a8a0  —  54a7a,  +  24a6«2  +  150a6a3  —  135a4aJ 
+  aQ  (-  10a9a0  -f  30a8at  +  150a7a2  -  430a6a3  +  270a6a4) 
+  a8  (-  135a8a2  +  270«7a8  +  495a6a4  -  540a6a6) 
+  a7  (-  540a7a4  +  720a6a6)  -  280a6a6a0. 
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152.   Though  the  above-mentioned  is  the  only  type  of  in- 
variants of  the  third  order,  there  is  an  unlimited  number  of 
covariants,  the  simplest  being  122. 13,  which,  when  expanded,  is 
d3Ud*UdU      d3U 


/     d*U  dU     d*UdU\ 
I  2 _i • ) 

V    dxdy  dy        dy*    dx  J 


dx6   dy1    dy       dx'dy  \    dxdy  dy        dy 

d3U    (d2U  dU         <PU  dU\      d*Ud*UdU 
dxdy*  \dx*    dy  dxdy  dx  J       dy3    dx2    dx 

When  this  is  applied  to  a  cubic,  it  gives  the  evectant  obtained 
already  (Art.  138). 

The  general  type  of  invariants  of  the  fourth  order  in  the  co- 
efficients is  (12.34)*  (13 .24)^  (14. 23)7.  Thus  the  discriminant 
of  a  cubic  is  expressed  in  this  notation  (12.34)2  (13.24);  but 
we  cannot  afford  space  to  enter  into  greater  details  on  this 
subject. 

153.  The  principles  just  laid  down  afford  an  easy  proof  of 
a  remarkable  theorem  first  demonstrated  by  M.  Hermite,  and  to 
which  we  shall  refer  as  "  Hermite's  Law  of  Reciprocity."  The 
number  of  invariants  of  the  nttx  order  in  the  coefficients  possessed 
by  a  binary  quantic  of  the  pth  degree  is  equal  to  the  number  of  in- 
variants of  the  order  p  in  the  coefficients  possessed  by  a  quantic 
of  the  ntn  degree.  "We  have  already  proved  that  if  any  symbol 
12a.23ft.34c  &c.  denotes  an  invariant  of  the  order  p  of  a  quantic 
of  the  degree  n ;  then  the  number  of  different  figures  1,  2,  3,  &c, 
is  p,  and  each  figure  occurs  n  times.  But  we  might  calculate  by 
the  method  of  Art.  132  an  invariant  2(a-/3)a  {/3-yf  (y-$)c  &c, 
where  we  replace  each  symbol  34  by  the  difference  of  two  roots 
(7  —  8).  This  latter  i3  an  invariant  of  a  quantic  of  the  pth  de- 
gree, since  there  are  by  hypothesis  p  roots;  and  it  is  of  the 
degree  n  in  the  coefficients  of  the  equation  (Art.  54). 

Thus,  for  example,  a  quadratic  has  but  the  single  indepen- 
dent invariant  (a  —  /3)2,  though  of  course  every  power  of  this  is 
also  an  invariant;  and  the  general  type  of  such  invariants  is 
(a  -  J3)2m.  Hence,  only  quantics  of  even  degree  have  invariants 
of  the  second  order  in  the  coefficients,  and  the  general  symbol 
for  such  invariants  is  12jm. 

So  again,  cubics  have  no  invariant  except  the  discriminant 
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(a  —  /3)2  (/3  —  7)15  (7  —  a)2  and  its  powers ;  and  the  discriminant 
is  of  the  fourth  order  in  the  coefficients.  Hence  only  quantics  of 
the  degree  4m  have  cubic  invariants  whose  general  type  is 
122Ml.232W.312W.  It  will  be  proved  that  quartics  have  two  in- 
dependent invariants,  one  of  the  second,  and  one  of  the  third 
degree,  in  the  coefficients;  and,  of  course,  any  power  of  one 
multiplied  by  any  power  of  the  other  is  an  invariant.  Hence, 
quartics  have  as  many  invariants  of  the  pth  order  as  the  equation 
2x  +  3y=p  admits  of  integer  solutions:  this  is,  therefore,  the 
number  of  invariants  of  the  fourth  order  which  a  quantic  of  the 
ptu  degree  can  possess. 

154.  Hermite  has  proved  that  his  theorem  applies  also  to 
covariants  of  any  given  degree  in  x  and  y  j  that  is  to  say,  that 
an  nic  possesses  as  many  such  covariants  of  the  j)th  order  in  the 
coefficients  as  a  pic  has  of  the  ntb  order  in  the  coefficients.  For, 
consider  any  symbol,  12*-.28f».341'  &c,  where  there  are^>  figures, 
and  the  figure  1  occurs  a  times,  2  occurs  b  times,  and  so  on; 
then  we  have  proved  that  the  degree  of  this  covariant  in  x  and  y 
is  (n  —  a)  +  (n  -  b)  +  &c.  But  we  may  form  the  symmetric 
function 

2  (a  -  /?)*  (0  -  fY  (7  -  By  (x  -  a)n~a  (x  -  /9)w"6  &c, 

which  has  been  proved  (Art.  133)  to  be  a  covariant  of  the 
quantic  of  the  pth  degree,  whose  roots  are  a,  #,  &c.  Every 
root  enters  into  its  expression  in  the  degree  n,  which  is  there- 
fore the  order  of  the  covariant  in  the  coefficients,  and  it 
obviously  contains  x  and  y  in  the  same  degree  as  before,  viz. 
(n  —  a)  +  (n  —  b)  +  &c.  Thus,  for  example,  the  only  covariants 
which  a  quadratic  has  are  some  power  of  the  quantic  itself 
multiplied  by  some  power  of  its  discriminant,  the  general  type  of 
which  is 

(a -/3^  (*-«)*  (*-/9)*, 

the  order  of  which  in  the  coefficients  is  2p  +  q,  and  in  x  and  y  is 
2q.  Hence  we  infer  that  every  quantic  of  the  degree  2p  +  q 
has  a  covariant  of  the  second  degree  in  the  coefficients,  and  of 
the  degree  2q  in  x  and  ?/,  the  general  symbol  for  such  covariants 
being  12*.  When  #=  1,  we  obtain  the  theorem  given  (p.  113), 
that  every  quantic  of  odd  degree  has  a  quadratic  covariant. 
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155.  This  notation  affords  a  complete  calculus,  by  means  of 
which  invariants  or  covariants  can  be  transformed,  and  the 
identity  of  different  expressions  ascertained.  Postponing  to  a 
subsequent  Lesson  the  explanation  of  this,  we  go  on  to  show 
how  the  same  notation  is  to  be  applied  to  express  derivatives  of 
quantics  in  three  or  more  variables.  If  xty^z^  x2y2z^  x%yzz^  be 
cogredient  sets  of  variables,  then,  by  the  rule  for  multiplication 
of  determinants,  the  determinant 

xx  (&&  -  &*J + x2  (&*i  -  #iO + x3  Oka  -&*,) 

is  an  invariant,  which  by  transformation,   becomes   a   similar 
function  multiplied  by  the  modulus  of  transformation.     And  if  in 

the  above  we  write  for  x^  -r~  ;  for  #2,  -=— ;  and  so  on,  we  obtain 

axt  dy2 

an  invariantive  symbol  of  operation,  which  we  shall  write  123. 
When,  then,  we  wish  to  obtain  invariants  or  covariants  of 
any  function  Z7,  we  have  only  to  operate  on  the  product 
U1U2U3...Up  with  the  product  of  any  number  of  symbols 
123*  124^  2357  &c,  and  after  differentiation  suppress  all  the 
suffixes.  Thus,  for  example,  let  U^  Z72,  U3  be  ternary  quadrics, 
and  let  the  coefficients  in  JJX  be  a,  5,  c,  2/,  2g,  2^,  as  at  p.  83, 
then  123a  expanded  is 
a  [I'd'  +  b"c'  -  2/7")  +  b  {c'a"  +  cV  -  2g'g")  +  c  {a'b"  +  a"V  -  2hh') 

4  2f(g'h"  +  g"h'  -  a'f"  -  a"f)  +  2g  (h'f  +  h"f  -  b'g"  -  b"g') 

+  2h(fg"+f"g'-c'h"-c"h')', 

which,  when  we  suppose  the  three  quantics  Uti  U^  Z73,  to  be 
identical,  or  a  =  d  =  a"  &c.  reduces  to  six  times 

abc  +  2fgh  -  af  --  bg2  -  ch*. 

d'2U 
If  in  the  above  we  replace  a,  the  coefficient  of  a?2,  by  -=-  2   &c. 

(XX 

we  get  the  expansion  of  1232  as  applied  to  any  ternary  quantic. 
This  covariant  is  called  the  Hessian  of  the  quantic. 

It  is  seen,  as  at  Art.  149,  that  odd  powers  of  the  symbol  123 
vanish  when  it  is  applied  to  a  single  quantic.     We  give  as  a 
further  example  the  expansion  of  1234  applied  to  the  quartic, 
ax*  +  by"  +  cz*  +  ±  (a2x3y  +  a3x3z  +  bgfz  +  bxy*x  +  c/x  +  c/y) 

+  6  (dy2z*  +  esV  ■\fx*yl)  +  V2xyz  (Ix  +  my  +  nz). 
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Then  1234  is 

abc  -  4  {a\c2  -f  bcta3  +  ca2\)  +  3  {ad2  +  be2  +  cf)  +  4  (a253c1  4-  aa\c2) 
—  12  (a2nd-\-  a3md+bxne  +  £>8?e  +  cpnf+  off) 
+  12  (^Cx  +  mc2a2  +  Ha3&3)  +  12  (<#■  +  em2  +fn')  +  6^/-  Ulrnn. 

156.  We  can  express  in  the  same  manner  functions  contain- 
ing contragredient  variables ;  for  if  a,  /3,  7  be  any  variables  con- 

tragredient  to  a?,  y,  2,  and  therefore  cogredient  with  -7-  ,  -7- ,  -7- , 

it  follows,  as  before,  that  the  determinant 

fd    d        d     d\         fd    d        d    d\         (d     d        d     d\ 
a  \dyt  dz2     dy2  dzj         \dzi  dx2     dz2  dxj     7  \dxl  dy2     dx2  dyj 

(which  we  shall  denote  by  the  abbreviation  ocl2)  is  an  inva- 
riantive  symbol  of  operation.  Thus,  if  U^  U2  be  two  different 
quadrics,  al2'2  is  the  contravariant  called  <f>  (Conies,  p.  330), 
which  expanded  is 

a2(b'c"+  b"d-  2ff")  -f  /32(cV  -f-c'V-  2g'g")  +  y2(a'b"+a"b'-2h'h") 
+  2/37  (g'h"+g"h'  -  a'f"  -  a"f)  +  27a  (h'f  +  h"f  -  b'g"  -  b"g') 
+  2«/3(fg"+f"g'-c'h"-c"h'), 

and  which,  when  the  two  quadrics  are  identical,  becomes  the 
equation  of  the  polar  reciprocal  of  the  quadric. 

In  like  manner,  the  quantic  contravariant  to  a  quartic,  which 
I  have  called  S  (Higher  Plane  Curves,  p.  101),  may  be  written 
symbolically  al24,  and  the  quantic  T  in  the  same  place  may  be 
written  al22  a232  a312.     In  any  of  these  we  have  only  to  replace 

-in,' 

the  coefficient  of  any  power  of  a?,  xn  by  -=-*  to  obtain  a  symbol 

which  will  yield  a  mixed  concomitant  when  applied  to  a  quantic 
of  higher  dimensions.     Thus  al2'2  is 

which,  when  applied  to  a  quadric,  is  a  contravariant,  but,  when 
applied  to  a  quantic  of  higher  order,  contains  both  x,  y,  s,  as 
well  as  the  contragredient  a,  /3,  7,  and  therefore,  is  a  mixed 
concomitant. 
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In  general,  if  we  have  the  symbolical  expression  for  any- 
invariant  of  a  binary  quantic,  we  have  only  to  prefix  a  contra- 
variant  symbol  a  to  every  term,  when  we  shall  have  a  con- 
travariant  of  a  ternary  quantic  of  the  same  order.  And  in 
particular  it  can  be  proved  that  if  we  take  the  symbolical  ex- 
pression for  the  discriminant  of  a  binary  quantic,  and  prefix  in 
this  manner  a  contravariant  symbol  to  each  term,  we  shall  have 
the  expression  for  the  polar  reciprocal  of  a  ternary  quantic. 

Thus,  the  symbol  for  the  discriminant  of  a  binary  cubic  is 
122.342. 13.24,  and  the  polar  reciprocal  of  a  ternary  cubic  is 
ol22.a342.al3.a24,  which  is  obviously  of  the  sixth  order  in  the 
variables  a,  /3,  7,  and  of  the  fourth  in  the  coefficients. 

157.   If  in  any  contravariant  we  substitute  -j-  ,  j- ,  -7-  for 

a,  /3,  7,  and  operate  on  ?7,  we  get  a  covariant  (Art.  135) ;  and  the 
symbol  for  this  covariant  is  got  from  that  for  the  contravariant 
by  writing  a  new  figure  instead  of  a.  Thus  from  a232  is  got 
1232,  from  a23.a24,  is  got  123.124  &c.  Conversely,  if  in  the 
symbol  for  any  invariant  we  replace  any  figure  by  a  contra- 
variant symbol  a,  we  get  the  evectant  of  that  invariant.     Thus, 

123.124.234.314 

is  an  invariant  of  a  cubic,  and  the  evectant  of  that  invariant  is 

123.al2.a23.a31. 

In  the  case  of  a  binary  quantic,  this  rule  assumes  a  simpler 
form;  for  if  we  substitute  a  contravariant  symbol  for  1  in  12, 

it  becomes,  when  written  at  full  length,  f  -j —  rj  -7-  ,  but  since 

f  and  7]  are  cogredient  with  —y  and  #,  this  may  be  written 

x  1~  "*"  y  T  1  an^  may  ^e  suPPressea*  altogether,  since  it  only 

affects  the  result  with  a  numerical  multiplier.  Hence,  given 
the  symbol  for  any  invariant  of  a  binary  quantic,  its  evectant 
is  got  by  omitting  all  the  factors  which  contain  any  one  figure. 
Thus, 

122.342. 13.24 

s 
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being  the  discriminant  of  a  cubic,  its  evectant,  got  by  omitting 

the  factors  which  contain  4,  is  122.13. 

.  .  ,    .       dU  dU  dU 

if  in  a  contravanant  ot  any  quantic  we  substitute  -,—  ,  -7— ,  -j- 

for  a,  /3,  7,  we  also  get  a  covariant,  and  the  symbol  for  it  is 
obtained  from  that  for  the  contravariant  by  writing  a  different 
new  figure  in  place  of  every  a.  Thus,  from  a342  we  get 
134.234;  and  so  on. 

158.  In  the  explanation  of  symbolical  methods  which  has 
been  hitherto  given,  I  have  followed  the  notation  and  course 
of  proceeding  originally  made  use  of  by  Mr.  Cayley.  I  wish 
now  to  explain  some  modifications  of  notation  introduced  by 
MM.  Aronhold  and  Clebsch,  who  have  employed  these  sym- 
bolical methods  with  great  success,  but  who  perhaps  have 
scarcely  sufficiently  recognized  the  substantial  identity  of 
their  methods  with  those  previously  given  by  Mr.  Cayley. 
The  variables  are  denoted  xx1  x2l  a?3,  &c,  while  the  coefficients 
are  denoted  by  suffixes  corresponding  to  the  variables  which 
they  multiply.  Thus  the  ternary  cubic,  the  ternary  quartic,  &c. 
may  be  briefly  denoted  ^.aikfcfckxh  2atMOT#ta^#/Em,  &c,  where  the 
numbers  i}  &,  7,  m  are  to  receive  in  succession  all  the  values 
1,  2,  3.  It  will  be  observed  that  in  this  notation  «„•*  =  %,•  =  «*,•,•> 
so  that  when  we  form  the  sums  indicated  we  obtain  a  quantic 
written  with  the  numerical  coefficients  of  the  binomial  theorem. 
Thus  when  we  form  the  sum  ^aikpCiXkxn  the  three  terms 
ai  12^1^2)  a\ 21^1^1)  a*\xx*x\x\  are  identical,  as  in  like  manner 
are  the  six  terms 

aiZZX\XZXZl     a\WX\X3Xtf     aV3X2X\X3l     a^X2X&Xlt    as\ZXZXlX<l')     ^321^3^2^1) 

so  that  the  sum  written  at  length  would  be 

a,nxixixi  +  <**&&**%  +  awF&x*  +  *an<Fxxix%  +'••+  QamxiX2Xa' 

And  so  in  like  manner  in  general.  Now  M.  Aronhold  uses, 
as  an  abbreviated  expression  for  the  quantic  in  general, 
tafc.4  a9xa  +  asx9  +...)">  where  after  expansion  we  are  to  sub- 
stitute for  the  products  atakan  &c  the  coefficients  aiU.  Thus 
the  ternary  cubic  given  above  may  be  written  in  the  abbre- 
viated form  [axxx  +  a2cc2  +  aax3f ;  the  terms 

axaxaxxxxxxx  +  3axaxa2xxxxx2  +  &c. 
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in  the  expansion  of  the  cube  being  replaced  by  ainxxxxxx1 
^amXixiX2^  &c*  ^^ie  °iuantic  might  equally  have  been  written 
(bxxx  +  b$B%  -f  b3x3)3,  (cxxx  +  c2x2  +  c3x3]%  &c.,  it  being  understood 
that  we  are  in  like  manner  to  substitute  for  bxbxbx,  cxcxc2,  &c.  the 
coefficients  aMl,  a118,  &c.  Now  the  rule  given  by  M.  Aronhold 
for  the  formation  of  invariants  is  to  to  take  a  number  of  deter- 
minants, whose  constituents  are  the  symbols  al5  a2,  a3 ;  bx1  Z>2,  &c, 
to  multiply  all  together,  and  after  multiplication  to  substitute 
for  the  symbols  aiakan  bmbnbn  the  coefficients  aiW  amw  ,  &c. 
Thus  M.  Aronhold  first  discovered  a  fundamental  invariant  of 
a  ternary  cubic  by  forming  the  four  determinants  2  ±  axb2c3l 
2±bxc2d3,  2±cxd2a3,  *2±dxa2b3*  multiplying  all  together  and 
then  performing  the  substitutions  already  indicated.  This  is 
the  same  invariant  which,  in  Mr.  Cayley's  notation,  would  be 
designated  as  123.234.341.412. 

159.  In  order  to  see  the  substantial  identity  of  the  two 
methods,  it  is  sufficient  to  observe  that  by  the  theorem  of  homo- 
geneous functions  any  quantic  u  of  the  ntli  order  differs  only 

by  a  numerical  multiplier  from  f  xx  = — f-  x2  -= — |-  x3  ~  ]  w,  so 

that  if  we  write  it  (axxx  +  a2x2  +  a3x3)n,  the  symbols  at,  a8,  a3 
differ  only  by  a  numerical  constant  from  the  differential  sym- 
bols -j-  ,  &c.  And  we  evidently  get  the  same  results  whether 
with  Mr.  Cayley  we  form  determinants  whose  constituents  are 
T~  i    T~ '    "T~ )    or  W1^    Aronhold,    whose    constituents   are 

ax,  o8,  a3. 

And  the  artifice  made  use  of  by  both  is  the  same. 
If   we    multiply    together   a   number    of    differential    symbols 

[  -j — |-  X  -y-  J  ( "y-  +  A1  j~  )>  &c*  an(^  operate  on  U,  it  is  evident 

the  result  will  be  a  linear  function  of  differentials  of  U  of  an 
order  equal  to  the  number  of  factors  multiplied  together;  and 
that  in  this  way  we  can  never  get  any  power  higher  than  the 
first  of  any  differential  coefficient.  When  then  it  is  required 
to  express  symbolically  a  function  involving  powers  of  the 
differential  coefficients,  the  artifice  used   by   Mr.  Cayley  was 
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to  write  the  function  first  with  different  sets  of  variables  and 

form  such  a  function  as  (  -= — 1-  X  -y-  )  (  ^—  +  a  -=-  )  ft  VL  and 

\dxt         dyj  \dx9     r  dyj     x    2' 

after  differentiation  to  make  the  variables  identical.  So  in  like 
manner  Aronhold  in  his  symbolic  multiplication  uses  different 
symbols  which  have  the  same  meaning  after  the  multipli- 
cation has  been  performed.  By  multiplying  together  symbols 
an  aij  ait  &c*>  we  can  onty  Se*  a  term  such  as  aikl  of  the  first 
degree  only  in  the  coefficients.  When  then  we  want  to  ex- 
press symbolically  functions  of  the  coefficients  of  higher  order 
than  the  first,  the  artifice  is  used  of  multiplying  together  diffe- 
rent sets  of  symbols  a-,  a„  at ;  £,-,  bt1  bn  &c,  the  products 
aiaian  ^»AA>  cickcn  &c*  a^  equally  denoting  the  coefficient  aikl, 

160.  Having  then  so  fully  explained  Mr.  Cayley's  symbolical 
method,  it  is  unnecessary  to  explain  at  greater  length  one  which 
only  differs  from  it  by  notation.  Beserving,  then,  to  a  sub- 
sequent lesson  illustrations  of  the  applications  of  these  methods, 
we  only  add  here  Clebsch's  proof  that  every  invariant  can  be 
expressed  in  the  manner  indicated.  If  we  are  given  any  in- 
variant <f>  (a,  bj  c,  &c.)  of  the  coefficients  of  a  single  quantic,  it 
has  been  proved,  Art.  119,  that  by  performing  on  it  the  opera- 
tion a  t-  +  V  -77  +  &c.,  we  obtain  a  simultaneous  invariant  of  a 
da         do 

pair  of  quantics,  a,  5',  c  being  the  coefficients  of  the  second, 
answering  respectively  to  a,  &,  c  in  the  first.     In  like  manner,  if 

we  operate  on  this  with  a"  -J-+0"  31  +&c.,  we  get  an  invariant  of 

a  system  of  three  quantics,  and  we  can  repeat  this  process  as  long 
as  there  remains  coefficients  a,  5,  c,  &c.  in  the  invariant.  Thus, 
then,  when  we  are  given  any  invariant  of  a  quantic  whose  order 
in  the  coefficients  is  jp1  we  can  derive  from  it  an  invariant  of 
a  system  of  p  quantics  which  shall  be  of  the  first  degree  in  the 
coefficients  of  each  quantic.  And  we  can  fall  back  at  any  time 
on  the  original  invariant  by   supposing  the  p  quantics  to  be 

identical.     For  the  operation  a  -j-  +  b  -=7  +  &c.  performed  on  the 

invariant  could  only  have  effected  it  with  a  numerical  multiplier. 
Again,  we  are  at  liberty  to  suppose  all  the  new  quantics  thus 
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introduced  to  be  perfect  nth  powers.  And  it  follows  thus,  that 
from  any  invariant  of  a  single  quantic,  we  can  deduce  an  in- 
variant of  the  system  of  p  quantics,  (axxx  +  a2x2  +  asx3  +  &c.)w, 
(bxxx  +  b2x2  4  &c.)w,  (cxxx  +  &c.)re,  &c.  And,  as  has  been  said, 
wre  fall  back  on  the  original  invariant  if  we  substitute  for  each 
coefficient  in  the  introduced  quantics,  the  corresponding  coeffi- 
cient in  that  first  given ;  as,  for  instance,  if  we  substitute  for 
ax\  ^11  c\i  &c*  tne  coefficient  of  x*  in  the  original  quantic,  and 
so  on.  Invariants  of  (axxx  -+  &c.)w,  (bxxx  +  &c.)w,  &c.  are  evi- 
dently invariants  of  the  system  a1a;1  +  &c.,  bxxx  +  &c.  It  is 
proved  then  that  every  invariant  of  the  ]3>th  order  of  a  single 
quantic  can  be  expressed  symbolically  by  means  of  an  invariant 
of  p  quantics  of  the  first  order.  The  only  thing  that  remains 
to  be  proved  is  that  these  last  invariants  are  necessarily  functions 
of  the  determinants  whose  constituents  are  the  coefficients  of 
the  quantics.  For  M.  Clebsch's  proof  of  this  I  refer  to  Crette, 
vol.  Lix.,  p.  7,  since,  though  not  really  difficult,  it  is  troublesome 
to  explain  and  would  take  up  much  space.  And  the  same  thing 
can  be  seen  from  the  differential  equation  of  invariants.  Thus, 
for  a  system  of  linear  quantics  of  the  first  degree,  ax-\-by,  &c, 
an  invariant  must  satisfy  the  equation 

,  dl     7,  dl     ,,,  dl      0 
h-r-  +  b  -ti  +&  -7  »  +  &c.  =  0, 
da         da  da 

which  integrated  as  an  ordinary  partial  differential  equation 
gives  /  a  function  of  ab'  —  abj  ab"  —  d'b,  &c. ;  and  so  in  like 
manner  in  general. 
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161.  Since  invariants  and  covariants  retain  their  relations 
to  each  other,  no  matter  how  the  quantic  is  linearly  transformed, 
it  is  plain  that  when  we  wish  to  study  these  relations  it  is  suffi- 
cient to  do  so  by  discussing  the  quantic  in  the  simplest  form  to 
which  it  is  possible  to  reduce  it.      This  is  only  extending  to 
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quantics  in  general  what  the  reader  is  familiar  with  in  the  case 
of  ternary  and  quaternary  quantics;  since,  when  we  wish  to 
study  the  properties  of  a  curve  or  surface,  every  geometer  is 
familiar  with  the  advantage  of  choosing  such  axes  as  shall 
reduce  the  equation  of  this  curve  or  surface  to  its  simplest  form.* 
The  simplest  form,  then,  to  which  a  quantic  can,  without  loss  of 
generality,  be  reduced  is  called  the  canonical  form  of  the  quan- 
tic. We  can,  by  merely  counting  the  constants,  ascertain 
whether  any  proposed  simple  form  is  sufficiently  general  to  be 
taken  as  the  canonical  form  of  a  quantic,  for  if  the  proposed  form 
does  not,  either  explicitly  or  implicitly,  contain  as  many  con- 
stants as  the  given  quantic  in  its  most  general  form,  it  will  not 
be  possible  always  to  reduce  the  general  to  the  proposed  form.f 
Thus,  a  binary  cubic  may  be  reduced  to  the  form  X3  -f  Y3 ;  for 
the  latter  form,  being  equivalent  to  (lx  +  my)s  +  (l'x  +  m'y)3  con- 
tains implicitly  four  constants,  and  therefore  is  as  general  as 
(a,  5,  c,  djxj  y)3.  So,  in  like  manner,  a  ternary  cubic  in  its 
most  general  form  contains  ten  constants;  but  the  form 
Xs  +  Y3  +  Zs  +  QmXYZ,  contains  also  ten  constants,  since,  in 
addition  to  the  m  which  appears  explicitly,  X,  Yy  Zy  implicitly 


*  It  must  be  owned  however  that  as  in  the  progress  of  analysis  greater  facility  is 
gained  in  dealing  with  quantics  in  their  most  general  form,  the  advantage  diminishes 
of  reducing  them  to  simpler  forms. 

■f  It  is  not  true,  however,  conversely  that  a  form  which  contains  the  proper  number 
of  constants  is  necessarily  one  to  which  the  general  equation  may  be  reduced.  For 
when  we  endeavour  by  comparison  of  coefficients  to  identify  such  a  form  with  the 
general  equation,  although  the  number  of  equations  is  equal  to  the  number  of 
quantities  to  be  determined,  it  may  happen  that  the  constants  enter  into  the  equations 
in  such  a  way  that  all  the  equations  cannot  be  satisfied.    Thus 

(x  -  a)2  +  {y  —  /8)2  -lx  +  my  +  n 

is  a  form  containing  five  constants,  and  yet  is  not  one  to  wlrich  the  general  equation 
of  a  ternary  quadric  can  be  reduced ;  since  the  constants  enter  the  equation  in  such  a 
way  that  though  we  have  more  than  enough  to  make  the  coefficients  of  x  and  y  and  the 
absolute  term  identical  with  those  in  any  proposed  equation,  we  have  no  means  of 
identifying  the  coefficients  of  x2,  xy  and  y1.    A  more  important  example  is 

x*  +  y*  +  z*  +  u*  +  v*, 

where  z,  u,  v  are  linear  functions.  In  the  case  of  a  ternary  quantic  this  form  contains 
implicitly  fourteen  independent  constants,  and  therefore  seems  to  be  one  to  which  the 
quartic  in  general  can  be  reduced.  But  Clebsch  has  shewn  that  a  condition  must  be 
fulfilled  in  order  that  a  quartic  should  be  reducible  to  this  form,  namely,  the 
vanishing  of  a  certain  invariant. 
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involve  three  constants  each.  This  latter,  then,  may  be  taken 
as  the  canonical  form  of  a  ternary  cubic,  and,  in  fact,  the  most 
important  advances  that  have  been  recently  made  in  the  theory 
of  curves  of  the  third  degree  are  owing  to  the  use  of  the  equation 
in  this  simple  and  manageable  form. 

162.  The  quadratic  function  (a,  &,  c$x,  yf  can  be  reduced  in 
an  infinity  of  ways  to  the  form  x2  +  y'\  since  the  latter  form  im- 
plicitly contains  four  constants,  and  the  former  only  three.  In 
like  manner  the  ternary  quadric  which  contains  six  constants  can 
be  reduced  in  an  infinity  of  ways  to  the  form  x2  4  if  4  z\  since 
this  last  contains  implicitly  nine  constants;  and  in  general  a 
quadratic  form  in  any  number  of  variables  can  be  reduced  in  an 
infinity  of  ways  to  a  sura  of  squares.  It  is  worth  observing, 
however,  that  though  a  quadratic  form  can  be  reduced  in  an 
infinity  of  ways  to  a  sum  of  squares,  yet  the  number  of  positive 
and  negative  squares  in  this  sum  is  fixed.  Thus,  if  a  binary 
quadric  can  be  reduced  to  the  form  x2  4  y2,  it  cannot  also  be  re- 
duced to  the  form  u*  —  v'\  since  we  cannot  have  x2  +  y'2  identical 
with  u2  —  v\  the  factors  on  the  one  side  of  the  identity  being 
imaginary,  and  those  on  the  other  being  real.  In  like  manner, 
for  ternary  quadrics  we  cannot  have  x2  4  y2  -  z2  =  u*  4  v*  +  w*) 
since  we  should  thus  have  x2  4  y2  =  z2  4  •*"  +  v2  4-  w\  or,  in  other 
words, 

xl+y2 =z2+  (Ix  +  my  +  nzf+  {l'x  4  my  4  riz)z  +  (l"x 4  m"y  4- n"z)*y 

and  if  we  make  x  and  y  =  0,  one  side  of  the  identity  would 
vanish,  and  the  other  would  reduce  itself  to  the  sura  of  four 
positive  squares  which  could  not  be  =  0.  And  the  same  argu- 
ment applies  in  general. 

163.  We  commence  by  showing  that,  as  has  been  just 
stated,  a  cubic  may  always  be  reduced  to  the  sum  of  two  cubes. 
To  do  this  is  in  fact  to  solve  the  equation,  since  when  the 
quantic  is  brought  to  the  form  X3  4  T3,  it  can  immediately  be 
resolved  into  its  linear  factors.  Now,  if  the  cubic  (a,  b,  c,  d"$x,  y)* 
become  by  transformation  (J,  B,  C,  D^X,  Y)%  then,  since 
(Art.  122)  the  Hessian  {ax  4  byjcx  4  dy)  -  (bx  +  cy)'2  is  a  co- 
variant,  it  will  by  the  definition  of  a  covariant,  be  transformed 
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Into  a  similar  function  of  A,  B,  C,  D,  X,  Y.     That  is  to  say, 

we  must  have 

{ac  -  V)  xl  f  [ad-  be)  xy  +  (bd-  cv)  if 

=  (A C-  B*)  X*  +  [AD-BC)  17+  {BD-C2)  P. 
Now,  if  in  the  transformed  cubic,  B  and  C  vanish,  the  Hessian 
takes  the  form  ADXY\  and  we  see  at  once  that  we  are  to  take 
for  X  and  Y  the  two  factors  into  which  the  Hessian  may  be 
broken  up.  When  we  have  found  X  and  Y1  we  compare  the 
given  cubic  with  AX*  +  J)¥*9  and  determine  A  and  D  by 
comparison  of  coefficients. 

Ex.  To  reduce  ix3  +  9a;2  +  18a;  +  17  to  the  form  AX3  +  DY\    The  Hessian  is 
(4b  +  3)  (6a;  +  17)  -  (3a;  *  6)2, 
or  15a;2  +  50a;  +  15, 

whose  linear  factors  are  x  +  3,  3a;  +  1.    Comparing  then  the  given  cubic  with 

A  (x  +  3)3  +  D  {3x  +  l)3, 
we  have  A  +  27 D  -  4,  27  A  +  D  =  17,  whence  7281)  =  91,  728,4  =  455,  or  A  is  to  D 
in  the  ratio  of  5  to  1.    The  given  cubic  then  only  differs  by  a  factor  (viz.  8)  from 

5  (x  +  3)3  +  (3a;  +  l)3, 
and  it  is  obvious  that  the  roots  of  the  cubic  are  given  by  the  equation 
3a;  +  1  +  (x  +  3)  »j(5)  =  0. 

164.  It  is  evident  that  every  cubic  cannot  be  brought  by 
real  transformation  to  the  form  /JX3  +  /)F3,  for  this  last  form 
has  one  real  factor  and  two  imaginary ;  and  therefore  cannot 
be  identical  with  a  cubic  whose  three  factors  are  real.  The 
discriminant  of  the  Hessian 

A[ac-b'){bd-c")-{ad~bcY 

is,  with  sign  changed,  the  same  as  that  of  the  cubic.  When 
the  discriminant  of  the  cubic  is  positive,  the  Hessian  has  two 
real  factors,  and  the  cubic  one  real  factor  and  two  imaginary. 
When  it  is  negative,  the  Hessian  has  two  imaginary  factors, 
and  the  cubic  three  real.  When  it  vanishes,  both  Hessian  and 
cubic  have  two  equal  factors,  and  it  can  be  directly  verified  that 
the  Hessian  of  X*  Y  is  X2.* 

It  is  to  be  observed,  that  a  quantic  cannot  always  be  reduced 
to  its  canonical  form.     The  impossibility  of  the  reduction  indi- 


*  In  general,  when  a  binary  quantic  has  a  square  factor,  this  will  also  be  a  square 
factor  in  its  Hessian,  as  may  be  verified  at  once  by  forming  the  Hessian  of  x-<p. 
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cates  some  singularity  in  the  form  of  the  quantic.  Thus  a 
cubic  having  a  square  factor  cannot  be  brought  to  the  form 
Ax3  +  Dy6,  its  simplest  form  being  x*y. 

165.  In  the  same  manner  as  a  cubic  can  be  brought  to  the 
sum  of  two  cubes,  so  in  general  any  binary  quantic  of  odd 
degree  (2n  —  1)  can  be  reduced  to  the  sum  of  n  powers  of  the 
(2n  —  1  )th  degree,  a  theorem  due  to  Mr.  Sylvester.  For  the 
number  of  constants  in  any  binary  quantic  is  always  one  more 
than  its  degree,  or,  in  the  present  case,  2n ;  and  we  have  the 
same  number  of  constants  if  we  take  n  terms  of  the  form 
{Jx  +  myY1'1.  The  actual  transformation  is  performed  by  a 
method  which  is  the  generalization  of  that  employed  (Art.  163). 
For  simplicity,  we  only  apply  it  to  the  fifth  degree,  but  the 
method  is  general.  The  problem  then  is  to  determine  u,  v,  w, 
so  that  (a,  b,  c,  d,  e,fjx,  yf  may  =  u5  +  v5  +  w\  Now  we  say 
that  if  we  form  the  determinant 

ax  +  by ,  bx  +  cy,  ex  +  dy 
bx  +  cy,  ex  +  dy,  dx  +  ey 
ex  +  dy,   dx  +  ey,    ex  +fy 

the  three  factors  of  this  cubic  will  be  u,  v,  w.     For  let 

u  =  Ix  +  my,   v  —  l'x-\-  my,   w  —  l"x  +  rri'y ; 

then,  differentiating  the  identity 

[a,  b,  c,  d,  e,  fjx,  yf  =  u5  +  v5  +  w5 

four  times  successively  with  regard  to  x,  and  dividing  by  120, 

we  get 

ax  +  by  =  llu  +  rv  +  l"*w. 

Similarly  differentiating  three  times  with  regard  to  x,  and 
once  with  regard  to  y, 

bx  +  cy  =  l3mu  +  Z'Vv  +  I'Vw ; 
and  so  on. 

The  determinant,  then,  written  above,  may  be  put  into  the 
form 

Fu+  T'v  +  l"4w  ,l\iu^rm'v  +  rm''w,lVu+rm,2v+rm,nw 
fmu  +  Fm'v+VWiD  ,  Ww+rW^+rV^,  lm3u  +l'm'3v  +  l"m"3w 
IWu+lVv+rVw,  lm3u  +l'm!3v  +  rm"3w,  wV+  m'4v  +  m"w 


?JSL 


Wl 


Hi'         W 


-  Ul/U 


i    i' 

Ivw  W 
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Now  it  will  be  observed  that  the  coefficients  of  u  in  every 
column  are  proportional  to  Z2,  Zra,  m2.  Consequently,  if  we  re- 
solved this  determinant,  as  in  Art.  22,  into  partial  determinants, 
every  such  determinant  which  contained  two  of  the  u  columns, 
would  vanish  as  having  two  columns  the  same.  And  so,  in  like 
manner,  would  any  which  contained  two  v  or  two  w  columns. 
The  determinant  then  will  be  uvw  multiplied  by  a  numerical 
factor.* 

When,  then,  the  determinant  written  in  the  beginning  of 
this  Article  has  been  found,  by  solving  a  cubic  equation,  to  be 
the  product  of  the  factors  (x  +  \y)  (x  +  fiy)  (x  +  vy)j  we  know 
that  Uj  v,  w  can  only  differ  from  these  by  numerical  coefficients, 
and  we  may  put 

(a,  b,  c,  d,  ejjx,  y)5  =  A(x+  \yf  +  B(x  +  pyf  +  C  (x  +  vyf ; 

and  then  A,  B,  G  are  got  from  solving  any  of  the  systems  of 
simple  equations  got  by  equating  three  coefficients  on  both  sides 
of  the  above  identity. 

The  determinant  used  in  this  Article  is  a  covariant,  which  is 
called  the  canonizant  of  the  given  quantic. 

166.  The  canonizant  may  be  written  in  another,  and  perhaps 
simpler  form,  namely, 

y\  -y%  y*\  -^ 

a,  5,  c,  d 
bj  c,  d)  e 
c,       d,        e,       f 

This  last  is  the  form  in  which  we  should  have  been  led  to  it  if 
we  had  followed  the  course  that  naturally  presented  itself,  and 
sought  directly  to  determine  the  six  quantities,  A,  B,  C,  X,  yLt,  v, 
by  solving  the  six  equations  got  on  comparison  of  coefficients  of 
the  identity  last  written  in  Art.  165.  For  the  development 
of  the  solution  in  this  form,  to  which  we  cannot  afford  the 
necessary  space  here,  we  refer  to  Mr.  Sylvester's  Paper  (Philo- 
sophical Magazine,  November,  1851).  Meanwhile,  the  identity 
of  the  determinant  in  this  Article  with  that  in  the  last  has  been 

*  Viz.  {hi'  -  I'm)*  {I'm"  -  V'm'f  {l"m  -  lm"y. 
\V        I'"      i*"     [*• 

I    in1-     vw,L     >n'M 
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shown  by  Mr.  Cayley  as  follows.     We  have,  by  multiplication 


of  determinants  (Art.  22), 


5, 


y'%  y*\ 

-xA 

b,  c, 

c,  d, 

d 
e 

X 

d,        e, 

f 

tr 


0 


1,  0,  0,  0 

a?,  y,  0,  0 

0,  x,  y,  0 

0,  0,  x,  y 
0 


0,  ax  +  %,  bx  +  cy,  ex  +  dy 
0,  5a?  +  cy,  ex  +  c?y,  da?  +  ey 
0,    oa?  +  dfy,  dx  +  ei/,    6a?  +jfy 

which,  dividing  both  sides  of  the  equation  by  y3,  gives  the 
identity  required. 

167.  We  have  still  to  mention  another  way  of  forming  the 
canonizant.  Let  this  sought  covariant  be  (A,  By  (7,  D\x,  y)3, 
where   we   want  to   determine  A,  J5,  (7,  D\    then  (Art.  136) 

7  /7  \  3 

(A ,  B,  (7,  DJ,-  ,  —  -7  - )   will  also  yield  a  covariant.    But  if  this 

operation   is  applied  to  (x  +  \y)n  where  x  +  \y  is  a  factor  in 
(A,  B,  (7,  D\x,  i/)3,  the  result  must  vanish,  since   one  of  the 

factors  in  the  operating  symbol  is  -^ X  -y  .     Since,  then,  the 

given  quantic  is  by  hypothesis  the  sum  of  three  terms  of  the 

form  [x  4-  Xz/)5,  the  result  of  applying  to  the  given  quantic  the 

operating  symbol  just  written  must  vanish.      Thus,  then,  we 

have 

A  (J,  e,  JJx,  yf  -  B  (c,  df,  ejx,  y)'2  +  G  [b,  c,  djx,  yf 

-D{a,b,cjx,yf  =  0, 
or,  equating  separately  to  0  the  coefficients  of  a?2,  xy,  #2,  we 
have 

Ad-Bc+Cb-Da  =  % 

Ae-Bd+Cc-m  =  0, 

Af-Be  +  Cd-Dc=0, 

whence  (Art.  28)  A  is  proportional  to  the  determinant  got  by 


suppressing  the  column  A  or 


a, 

h 

c 

*, 

c> 

d 

c> 

d, 

e 

and  so  for  I?,  (7,  2), 
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which  values  give  for  the  canonizant  the  form  stated  in  the  last 
Article. 

168.  We  proceed  now  to  quantic3  of  even  degree  (2w). 
Since  this  quantic  contains  2n  + 1  terms,  if  we  equate  it  to  a 
sum  of  n  powers  of  the  degree  2n1  we  have  one  equation  more 
to  satisfy  than  we  have  constants  at  our  disposal.  On  the  other 
hand,  if  we  add  another  2nth  power,  we  have  one  constant  too 
many,  and  the  quantic  can  be  reduced  to  this  form  in  an  infinity 
of  ways.  It  is  easy,  however,  to  determine  the  condition  that 
the  given  quantic  should  be  reducible  to  the  sum  of  rc,  2nth 
powers.  Thus,  for  example,  the  conditions  that  a  quartic 
should  be  reducible  to  the  sum  of  two  fourth  powers,  and  that 
a  sextic  should  be  reducible  to  the  sum  of  three  sixth  powers, 
are  respectively  the  determinants 


a,  bj  c 

5,  c,  d 

=  0, 

c,  <Z,  e 

h 


e>  /)  9 


=  0, 


and  so  on.  For  in  the  case  of  the  quartic  the  constituents  of 
the  determinant  are  the  several  fourth  differentials  of  the 
quantic,  and,  expressing  these  in  terms  of  u  and  v  precisely  as 
in  Art.  165,  it  is  easy  to  see  that  the  determinant  must  vanish, 
when  the  quartic  can  be  reduced  to  the  form  w4  +  v4.  Similarly 
for  the  rest.  This  determinant  expanded  in  the  case  of  the 
quartic  is  the  invariant  already  noticed  (see  Art.  137,  Ex.  1), 

ace  +  2bcd  —  ad2  —  eb2  —  c3. 

169.  When  this  condition  is  not  fulfilled,  the  quantic  is  re- 
duced to  the  sum  of  n  powers,  together  with  an  additional  term. 
Thus,  the  canonical  form  for  a  quartic  is  u4  +  v4  +  6\wV.  We 
shall  commence  with  the  reduction  of  the  general  quartic  to  its 
canonical  form ;  the  method  which  we  shall  use  is  not  the  easiest 
for  this  case,  but  is  that  which  shows  most  readily  how  the  re- 
duction is  to  be  effected  in  general.  Let  the  product,  then,  of 
u,  v,  which  we  seek  to  determine,  be  (A,  B,  C\x,  ?/)2,  and  let  us 

operate  with  (^4,  B,  ^H'J'  >  ""  JL  J  on  oota  Sl(^es  °f  tne  identity 
(a,  bj  c,  dj  e$x,  y)4,  =  u4  +  v*  4-  6\wV. 
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Now,  as  before,  this  operation  performed  on  w4  and  on  i>4 
will  vanish,  and  when  performed  on  6\wV,  it  will  be  found  to 
give  12\'uVj  where  \' =  2  (±A  C  —  B'2)  \.  Equating  then  the 
coefficients  of  a?2,  xy,  and  y2  on  both  sides,  after  performing  the 
operation,  we  get  the  three  equations 

Ac-2Bb  +  Ca  =  \'A, 
Ad-2Bc  +  Cb=\'B1 
Ae-2Bd+C'c=X'C, 

whence  eliminating  A1  B,  (7,   we  have   to   determine  V,  the 
determinant 


a,  bj  c  —  V 


=  o, 


bj  C  +  -JV,   d 

c  —  A,',   d,  e 

which  expanded  is  the  cubic 

V3  -  V  [ae  -  ±bd  +  3c2)  -  2  {ace  +  2bcd  -  ad2  -  eb2  -  c3)  =  0  * 

the  coefficients  of  which  are  invariants.  Thus,  then,  we  have 
a  striking  difference  in  the  reduction  of  binary  quantics  to  their 
canonical  form,  between  the  cases  where  the  degree  is  odd  and 
where  it  is  even.  In  the  former  case,  the  reduction  is  unique, 
and  the  system  w,  v,  w1  &c.  can  be  determined  in  but  one  way. 
When  u  is  of  even  degree,  however,  more  systems  than  one  can 
be  found  to  solve  the  problem.  Thus,  in  the  present  instance, 
a  quartic  can  be  reduced  in  three  ways  to  the  canonical  form, 
and  if  we  take  for  V  any  of  the  roots  of  the  above  cubic,  its 
value  substituted  in  the  preceding  system  of  equations  enables 
us  to  determine  A,  B,  C. 

170.  If  now  we  proceed  to  the  investigation  of  the  reduction 
of  the  quantic  (a0,  at1  a2  ...^,  y)in,  the  most  natural  canonical 
form  to  assume  would  be  u2n  +  v2n  +  w2n  -f  &c.  +  WW,  &c, 
there  being  n  quantities  w,  v,  «?,  &c.  But  the  actual  reduction 
to  this  form  is  attended  with  difficulties  which  have  not  been 
overcome,  except  for  the  cases  n  —  2  and  n  =  4.  But  the 
method  used  in  the  last  Article  can  be  applied  if  we  take  for 
the  canonical  form  u2n  +  v2n  +  &c.  +  \  Vuvw  &c,  where,  if 

uvw  &c.  =  {A0,  Ax,  A2  „Jx,  y,)n, 

*  N.B. — The  discriminant  of  this  cubic  is  the  same  as  that  of  the  quartic. 
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is 


V  is  a  covariant  of  this  latter  function  such  that  when  Vuvw  &c. 
operated  on  by  (A0,  Ax  ..-5[^-,  ~  ~J]  >  tne  resu^  1S  propor- 
tional to  the  product  uvw  &c.  Suppose,  for  the  moment,  that 
we  had  found  a  function  V  to  fulfil  this  condition,  then,  pro- 
ceeding exactly  as  in  the  last  Article,  and  operating  with  the 
differential  symbol  last  written  on  the  identity  got  by  equating 
the  quantic  to  its  canonical  form,  we  get  the  system  of  equations 

Aan  -  nAan+l  +  \n  in  ~  1 )  Aan+2  '  &C«  =  XA 
A0an-l  ~  nAian  +  \n  in  ~  l)  Aan+X  ~  &C«  =  Mil 
A0an-2  ~  nAan-l  +  \n  in  ~  !)   Aan      ~  &C«  =  XA  &C'1 

whence,  eliminating  AQl  Ax,  A%%  &c,  we  get  the  determinant 


an~\   «W 


"«+2) 


a«-u        a»  +  nXj   a***' 


1.2 


*«-»} 


n  [n 


— \,..,a, 


a  +\* 


and  having  found  X  by  equating  to  0  this  determinant  expanded 
(a  remarkable  equation,  all  the  coefficients  of  which  will  be 
invariants),  the  equations  last  written  enable  us  to  determine  the 
values  of  A0,  Ax1  &c,  corresponding  to  any  of  the  n  + 1  values 
of  \. 

171.   To  apply  this  to  the  case  of  the  sextic,  the  canonical 
form  here  is  u6  +  v&  +  w6  +  Vuvw,  where,  if  uvw  be 

(A,  A,  A,  ^  J>,  y)\ 

V  is  the  evectant  of  the  discriminant  of  this  last  quantic,  and 
whose  value  is  written  at  full  length  (Art.  138).     Now  it  will 


*  The  determinant  above  written  may  be  otherwise  obtained  as  follows.    Let 
x',  y'  be  cogredient  to  x,  y,  and  let  us  form  the  function 

which  (Arts.  121,  127),  we  have  proved  to  be  linearly  transformed  into  a  function  of 
similar  form.  Take  the  n  +  1  coefficients  of  the  several  powers  xn,  xn-*yy  &c,  and 
from  these  eliminate  linearly  the  n  +  1  quantities  x'n,  x'n~x,  &c,  and  we  obtain  the 
determinant  in  question. 
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afford  an  excellent  example  of  the  use  of  canonical  forms  if  we 
show  that  in  any  cubic  the  result  of  the  operation 

performed  on  the  product  of  the  cubic  and  the  evectant  just 

mentioned,  will  be  proportional  to  the  cubic  itself.     For  it  is 

sufficient  to  prove  this,  for  the  case  when  the  cubic  is  reduced  to 

the  canonical  form  x3  +  y3,  in  which  case  the  evectant  will  be 

x3  —  y3  as  appears  at  once  by  putting  b  =  c  =  0,  and  a  =  d  =  1  in 

the  value  given,  p.  113.     The  product,  then,  of  cubic  and  evec- 

d3        d3 
tant  will  be  xG  —  if,  which,  if  operated  on  by  j-8  —  -j-s ,  gives  a 

result  manifestly  proportional  to  x3  +  y3.  And  the  theorem  now 
proved  being  independent  of  linear  transformation,  if  true  for 
any  form  of  the  cubic,  is  true  in  general.  The  canonical  form, 
then,  being  assumed  as  above,  we  proceed  exactly  as  in  the  last 
Article,  and  we  solve  for  X  from  the  equation 

aol  ail  «,J  az~X 

a3  +  XJ     a*J  <*l\  % 

which,  when  expanded,  will  be  found  to  contain  only  even 
powers  of  X.  If  we  suppose  uvw  reduced  as  above  to  its 
canonical  form  x3  +  y3,  the  three  factors  of  which  are 

x  +  y,   x  +  coy,   x  +  a)2y, 

where  co  is  a  cube  root  of  unity,  then  it  is  evident  from  the 
above  that  the  corresponding  canonical  form  for  the  sextic  is 

^  (a  +  yf  +  B  {x  +  coyf  +  G  (x  +  co2yf  +  D  {x6 .-  y6). 
It  can  be  proved  (see  Lesson  xvn.)  that  if  w,  v,  w  be  the  factors 
of  the  cubic,  then  the  factors  of  the  evectant  used  above  are 
u  —  v,   v  —  w,    w-  u,  so  that  the  canonical  form  of  the  sextic 
may  also  be  written 

M6-fV6  +  M)6  +  XUVW  [u  —  v)(v—  V))  (w  —  u). 

172.   In  the  case  of  the  octavic  the  canonical  form  is 

us+v*+iv8  +  z8  +  Xu2vWz*1 
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for  if  we  operate  on  ulvzw2z2  with  a  symbol  formed  according  to 
the  same  method  as  in  the  preceding  Articles,  the  result  will  be 
proportional  to  uvwz.  This  will  be  proved  in  a  subsequent 
Lesson. 

As  for  higher  canonical  forms  we  content  ourselves  with  again 
mentioning  that  for  a  ternary  cubic,  viz.  x3  +  y*  -f-  z3  +  Qmxyz, 
and   that   given    by    Mr.    Sylvester    for   a   quaternarv    cubic, 

X3+y3  +  Z*  +  U3  +  V*. 


LESSON  XVI. 
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173.  It  still  remains  to  explain  a  few  properties  of  systems 
of  quantics,  to  which  we  devote  this  Lesson.  An  invariant 
of  a  system  of  quantics  is  called  a  combinant  if  it  is  unaltered 
(except  by  a  constant  multiplier)  not  only  when  the  variables 
are  linearly  transformed,  but  also  when  for  any  of  the  quantics 
is  substituted  a  linear  function  of  the  quantics.  Thus  the  elimi- 
nant  of  a  system  of  quantics  w,  v,  w  is  a  combinant.  For 
evidently  the  result  of  substituting  the  common  roots  of  vw  in 
u  +  Xv  +  /JLW  is  the  same  as  that  of  substituting  them  in  u ;  and 
the  eliminant  of  u  +  \v  +  /jlw,  v,  w  is  the  same  as  the  eliminant 
of  uvw.  In  addition  to  the  differential  equations  satisfied  by 
ordinary  invariants,  combinants  must  evidently  also  satisfy  the 
equation 

a'dl      b'dl      cdl      » 
da         db         dc 

It  follows  from  this  that  in  the  case  of  two  quantics  a  combinant 
is  a  function  of  the  determinants  («&'),  («c),  (W),  &c. ;  in  the 
case  of  three,  of  the  determinants  (ab'c"),  &c. ;  and  will  accord- 
ingly vanish  identically,  if  any  two  of  the  quantics  become 
identical.  If  we  substitute  for  w,  v ;  \u  +  /j,v,  \'u  4  p'v,  every 
one  of  the  determinants  (ab')  will  be  multiplied  by  (Xfju'  —  \'fi) ; 
and  therefore  the  combinant  will   be   multiplied   by  a  power 
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of  (\fi'  —  X'fjb)  equal  to  the  order  of  the  combinant  in  the  co- 
efficients of  any  of  the  quantics.  Similarly  for  any  number  of 
quantics.  There  may  be  in  like  manner  combinantive  covariants, 
which  are  equally  covariants  when  for  any  of  the  quantics  is 
substituted  a  linear  function  of  them.  For  instance,  the 
Jacobian  (Art.  84) 


3,  ^ 

v. 

K,  v* 

r. 

K,  K, 

w3 

if  we  substitute  for  £7,  IU+  m  V+n  W,  for  F,  V  U+m'  V+  ri  W,  &c. 
by  the  property  of  determinants,  becomes  the  product  of  the 
determinants  (kV),  ( Ux  V2  W3).  The  coefficients  of  a  combinan- 
tive co variant  are  also  functions  of  the  determinants  («&'},  {ad) ; 
(ab'd')y&c. 

174.  If  Z7=  (a,  b,  c.Jx,  y)\  F-  [a!,  h\  d...Jx,  y)n  be  any 
two  binary  quantics  of  the  same  degree,  then  U+kV  or 
{a-\-ka\b-\rkb'...\x1y)n,  where  we  give  different  values  to  &, 
denotes  a  system  of  quantics  which  are  said  to  form  an  involu- 
tion with  Z7,  V.  Now  there  will  be  in  general  2  [n  —  1)  quantics 
of  the  system,  each  of  which  will  have  a  square  factor.  For 
the  discriminant  of  a  quantic  of  the  nh  degree  is  of  the 
order  2(w  — 1)  in  the  coefficients  (Art.  101).  If  then  we  sub- 
stitute a  +  ka  for  «,  b  -J-  kb'  for  &,  &c,  there  will  evidently 
be  2  (n  —  1)  values  of  &,  for  which  the  discriminant  will 
vanish. 

If  we  make  y  =  1  in  any  of  the  quantics,  it  denotes  n  points 
on  the  axis  of  x.  We  have  just  proved  that  in  2  (n—  1)  cases, 
two  of  the  n  points  denoted  by  Z7+  k  V  will  coincide ;  or,  in 
other  words  we  may  say,  that  there  are2(n— 1)  double  points 
in  the  involution. 

When  U+  k  V  has  a  square  factor  x  -  a,  we  know  that  a 
satisfies  the  two  equations  got  by  differentiation,  viz.  Ux+kV=0j 
£f +&F2  =  0,  and  therefore  will  satisfy  the  equation  got  by 
eliminating  k  between  them,  viz.  ^  F2  -  Z72  Fx  =  0.  Now 
UXV2—  UiVx  which  is  of  the  degree  2  [n  —  1)  is  the  Jacobian  of 
Uy  V)  and  we  see  that  by  equating  the  Jacobian  to  0,  we  obtain 

u 
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the   2  (n—  1)    double   points  of  the   involution   determined   bv 
Z7,  V* 

175.  Ifu  and  v  have  a  common  factor,  this  will  appear  as  a 
square  factor  in  their  Jacobian.  First  let  it  be  observed,  that 
since  nu  =  xu±  +  yu2l  nv  =  xvx  +  yv2l  then  if  we  write  J  for 
utv2  —  u2vt1  we  shall  have  n  (uv2  —  vu2)  —  xJ,  n  (uvt  —  vuj  —  —  yJ. 
Differentiating  the  first  of  these  equations  with  regard  to  y,  and 
the  second  with  regard  to  a?,  we  get 

n  (uv22  -  vu22)  =  xJ2,  n  (uvn  -  vuu)  =-yJr 

It  follows  from  the  equations  we  have  written,  that  any  value  a 
of  x  which  makes  both  u  and  v  vanish,  will  make  not  only  J 
vanish  but  also  its  differentials  J^  J2,  and  therefore  x  -  a  must 
be  a  square  factor  in  J. 

Or  more  directly  thus:  let  w=/3<£,  v=/3i/r,  where  fi=lx+my; 

then  u=  l(j>  +  /3<£t,  u=  m<f>  +  £02,  vx=  fy  +-  fiyfr^  v2=  mty  -f  /3^2; 

and  ^v-u^^^i^-c^^)  +/3l(W2-  Mr)  +  #n(^r-W  Jy 

whence  (n  —  1)  [uyv2  —  utvt) 

=  (»  - 1)  0"  (*,*,  -  *,*,)  +0{1*  +  my)  fcf%  -  *,*,) 

It  follows  from  what  has  been  said,  that  the  discriminant  of  the 
Jacobian  of  w,  v  must  contain  R  their  resultant  as  a  factor ; 
since  whenever  R  vanishes,  the  Jacobian  has  two  equal  roots. 
Thus  in  the  case  of  two  quadratics, 

(a,  I,  cjx,  y)'\  (a,  b\  c'Jx,  y)\ 

the  Jacobian  is        (ab')  x2  +  (ac)  xy  -f  {be)  y2, 

whose  discriminant  is  (ab')  (be)  —  4 (ac')2,  which  is  the  eliminant  of 
the  two  quadratics.  In  the  case  of  quantics  of  higher  order, 
the  discriminant  of  the  Jacobian  will,  in  addition  to  the  resultant, 
contain  another  factor,  the  nature  of  which  will  appear  from 
the  following  articles. 


*  In  like  manner,  for  a  ternary  quantic,  the  Jacobian  of  U,  V,  W  is  the  locus  of  the 
double  points  of  all  curves  of  the  system  U+kV+lW  which  have  double  points. 
And  so  in  like  manner  for  quantics  with  any  number  of  variables. 
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176.  It  has  been  said  that  we  can  always  determine  &,  so 
that  u  +  kv  shall  have  a  square  factor.  But  since  two  conditions 
must  be  fulfilled,  in  order  that  u  +  kv  may  have  a  cube  factor, 
k  cannot  be  determined  so  that  this  shall  be  the  case  unless  a 
certain  relation  connect  the  coefficients  of  u  and  v.  This  condi- 
tion will  be  of  the  order  3  (n  —  2)  in  the  coefficients  both  of  u  and  v. 
If  (x  —  a)3  be  a  factor  in  u  -+-  kv  +  lw,  x  —  a  will  be  a  factor 
in  the  three  second  differential  coefficients,  or  x  =  a  will  satisfy 
the  equations 

uu  +  kvn  +  lwu  =  0,  u12  +  kvX2  4-  lwn  =  0,  w22  +  hon  +  lw<n  =  0, 
whence  eliminating  k  and  ?,  x  =  a  will  satisfy  the  equation 


0. 

If  then  we  use  the  word  treble-point  in  a  sense  analogous 
to  that  in  which  we  used  the  word  double-point  (Art.  174), 
we  see  that  the  equation  which  has  been  just  written,  gives 
the  treble  points  of  the  system  u  +  kv  -f  lw  \  and  since  the 
equation  is  of  the  degree  3  (n  —  2),  there  may  be  3  (n—  2)  such 
treble  points.  But  we  could  find  the  number  of  treble  points 
otherwise.  Suppose  we  have  formed  the  condition  that  u  +  kv 
should  admit  of  a  treble  point,  and  that  this  condition  is  of  the 
order  p  in  the  coefficients  of  a.  If  in  this  condition  we  sub- 
stitute for  each  coefficient  (a)  of  w,  a  +  ld\  we  get  an  equation 
of  the  degree  p  in  Z;  and  therefore  p  values  of  I  will  be 
found  to  satisfy  it.  In  other  words  p  quantics  of  the  system 
u  +  kv+  lw  will  have  a  treble  point.  It  follows  then  from  what 
has  just  been  proved  that  p  =  S  (n  —  2).  And  the  same  argu- 
ment proves  that  the  condition  in  question  is  of  the  order 
3  (n  —  2)  in  the  coefficients  of  v. 

This  condition  is  evidently  a  combinant ;  for  if  it  is  possible 
to  give  such  a  value  to  &,  as  that  u  +  kv  shall  have  a  cubic 
factor,  it  must  be  possible  to  determine  &,  so  that  (u  +  av)  +  kv 
shall  have  a  cube  factor. 

177.  If  u  +  kv  have  a  cube  factor  (x  —  a)3,  then  the  Jacobian 
of  u  and  v  will  contain  the  square  factor  (x  —  a)2.  For  the  two 
differentials  ux  +  kvx,  u2  +  kv%  will  evidently  contain  this  square 
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factor,  and  therefore  it  will  appear  also  in  the  Jacobian  which 

may  be  written  (ux  +  kv)  v2  —  (w2  -f-  kv2)  vx.     If  then  S=  0  be  the 

condition  that  u  +  kv  may  have  a  cube  factor,  S  will  be  a  factor 

in  the  discriminant  of  the  Jacobian,  since  if  #=0  the  Jacobian 

has  two  equal  roots,  and  therefore  its  discriminant  vanishes. 

If  R  be  the  resultant,  the  discriminant  of  the  Jacobian  can 

only  differ  by  a  numerical   factor   from   RS.      For  since  the 

Jacobian  is  of  the  degree  2  (n—  1),  its  discriminant  is  of  the 

degree  2  {2  (n  —  1)  —  1}  in  its  coefficients,  which  are  of  the  first 

order  in  the  coefficients  of  both  u  and  v.     Now  R  is  of  the  order 

n  in  each  set  of  coefficients,  8  of  the  order  3(w  — 2).     Both 

these  are  factors  in  the  discriminant ;  and  it  can  have  no  other 

since 

n+3(n-2)«2{2(»-l)-l}. 

178.  If  we  form  the  discriminant  of  u-\-  lev,  this  considered 
as  a  function  of  k  will  have  a  square  factor  whenever  u  and  v 
have  a  common  factor.  In  fact  (Art.  107)  the  discriminant  of 
u  +  kv  will  be  of  the  form  (a  4-  kd)  <f>+  {b  +  kb'f  yjr.  But  if  u 
and  v  have  a  common  factor,  we  can  linearly  transform  u  and  v 
so  that  this  factor  shall  be  y,  that  is  to  say,  so  that  both  a 
and  a  shall  vanish.  The  discriminant  will  therefore  have  the 
square  factor  (b  +  kb')*;  and  since  the  form  of  the  discriminant 
is  not  affected  by  a  linear  transformation  of  the  variables,  it 
always  has  a  square  factor  in  the  case  supposed. 

It  follows  that  if  we  form  the  discriminant  of  u  +  Jcv,  and 
then  the  discriminant  of  this  again  considered  as  a  function  of 
k,  the  latter  will  contain  as  a  factor  R  the  resultant  of  u  and  v. 
For  it  has  been  proved  that  when  jR  =  0,  the  function  of  k 
has  two  equal  roots,  and  therefore  its  discriminant  vanishes. 
For  example,  the  discriminant  of  a  quadratic  ac—V,  becomes 
by  the  substitution  of  a  +  kd  for  a,  &c. 

(ac  -  b*)  +  k  [ad  +  ca'  -  2bV)  f  W  (aV  -  5'2), 

whose  discriminant  is 

(ac  -  V)  (aV  -  b'*)  -  4  (dc'  +  ca!  -  2bb')\ 

But  this  is  only  a  form  in  which,  as  Dr.  Boole  has  shewn,  the 
resultant  of  the  two  quadratics  («,  b,  c$x,  y)2,  (a',  b\  c'°£xj  y)* 
can  be  written.     This  form,  all  the  component  parts  of  which 
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are  invariants,  is  sometimes  more  convenient  than  that  pre- 
viously given.  In  the  case  of  quantics  of  higher  order,  the 
discriminant  of  the  discriminant  will  have  R  as  a  factor,  but 
will  have  other  factors  besides. 


179.  If  u  have  either  a  cube  factor  or  two  distinct  square 
factors,  the  discriminant  of  u  +  kv  will  be  divisible  by  k*.  For 
if  the  discriminant  of  u  be  A,  that  of  u  +  lev  is 

4  +  h  (a'  -g-  -f  b[  -=■  +  &c.  J  +  &c. 

Now  when  u  has  a  square  factor  A  vanishes ;  and  it  appears 
from  the  expressions  in  Art.  110,  that  if  either  three  roots  of 
u  are  equal  a  =  ft  =  7,  or  two  distinct  pairs  be  equal  a  =  j3}  7  =  S, 

then  all  the  differentials  of  A,  -=- ,  &c.  vanish  j  and  therefore 

the  coefficient  of  k  in  the  expression  just  given  vanishes.  The 
discriminant  therefore  contains  W  as  a  factor.  It  is  evident 
hence  that  if  u\-av  have  a  cube  or  two  square  factors,  the 
discriminant  of  u  +  kv  will  be  divisible  by  (k  —  of  \  since  u  +  Jcv 
may  be  written  u  +  av  +  (k  —  a)  v.  If  then  as  before,  #=  0  ex- 
press the  condition  that  the  series  u-\-kv  may  include  one 
quantic  having  a  cube  factor ;  and  if  T—  0  be  the  condition 
that  it  should  include  one  having  two  square  factors,  both  8 
and  T  will  be  factors  in  the  discriminant  with  respect  to  h  of  the 
discriminant  of  u  +  kv.  For  we  have  just  seen  that  the  dis- 
criminant has  a  square  factor  if  either  $=0,  or  T=  0.  We 
proved  in  the  last  article  that  the  discriminant  has  R  as  a  factor ; 
and  in  fact  the  discriminant  will  be,  as  Mr.  Cayley  has  observed, 
RS3T2.  I  do  not  know  whether  there  is  any  more  rigid  proof 
of  this,  than  that  we  see  that  there  is  no  other  case  in  which 
the  discriminant  of  u  -f  kv  has  a  square  factor,  that  we  find  in 
the  case  of  the  third  and  fourth  degrees  that  8  and  T  enter 
in  the  form  #3,  T2 ;  and  that  we  can  thus  account  for  the  order 
in  general.  For  the  discriminant  of  u-\-kv  is  of  the  order 
2  (n  —  1)  in  &,  and  the  coefficients  are  of  the  order  0, 1  ...2  (w  —  1) 
in  the  coefficients  of  either  quantic.  The  discriminant  then  with 
respect  to  h  will  be  of  the  order  2  (n  —  1)  (2rc  -  3)  in  the  coeffi- 
cients of  either  quantic.     But  R  is  of  the  order  n7  8  of  the  order 
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3  (n  —  2),  and  it  will  be  proved  in  a  subsequent  lesson  that  T 
is  of  the  order  2(n  —  2)(n  —  3),  and 

2  (n  -  1)  (2n  -  3)  =  n  4  9  (n  -  2)  +  4  (n  -  2)  (n  -  3). 

180.  It  was  stated  (Art.  173)  that  every  combinant  of  w,  v 
becomes  multiplied  by  a  power  of  (Xfi  -  X'/jl)  when  we  sub- 
stitute Xu  4  fiv,  X'u  4  p'v  for  it,  v.  It  will  be  useful  to  prove 
otherwise  that  the  eliminant  of  w,  v  has  this  property.  First, 
let  it  be  observed  that  if  we  have  any  number  of  quantics, 
one  of  which  is  the  product  of  several  others,  w,  v,  ww'w'\  their 
resultant  is  the  product  of  the  resultants  [uvw),  {uvw')1  (uvw"). 
For  when  we  substitute  the  common  roots  of  w,  v  in  the  last 
and  multiply  the  results,  we  evidently  get  the  product  of  the 
results  of  making  the  same  substitution  in  w,  w\  w".  Again, 
the  resultant  of  w,  v,  kw  is  the  resultant  of  w,  v,  w  multiplied  by 
Jcmn  since  the  coefficients  of  w  enter  into  the  resultant  in  the 
degree  mn.  If  now  R  [u\  v)  denote  the  resultant  of  w,  v,  which 
are  supposed  to  be  both  of  the  same  degree  w,  we  have 

fxnR (Xu  4  fiv,  X'u  4  fi'v)  =  R  (Kfjb'u  +  fifi'vj  X'u  4  /jl'v)* 

=  R  {(\fi'  —  X'fjb)  u,  X'u  4  p'v}  —  (X/a  -  X'fifR  (m,  X'u  4  /iv) 
=  (Xfi'  —  X'fM)n/ju'nR  (w,  v), 

whence      R  (Xu  4  /zu,  X'u  4  fi'v)  —  (Xfi  —  X'fi)nR  (w,  v). 

By  the  same  method  it  can  be  proved  that  the  eliminant  of 

Xu  4  fjuv  4  vWj  X'u  4  fi'v  4  v'w,  X"u  4  fi'v  4  v"w  is  (Xfju'v")n   times 

that  of  Uj  v,  w,  and  so  on. 

181.  If  U,  V  be  functions  of  the  orders  m  and  n  respectively 
in  w,  v,  which  are  themselves  functions  of  a?,  y  of  the  order  ^?, 
and  if  D  be  the  result  of  eliminating  w,  v,  between  ?7,  F;  then 
the  result  of  eliminating  a?,  y  between  Z7,  F  will  be  Dp  times 
the  ww"  power  of  the  resultant  of  w,  v.  For  Z7  may  be  re- 
solved into  the  factors  u  —  av,  m  —  /5v,  &c,  and  V  into  w  —  a'v, 
w  —  /3'u,  &c.  And,  Art.  180,  the  resultant  of  Z7,  V  will  be  the 
product  of  all  the  separate  resultants  u  —  ecu,  w  —  a'v.  But  one  of 
these  is  (a-a')pi?(w,  w).     There  are  ??i?i  such  resultants.     When 


*  The  resultant  of  u  +  &y,  v,  being  the  same  as  the  resultant  of  u,  v,  Art.  173, 
we  next  subtract  ju.  times  the  second  quantic  from  the  first.  ■ 
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therefore  we  multiply  all  together,  we  get  the  mnth  power  of 
R  (m,  v)  multiplied  by  the  ptu  power  of  (a  —  a')  (a  —  a"),  &c. 
But  this  last  is  the  eliminant  of  U,  V  with  respect  to  u,  v. 

182.  Similarly,  let  it  be  required  to  find  the  discriminant, 
with  respect  to  a?,  ?/,  of  Z7,  where  U  is  a  function  of  w,  v. 
First,  let  it  be  remarked  (see  Art.  106)  that  the  discriminant 
of  the  product  of  two  binary  quantics  w,  v  is  the  product  of  the 
discriminants  of  u  and  v  multiplied  by  the  square  of  their  re- 
sultant. 

If  then  U=(u  —  av)  (u  —  /3y),  &c.  the  discriminant  of  U  will 
be  the  product  of  the  discriminants  of  u  —  ay,  u  -  /3v,  &c.  by 
the  square  of  the  product  of  all  the  separate  resultants  u  —  ay, 
u  -  pv.  But,  as  before,  any  of  these  will  be  (a  —  fi)p  R  (w,  v). 
If  then  m  be  the  degree  of  U  considered  as  a  function  of  w,  v ; 
there  will  be  \m[m  —  l)  separate  resultants,  and  the  square  of 
the  product  of  all  will  be  (<*-£)*■  (a  -7)*,  &c.  x  2"W  (m,  v). 
But  (a  -  /3)2  (a  —  7)*,  &c.  is  the  discriminant  of  U  considered  as 
a  function  of  w,  y.  If  then  we  call  this  A,  we  have  proved 
that  the  product  of  the  squares  of  the  separate  resultants  is 
£pB*{m~*}.  Let  us  now  consider  the  product  of  the  discriminants 
of  u  —  avj  u—fiv,  &c. ;  this  is  the  result  of  eliminating  a  be- 
tween the  discriminant  of  m-  ay,  which  is  a  quantic  of  the 
order  2(p—  1)  in  a,  and  the  quantic  of  the  mttx  order  got  by 
substituting  u  —  <xv  in  U.  Or  this  product  has  been  otherwise 
represented  by  Mr.  Sylvester.  If  a0,  b0  be  the  coefficients  of 
*  of  in  w,  y,  then  (Art.  104)  the  resultant  of  u  —  av,  ux  —  avx  will 
be  a0  -  ab0  times  the  discriminant  of  u  —  av.     But 

R[uj  v)R(u—av,  ux—avx)=R(u—0LV,  uxv-  olvvx)—R{u—olv7  uxv—uvx). 

Now  (Art.  175)  p{uxv  —  uvx)=yJ  where  J  is  utv9- u2vxJ  and 
R(u  —  ay,  y)  is  aQ  —  ab0.  It  appears  thus  that  the  discriminant 
of  u  —  olv  differs  only  by  a  numerical  factor  from  the  resultant 
of  (u  —  avj  J)  divided  by  R  (m,  y).  The  product  then  of  all  the 
discriminants  will  be  the  resultant  of  J  and  the  product  u  —  ay, 
u  —  /3y,  &c. ;  in  other  words,  the  resultant  of  Z7,  J  divided 
by  the  mm  power  of  R  (m,  y).  Thus  we  have  Mr.  Sylvester's 
result  (Commies'  Rendus,  lviii.,  1078)  that  the  discriminant  of 
ZJwith  respect  to  xy  is  ApR{u,  v)m'^m R  (U7  J).     But  it  will 
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m 

be  observed  that  the  result  expressed  thus  is  not  in  its  most 
reduced  form  since  R(U,J)  contains  the  factor  B(ujv)m. 

183.  It  is  not  my  purpose  in  this  volume  to  enter  with  any 
detail  into  the  theory  of  ternary  and  quaternary  quantics.  For 
as  all  this  theory  has  a  geometrical  meaning,  it  will  be  naturally 
treated  of  in  geometrical  treatises;  for  instance,  in  my  Geo- 
metry of  Three  Dimensions,  and  in  the  New  Edition,  which 
I  hope  to  publish  of  my  Higher  Plane  Curves.  It  will  be 
proper  however  here  to  shew  what  corresponds  in  the  case  of 
ternary  and  quaternary  quantics  to  the  theory  just  explained 
for  systems  of  binary  quantics.  Let  then  u  and  v  be  two 
ternary  quantics,  and  let  us  suppose  that  we  have  formed  the 
discriminant  of  u  4  kv.  Then  this  discriminant  considered  as 
a  function  of  k  will  have  a  square  factor;  in  the  first  place, 
if  the  curves  represented  by  u  and  v  touch  each  other.  For 
we  have  seen  (Art.  113)  that  if  the  equation  of  a  curve  be 
azn  +  nbzn~1x  +  nczn~xy  +  &c.  =  0,  its  discriminant  is  of  the  form 
a6  +  b2(f)  4  bcyjr  +  c*x.  The  discriminant  then  of  u  4  lev  will  be 
of  the  form  (a  +  ka)  0  +  (b  +  kb'f  $  +  &c.  But  if  we  take  for 
the  point  xy,  a  point  common  to  u  and  v,  both  a  and  a  will 
vanish ;  and  if  we  take  the  line  y  for  the  common  tangent,  both 
b  and  b'  vanish ;  and  the  discriminant  will  be  of  the  form 
(c  +  Jcc'fxi  and  therefore  will  always  have  a  square  factor  in 
the  case  supposed. 

184.  Again,  the  discriminant  will  have  a  square  factor 
if  u  have  either  a  cusp  or  two  double  points.  The  discriminant 
A  of  a  ternary  quantic  is  the  condition  that  tt1?  w2,  u3  should 
have  a  common  system  of  values.  If,  however,  we  have  either 
two  double  points,  or  a  cusp,  ut1  w2,  u3  will  have  two  systems 
of  common  values,  distinct  or  coincident,  and  therefore  (Art.  99) 
not  only  will  A  vanish,  but  also  its  differentials  with  respect 
to   all  the  coefficients  of  u.     The  discriminant  then  of  u  4  kv} 

being  in  general   A  +  h  f^y—  +  —yr-  +  &c.  J  4  &c.  will  in  this 

case  be  divisible  by  k*.  And  as  in  Art.  179,  it  will  be  divisible 
by  (k  —  a)2  if  the  curve  u  +  av  have  either  a  cusp  or  two  double 
points.     Let  then  B  =  Q  be  the  condition  that  u  and  v  should 
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touch ;  #=  0  the  condition  that  among  the  systems  of  curves 
u  +  kv  should  be  included  one  having  a  cusp;  and  T—0  the 
condition  that  there  should  be  included  one  having  two  double 
points,  it  has  been  proved  that  B,  #,  T  are  all  factors  in  the 
discriminant  of  the  discriminant  of  u  +  hv,  considered  as  a 
function  of  k.     In  fact  this  discriminant  will  be  B83T'\ 

As  in  Art.  179,  I  can  only  prove  this  by  showing  that  the 
order  of  the  discriminant  is  thus  accounted  for.  The  discri- 
minant of  the  ternary  quantic  u  +  hv  is  of  the  order  3  (n  -  l)2 
in  k,  and  the  extreme  terms  are  of  the  same  order  in  the 
coefficients  of  u  and  v  respectively.  When  then  we  form  the 
discriminant  of  this  again  considered  as  a  function  of  &,  a 
specimen  term  of  it  will  be  the  product  of  these  two  extreme 
terms  raised  to  the  power  3(n—  l)2  —  1.  Hence  the  order  of 
this  discriminant  in  the  coefficients  of  both  u  and  v  will  be 
S(n-l)2(3ri2-6n  +  2).  Now  it  will  be  proved  that  B  is  of 
the  order  8w(w-l),  8  of  the  order  12  (n-  1)  (w-2),  T  of  the 
order  f  [n  -  1)  (w  -  2)  (3rc2  -  dn  -  11).     But 

3(rc-l)2(3n2-6rc  +  2) 

=  3n  (n  -  1)  +  36  (n  -  1)  (n  -  2)  +  3  (n  -  1)  (n  -  2)  (3n2  -  3n  -  11). 

185.  In  this  place  we  only  give  the  proof  of  the  order  of  B, 
which,  as  expressing  the  condition  that  the  curves  represented 
by  u  and  v  should  touch,  has  been  called,  by  Mr.  Cay  ley,  their 
tact-invariant. 

I  gave,  in  1856,  the  following  method  of  finding  this  in- 
variant {Quarterly  Journal,  Vol.  I.,  p.  339).  Form  the  de- 
terminant 
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and  we  have  the  locus  of  points  whose  polars,  with  respect  to 
u  and  v,  intersect  on  an  arbitrary  line  ax  +  y%  +  72.  If  among 
these  points  be  one  common  to  both  curves,  its  polars  will  be 
the  tangents  at  that  point,  which  can  have  a  point  common 
with  cca;  +  &c.,  only  on  the  supposition  either  that  this  line 
passes  through  the  point  common  to  the  two  curves,  or  else 

x 
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that  the  tangents  are  identical.  If  then  we  eliminate  the 
variables  between  w,  v,  and  the  determinant  above  written 
which  is  of  the  order  ra  +  n  —  2  in  the  variables  and  of  the 
first  order  in  the  coefficients  of  each  curve,  the  result  will  be 
B,  multiplied  by  the  result  of  elimination  between  w,  v  and 
ccz  +  &c.  Now  the  complete  resultant  is  of  the  order  ran  in 
a,  y3,  7;   it  contains  the  coefficients  of  u  in  the  order 

n  (ra  +  n  —  2)  +  van  =  n  (2m  +  n  —  2), 

and  in  like  manner  those  of  v  in  the  degree  m  (2n  +  va  —  2). 
The  resultant  of  w,  v,  ax  -f  &c.  contains  a,  /3,  7  in  the  degree  w«, 
the  coefficients  of  u  in  the  degree  ?i,  and  those  of  v  in  the 
degree  ra.  Hence  E  contains  the  coefficients  of  u  in  the  degree 
n(2m  +  n  —  3)  and  those  of  v  in  the  degree  m  (2a +  m  —  3). 
When  ra  and  w  are  equal  we  get  the  number  already  stated 
3w  (w-1). 

This  result  may  be  otherwise  found  as  follows:  The  order 
of  the  tact-invariant  in  the  coefficients  of  v  is  evidently  the 
same  as  the  number  of  curves  of  the  form  w+Xvi /jlio  which 
can  be  drawn  to  touch  u,  where  w  is  another  curve  of  the  same 
order  as  v.  But  the  point  of  contact  with  u  is  easily  seen  to 
be  a  point  on  the  Jacobian  of  w,  v,  w.  And  this  being  a  curve 
of  the  order  (ra  +  2n  —  3)  meets  u  in  ra  (ra  +  2n  —  3)  points.* 

186.  The  theorem  given,  Art.  106,  for  the  discriminant  of 
the  product  of  two  binary  quantics  cannot  be  extended  to 
ternary  quantics;  for  the  discriminant  of  the  product  of  two 
will,  in  this  case,  vanish  identically.  In  fact,  the  discriminant 
is  the  condition  that  a  curve  should  have  a  double  point ;  and 
a  curve  made  up  of  two  others  must  have  double  points; 
namely,  the  intersections  of  the  component  curves.  Or,  with- 
out any  geometrical  considerations,  the  discriminant  of  uv  is 
the  condition  that  values  of  the  variables  can  be  found  to 
satisfy  simultaneously  the  differentials  uvl  +  vu^  uv2-\- vu^  &c. 
But  these  will   all  be  satisfied  by   any  values  which   satisfy 


*  I  reserve  for  a  geometrical  treatise  an  account  of  the  modifications  which  the 
theorems  of  this  chapter  receive  when  u  and  v  are  not  the  most  general  quantics 
of  their  degree,  but  denote  curves  having  double  points. 
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simultaneously  u  and  v ;  and  such  values  can  always  be  found 
when  there  are  more  than  two  variables. 

But  thj  theorem  of  Art.  106  may  directly  be  extended  to 
tact-invariants.  The  condition  that  u  should  touch  a  compound 
curve  vw  will  evidently  be  fulfilled  if  u  touch  either  v  or  w, 
or  go  through  an  intersection  of  either.  For  an  intersection 
counts,  as  has  been  said,  as  a  double  point  on  the  complex 
curve;  and  a  line  going  through  a  double  point  of  a  curve  is 
to  be  considered  doubly  as  a  tangent.  Hence  if  T(u,  v)  denote 
the  tact-invariant  of  w,  v,  we  have 

T{u,  vw)  =  T(u,  v)  T{u,  w)  {B  (u,  v,  w)}'\ 

where  R  (w,  v,  w)  is  the  resultant  of  w,  v,  w.  And  the  result 
may  be  verified  by  comparing  the  order  in  which  the  coefficients 
of  m,  v,  or  w  occur  in  these  invariants.  Thus  for  the  coefficient 
of  w,  we  have 

(n  -\-p)(n+p  +  2m-S)=n(n  +  2m-  3)  4  p  {p  H-  2m  -  3)  +  2np. 

187.  What  was  said,  Art.  185,  as  to  the  tact-invariant  of  two 
ternary  qualities  may  be  extended  almost  word  for  word  to 
that  of  a  system  of  three  quaternary  quantics,  or  of  k  —  1,  &-ary 
quantics.  Thus  the  tact-invariant  of  three  quaternary  quantics 
expresses  the  condition  that  two  of  the  mnp  points  of  the  sur- 
faces represented  by  them  coincide ;  or,  in  other  words,  that 
at  any  point  of  intersection  the  three  tangent  planes  to  the 
surfaces  have  a  common  line.  And  it  is  found,  as  in  Art.  185, 
by  dividing  the  resultant  of  ?;,  v,  w,  and 
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by  the  resultant  of  w,  v,  w  and  ax  +  $y  +  &c.  In  this  way  it 
is  seen  that  the  tact-invariant  contains  the  coefficients  of  u  in 
the  degree  np  {2m-\-n  +p  —  4),  a  result  which  is  confirmed  by 
observing  that  this  is  the  number  of  points  in  which  the  inter- 
section of  vw  meets  the  Jacobian  of  w,  u\  v1  w.  See  Geometry 
of  Three  Dimensions,  p.  438.  And,  in  like  manner,  in  general 
the  tact-invariant  of  k  - 1,  &-ary  quantics  w,  v,  w,  &c.  contains 
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the  coefficients  of  n  in  the  degree  found  by  multiplying  the 
product  of  rc,  p,  &c.  by  2m  +  n  +p  -f  &c.  —  h. 

188.  In  order  to  complete  the  subject  we  give  here  the 
theory  of  the  tact-invariant  of  two  quaternary  quantics,* 
although  we  shall  have  to  use  principles  which  are  to  be 
established  in  a  subsequent  Lesson.  The  same  argument  as 
that  used  before  shews  that  the  order,  in  the  coefficients  of  Z7, 
of  the  tact-invariant  of  Z7,  W  is  the  same  as  the  number  of 
quantics  of  the  system  U+  \  V  which  can  touch  W\  U  and  V 
being  of  the  same  order.  But  comparing  the  coefficients  of  the 
tangent  plane3  of  U+W  and  W  we  see  that  the  point  of 
contact  must  satisfy  the  system,  equivalent  to  two  conditions, 
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It  will  be  shewn  in  the  Lesson  on  the  order  of  systems  of 
equations,  that  this  system  i3  of  the  order 

X2  +  fl2  +  V2  +  fl*V  +  vX  +  Xylt, 

where  X,  /a,  v  are  the  orders  of  JJX%  V^  W^  &c,  that  is,  in  the 
present  case  m  ~  1, m  —  1,  n  —  1.     The  order  is  then 

w8  +  2mn  +  3m2  -  4w  -  8m  +  6. 

And  the  required  order  of  the  tact-invariant  is  n  times  this 
number;  since  the  point  of  contact  is  got  by  combining  with 
these  conditions  W=Q,  which  it  must  also  satisfy. 

189.  There  is  now  not  the  least  difficulty  in  forming  the 
general  theory  of  the  class  of  invariants  we  have  been  con- 
sidering, to  which  Mr.  Sylvester  proposes  to  give  the  name 
of  osculants.  Let  there  be  i  quantics,  Z7,  F,  W,  &c.  in  k 
variables ;  then  the  osculant  is  the  condition  that  for  the  same 
system  of  values  which  satisfy  £7",  F,  &c.  the  tangential  quantics 
xUi+yU^-\-  &c,  &c.  shall  be  connected  by  an  identical  relation 

X{xU;  +  &c.)  +  fA{xV1,  +  &c.)  +  v{xW1'  +  &c.)  +  &c.  =  0. 

*  See  Geometry  of  Three  Dimensions,  p.  439. 
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In  other  words,  the  osculant  is  the  condition  that  the  equa- 


tions 27=0,  F=0,  &c.,  and  also  the  system 
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can  be  simultaneously  satisfied.  This  latter  system  having  h 
columns  and  i  rows  is  equivalent  to  k  —  i+1  equations ;  there- 
fore this  system  combined  with  the  given  i  equations  is  appa- 
rently equivalent  to  h  +  1  equations  in  h  variables.  It  is  really, 
however,  only  equivalent  to  h  equations;  for  writing  Z7=0  in 
the  form  x  Ut  +  y  U2  +  &c.  s=  0,  and  similarly  for  J7,  &c,  we  see 
that  when  the  system  of  determinants  is  satisfied,  and  all  but 
one  of  the  quantics  U,  V,  W,  &c,  the  remaining  one  must  be 
satisfied  also.  The  system  then  being  equivalent  to  h  equa- 
tions in  h  variables  cannot  be  simultaneously  satisfied  unless 
a  certain  condition  be  fulfilled.  The  order  of  this  condition, 
in  the  coefficients  of  £7,  is  found  by  the  same  method  as  in  the 
last  article.  We  write  for  Z7,  U+\uy  and  we  examine  how 
many  values  of  the  variables  can  simultaneously  satisfy  the 
i—  1  equations  F,  TF,  &c,  and  the  system  equivalent  to  k—  1 
equations 
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The  order  of  the  i—  1  equations  F,  IF,  &c.  is  the  product  of 
their  degrees  w,  p^  &c.  5  and  the  order  of  the  osculant  in  the  co- 
efficients of  U  is  the  product  of  this  number  by  the  order  of  the 
system  of  determinants,  which  is  found  by  the  rule  given  in 
the  subsequent  Lesson  on  the  order  of  systems  of  equations. 

When  we  are  given  but  one  quantic,  the  osculant  is  the 
discriminant ;  when  we  are  given  h  quantics  in  h  variables,  the 
osculant  is  the  resultant.  The  theorem  of  Art.  106  may  be  ex- 
tended to  osculants  in  general ;  viz.  that  if  we  form  the  osculant 
of  Jc  —  1  quantics  in  h  variables,  and  if  the  last  be  the  product 
of  two  quantics  Z7,  F,  then  the  osculant  of  the  entire  system 
will  be  the  product  of  the  osculant  of  the  system  of  the  other 
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Jc-  2  with  Z7J  that  of  the  system  of  k  —  2  with  F,  and  the  square 
of  the  resultant  of  all  the  quantics. 

It  would,  next  in  order,  be  proper  to  discuss  the  form  of  the 
discriminant  of  the  Jacobian  of  \U+  /u,V+  v  W,  where  £7,  F,  W 
are  ternary  quantics,  and  that  of  the  discriminant  of  the  dis- 
criminant with  respect  to  X,  /*,  v.  This  theory,  when  £7,  F,  W 
are  quadrics,  will  be  given  in  Lesson  XVIII.  In  other  cases 
the  latter  discriminant  vanishes  identically.  I  do  not  know  the 
general  theory  of  the  former. 


LESSON  XVII. 

APPLICATIONS  TO  BINARY  QUANTICS. 

190.  Having  now  explained  the  most  essential  parts  of  the 
general  theory,  we  wish  in  this  lesson  to  illustrate  its  application 
by  examining  in  some  of  the  simplest  cases  the  different  in- 
variants and  covariants  which  a  quantic  may  possess.  The 
method  of  Art.  117  shows  that  a  binary  quantic  has  in  general 
n  —  2  independent  invariants.  For  it  was  there  proved,  that 
there  may  be  n  —  3  absolute  invariants ;  and  since  we  see,  as  in 
Art.  118,  that  from  any  two  ordinary  invariants  an  absolute 
invariant  can  be  deduced,  the  number  of  ordinary  invariants 
is  at  most  one  more.  If  we  have  two  invariants  S  and  T  of 
the  same  degree  ;  then  $+«77 (where  a  is  any  numerical  factor) 
will  of  course  be  also  an  invariant.  We  do  not  consider  in- 
variants included  under  this  form  as  new  invariants,  nor  as 
essentially  distinct  from  the  invariants  S  and  T.  Nor  again, 
if  S  were  of  the  second  degree,  and  T  of  the  third,  would 
/Sf3  +  a772  be  said  to  be  a  new  invariant  essentially  distinct  from 
S  and  T.  But  if  another  invariant  were  not  rationally  ex- 
pressible in  terms  of  S  and  T7,  but  only  connected  with  them  by 
an  equation  such  as  Rz  =  S*  +  aT'\  then  we  speak  of  E  as  a 
new  invariant  distinct  from  S  and  T,  though  not  independent 
of  them.  Thus  then,  though  the  number  of  independent  in- 
variants of  a  quantic  is,  as  has  been  said,  n  —  2,  the  number 
of  distinct  invariants  is  unlimited  after  we  pass  the  sixth  degree. 


u 
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If  we  have  a  system  of  two  quantics,  of  the  degrees  m  and  n 
respectively;  proceeding  still  by  the  method  of  Art.  117,  the 
number  of  equations  to  be  satisfied  being  m  +  n  +  2,  and  the 
number  of  constants  at  our  disposal  being  still  only  4,  we  find 
that  there  are  m  -f  n  —  2  absolute,  and  m  +  n  —  1  ordinary,  inde- 
pendent invariants  of  the  system.  That  is  to  say,  there  will  be 
in  general  three  new  independent  invariants  of  the  system  in 
addition  to  the  m  —  2  and  n  —  2  independent  invariants  of  the 
quantics  considered  separately.  If  one  of  the  quantics  be  either 
linear  or  a  quadratic,  there  will  be  only  two  new  independent 
invariants.  This  is  because  the  number  n  —  2  does  not  express 
the  number  of  independent  invariants  of  a  linear  or  quadratic 
quantic,  that  number  being  in  both  cases  one  more ;  that  is  to 
say,  0  in  the  one  case  and  1  in  the  other.  The  number  of  other 
invariants  will  therefore  be  one  less  than  in  the  general  case. 

The  invariants  of  any  quantic  and  of  the  linear  system 
xi -f?/7?  +  &c.  (see  Art.  130),  may  be  regarded  as  contravariants 
of  the  given  quantic;  and  in  binary  quantics  contravariants  may 
be  reduced  to  covariants  by  changing  f  and  77  into  y  and  —  x. 
It  has  been  shewn  then  that  a  binary  quantic  has  in  addition  to 
its  invariants,  only  two  independent  covariants;  or,  since  we 
may  take  the  quantic  itself  for  one  of  these  covariants,  that  all 
covariants  may  be  expressed  (though  not  necessarily  expressed 
rationally)  in  terms  of  the  quantic,  its  invariants,  and  one 
covariant. 

We  now  proceed  to  enumerate  the  fundamental  invariants 
and  covariants  of  all  the  most  simple  systems. 

191.  The  quadratic.  We  have  already  stated  the  principal 
points  in  the  theory  of  the  quadratic  form  (a,  &,  c\x,  y)'\  It 
has  but  one  independent  invariant  (Art.  118),  viz.  the  discri- 
minant ac  —  b'\  Any  other  invariant  must  be  a  power  of  this 
(ac  —  b*)m.  We  have  already  showed  (Art.  153)  that  it  follows 
by  Hermite's  law  of  reciprocity,  that  only  quantics  of  even 
degree  have  invariants  of  the  second  order  whose  symbol  is 
122Wt.  If  we  make  y  —  1  in  the  quantic,  it  denotes  geometrically 
a  system  of  two  points  on  the  axis  of  x,  and  the  vanishing  of 
the  discriminant  expresses  the  condition  that  these  points  should 
coincide  (Art.  174). 
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In  like  manner  the  system  of  two  quadratics 
(a,K,  cjx,  y)\  (a',  V,  cjx,  y)\ 
has  the  invariant  122  or  ac  -f  a'c  —  2bb'.  When  each  quantic  is 
taken  to  represent  a  pair  of  points  in  the  manner  just  stated, 
the  vanishing  of  this  invariant  expresses  the  condition  (see 
Conies,  p.  291)  that  the  four  points  should  form  a  harmonic 
system,  the  two  points  represented  by  each  quantic  being  con- 
jugate to  each  other.  We  have  also  proved  (Art.  174)  that  the 
covariant  12  (or  the  Jacobian  of  the  system)  represents  geome- 
trically the  foci  of  the  system  in  involution  determined  by  the 
four  points. 

The  eliminant  of  the  system  may  be  written  in  either  of 
the  forms 

(ac'  -  cdf  +  4  (bd  -  b'a)  [be  -  b'c), 

or  (ac  +  ca'  -  2bb'f  -  4  (ac  -  V2)  {a'c'  -  b"z). 

Lastly,  given  a  system  of  three  quadratics 

(*j  h  <0J>,  y)\    (a!,  b\  oJsBj  y)\    («",  b",  c'Jx,  y)\ 

the  vanishing  of  the  determinant 

a,    bj    c 

d,   V,    c 

a  j  0  ,  c 

expresses  the  condition  that  the  three  pairs  of  points  represented 
by  the  quadratics  shall  form  a  system  in  involution  (Conies, 
p.  296). 

192.    The  cubic.     We  come  next  to   the   concomitants  of 
the  cubic 

(a,  b,  c,  djx,  y)\ 

It  has  but  one  invariant  (Art.  118),  viz.  the  discriminant 

ddl  +  4ac3  +  ±db*  -  8&V  -  Gabcd. 
The  Hessian  122  is 

(ac  -  b*)  a*  +  (ad  -  be)  xy  +  (bd  -  c2)  y'% 
which  may  also  be  written  as  a  determinant 


a, 

0,         C 

h 

c,      d 

tf, 

-xy,  aa 
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This  has  the  same  discriminant  as  the  cubic  itself,  see  Art. 
164.  If  the  roots  of  the  cubic  be  a,  /3,  7,  then  the  Hessian  is 
2(<b- •a)2(/3-7)2  (see  Art.  133).  The  cubic  covariant  122.13, 
or  the  evectant  of  the  discriminant,  is  (see  Art.  138) 

{dzd-3abc+2b%  abd+b2c-2ad\  2b2d-acd-bc%  2>bcd-ad2-2eJx,yY. 

This  cubic  may  be  geometrically  represented  as  follows : — If  we 
take  the  three  points  represented  by  the  cubic  itself,  and  take 
the  fourth  harmonic  of  each  with  respect  to  the  other  two,  we 
get  three  new  points  which  will  be  the  geometrical  representa- 
tion of  the  covariant  in  question.  This  theorem  is  suggested 
by  its  being  evident  on  inspection  that  if  the  given  cubic  take 
the  form  xy  (a?  +  y),  then  x—y  will  be  a  factor  in  the  covariant, 
as  appears  by  making  a  =  J=0,  &  =  c=l  in  its  equation.  But 
x  +  y,  x  —  y  are  harmonic  conjugates  with  respect  to  x  and  y. 
Now,  if  a,  /3,  7,  8  denote  the  distances  from  the  origin  of  four 
points  on  the  axis  of  a?,  any  harmonic  or  anharmonic  relation 
between  them  is  expressed  by  the  ratio  of  the  products 
(a-/3)  (7-  S)  and  (a -7)  (£-  8) :  and  this  ratio  (see  Art.  132) 
is  unaltered  by  a  linear  transformation ;  that  is,  when  for  each 

distance  a  we  substitute  —, ; .     Such  relations,  then,  being 

A,  a  +  fju 

unaltered  by  linear  transformations,  if  proved  to  exist  in  one 
case,  exist  in  general.  We  find  that  the  other  factors  in  the 
evectant  of  xy  [x  +  y)  are  x  +  2y,  2x  +  y,  so  that  our  result  may 
be  written  symmetrically  that  the  evectant  of  xyz  (where 
X,  y,  z  are  connected  by  the  linear  relation  x  +  y  +  z  —  0)  is 
(x  —  y){y  —  z)(z-x).  These  considerations  lead  us  to  the  ex- 
pression for  the  factors  of  the  covariant  in  terms  of  the  roots  of 
the  given  cubic:  for  if  8  be  the  distance  from  the  origin  of  the 
point  conjugate  to  a  with  respect  to  /3  and  7 ;  solving  for  8  from 

A,  2  1  1  -"j      a/3  +  «7-2/37 

the  equation  «  = ^  +  we  get  0  =  — ^ '■= , 

*  a  —  0      OL  —  p      a  — 7  Za  —  p-y1 

whence  the  covariant  must  be 

{(2a-^-7)a;  +  (2/37-a/3-a7)2/}{(2/3-a-7)^ 

+  (27a -  £7 - 0i) y}  {(2y- a- /3)  x+  (2a/3  - 7a - y£) y}> 

as  may  be  verified  by  actual  multiplication  and  substitution  in 
terms  of  the  coefficients  of  the  equation. 
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193.  When  we  wish  to  establish  any  relation  between  the 
preceding  covariants  and  invariants,  we  use  the  canonical  forms, 
which  are,  for  U=ax3  Jtdy31  the  discriminant  D  =  a2d2;  the 
Hessian  ff=adxy;  and  the  cubicovariant,  J  =  ad  (ax3  —  dy3). 
Thus  we  can  prove  that  the  discriminant  of  J  is  the  cube  of 
the  discriminant  of  Z7,  for  the  discriminant  of  J  in  its  canonical 
form  is  a6dG.  Again,  we  have  been  led,  by  Art.  1 90,  to  foresee 
that  J  is  not  independent  of  U  and  B',  and  we  can  easily 
establish,  by  the  help  of  the  canonical  form,  the  relation  con- 
necting them,  due  to  Mr.  Cayley,  viz. 

J*-I>U2  =  -4:H\ 

m 

Mr.  Cayley  has  used  this  equation  to  solve  the  cubic  U, 
or,  in  other  words,  to  resolve  it  into  its  linear  factors.  For, 
since  J2  —  DTJ2  is  a  perfect  cube,  we  are  led  to  infer  that  the 
factors  J±  TJ  sJD  will  also  be  perfect  cubes,  and,  in  fact,  the 
canonical  form  shows  that  they  are  2a2dx3  and  2ad2y3.     Now, 

1  I 

since  xa+yoV  is  one  of  the  factors  of  the  canonical  form,  it 

immediately  follows  that  the  factor  in  general  is  proportional  to 

(UsJD  +  jf+iyjD-jf, 
a  linear  function  which  evidently  vanishes  on  the  supposition 
Z7=0. 

Ex.  Let  us  take  the  same  example  as  at  p.  136,  viz.,  U=  4x?  +  9x2  +  18a;  +  17. 
Here  we  have  JD  =  1600,  J-  110a:3  -  90a%  -  630ary2  -  670#3,  whence 

UJD  +  J=  10  (3a;  +  y)3 ;     U^D~-J=  50  (x  +  3y)3  j 
and  the  factors  are  Sx  +  y+  (x  +  3y)  3,J5. 

194.  System  of  cubic  and  quadratic.     Let  these  be 

(«,  ft,  c,  d$x,  y)%   (A,  B,  CJx,  y)\ 
The  simplest  invariant  of  the  system  is  got  by  combining  the 
quadric  with  the  Hessian  of  the  cubic,  and  forming  the  inter- 
mediate invariant  of  this  system  of  two  quadratics,  when  we  have 

I=A(bd-c2)-B(ad-bc)  +  C(ac-b2). 
The  resultant  of  the  system,   formed  by  the  method  of  Arts. 
63  or  82,  is 

B  =  a2C3-  GabBC2  +  QacG{2B2 -AC)+  ad(<oABC-  SB3) 

+  db2A C* -  18bcABC+  QbdA  (2B2 -AC) 

+  $c2A:zC-6cdBA>  +  d'iA3. 
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These  two  may  be  taken  as  the  fundamental  invariants  of  the 
system.  In  comparing  other  invariants  with  these  it  is  con- 
venient to  take  A  and  (7=0,  which  is  equivalent  to  taking  for 
x  and  y  the  two  factors  of  the  quadratic.  I  then  reduces  to 
B  (be  -  ad)  and  B  to  -  &B3ad.     The  Jacobian  of  the  system  is 

(Ab-Ba) x3+(2Ac-Bb -  Go) x2y+  (Ad+Bc-2  Cb) xtf+  (Bd- Cc)y\ 

But  it  has,  besides,  linear  covariants.  Thus,  if  we  substitute 
differential  symbols  in  the  quadratic  and  operate  on  the  cubic, 
we  get 

L1=(aC-2Bb  +  cA)x+(bC-~2cB  +  dA)y, 

and  if  we  operate  in  like  manner  with  this  on  the  quadratic, 
we  get 

L2  =  {aBC-b  (2B*  +  AC)  +  ScAB  -  dA2}  x 

+  {aC2-ZbBC+c(AC+2B2)-dAB}y, 

which  expressed  in  terms  of  the  roots  a,  /3,  7  of  the  cubic  and 
a,  /3'  of  the  quadric,  are 

S  (a'  -  «)  Off  -0)  (as-?),  2  (a'  -  a)  Q8* -  /3)  (a'  - 7)  (as-  /3'). 

The  resultant  of  Lt  and  j&2,  when  we  make  A  and  (7=0,  is 
proportional  to  B3bc.  If,  then,  A  denote  the  discriminant 
AC-  B2  of  the  quadratic,  we  see  that  the  resultant  of  £,,  L2l 
expressed  in  terms  of  the  fundamental  invariants,  is  R  +  8 Al. 

There  are  other  linear  covariants  got  by  writing  for  a,  &,  &c. 
the  a,  bj  &c.  of  the  cubi-co variant  (as  in  Art.  138)  of  the  given 
cubic. 

If  we  eliminate  between  the  linear  covariant  Lx  and  the 
quadratic,  we  get  the  same  result  as  if  we  eliminate  between 
Lt  and  X2.  But,  if  we  eliminate  between  Lx  and  the  cubic,  we 
get  an  invariant  distinct  from  those  already  given.  If  we  make 
A  and  6Y=0,  this  invariant  is  B3(ac5  —  db3)i  which  we  see  is 
not  reducible  to  the  previous  forms.  But  its  square  can  without 
difficulty  be  reduced  to  those  forms.  For,  since  the  discriminant 
of  the  cubic  is 

B  =  a2dl  +  Aac3  +  ±db3  -  35V  -  18abcd, 

sixteen  times  the  square  of  the  invariant  now  under  considera- 
tion is 

B6  {D  -  a2d?  +  36V  +  lSabcdf  -  MB*ad¥c6, 
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and  we  have  only  to  write  in  this  for  Bbc,  1+  Bad,  for  B*ad, 
—  £22,  and  for  B\  -  A,  when  the  whole  is  expressed  in  terms 
of  the  fundamental  invariants. 

195.  System  of  two  cubics.  A  system  of  two  cubics 
(a,  I,  c,  oT^Xj  y)3,  (a,  b\  c',  cTj[#,  yf  has  for  its  simplest  invariant 
(see  Art.  136,  Ex.  2)  [ad')  —  3  (be') ;  which  is  a  combinant,  and 
which  we  shall  refer  to  as  the  invariant  P.  The  properties  of 
this  system  may  be  studied  most  conveniently  by  throwing  the 
equations  into  the  form  Au3  +  Bv3  +  Cw%  A'u3  +  B'v3  +  (7  V,  a 
form  to  which  the  two  cubics  can  be  reduced  in  an  infinity  of 
ways.  For  the  cubic3  contain  four  constants  each,  or  eight  in 
all.  And  the  form  just  written  contains  six  constants  explicitly ; 
and  w,  v,  w  contains  implicitly  a  constant  each,  since  u  stands  for 
x  +  \y,  &c.  The  second  form  then  is  equivalent  to  one  with 
nine  constants,  that  is  to  say,  one  constant  more  than  is  necessary 
to  enable  us  to  identify  it  with  the  general  form. 

Any  three  binary  quantics  of  the  first  degree  are  obviously 
connected  by  an  identical  relation  of  the  form  au  -f-  (Sv  +  yw  —  0. 
We  shall  suppose  the  constants  a,  /5,  7  to  have  been  incorporated 
with  w,  v,  w,  so  as  to  write  the  two  cubics,  Au3  +  Bv3  +  Cw3, 
A'u3  +  B'v3  +  0 V,  where  u  +  v  +  w  =  0. 

Putting  for  w  its  value,  and  writing  the  cubics 

(A,  -C,-C,-C, B- CJu,  v)%  [A'- G\  - C\  - G\  B '- CJu,  v)% 
and  forming  the  invariant  P  of  the  system,  we  find  it  to  be 

(AB')  +  {BC')  +  (CA'). 

-  The  resultant  of  the  system  is  found  by  solving  between 
the  equations  Au3  +  Bv3  +  Cw3  =  0,  A'u3  +  B'v3  +  0  V  =  0,  when 
we  get  ud=(BC),  v3=(CA'),  w3  =  (AB');  and,  substituting 
in  the  identity  u  +  v  +  w  =  0,  the  resultant  is 

(AB'f  +  {BC'Y  +  (CA'f  =  Q, 

or  {(AB')  +  (BC)  +  (CM')}3  =  27  (AB')  (BC)  (CA'). 

Now,  if  we  denote  the  two  cubics  by  U  and  F,  it  has  been 
proved,  Art.  176,  that  there  is  an  invariant,  which  we  shall  call 
#,  of  the  third  order  in  the  coefficients  of  each  cubic,  which 
expresses  the  condition  of  its  being  possible  to  determine  \  so 
that  U+W  shall  be  a  perfect  cube.     Now  this  invariant  is 
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identical  with  the  product  [AB')  (BC)  (CA'),  which  is  of  the 
same  degree  in  the  coefficients.  For  if  any  factor  (AB')  in 
this  product  vanish,  A  V—  A'  U  evidently  reduces  to  the  perfect 
cube  (A  C)  w3.  It  follows  then  that  the  resultant  is  of  the  form 
P3-27Q. 

196.  If  it  were  required  to  form  directly  the  invariant  Q 
for  the  form  (a,  b,  c,  dPfcx,  y)3,  (a,  V ,  c',  d'Jjx,  yf ;  we  might 
proceed  *as  follows.  If  U+  X  V  can  be  a  perfect  cube,  its  three 
second  differentials  can  be  simultaneously  satisfied ;  or 

ax  +  by  +  X  (ax  +  b'y)  —  0, 

bx  +  cy  +  X  (b'x  +  c'y)  =  0, 

cx  +  dy  +  X  (ex  +  d'y)  =  0. 

Solving  these  equations  linearly  for  x,  y,  Xx,  Xy,  and  then 
equating  the  product  of  x  by  Xy  to  the  product  of  y  by  Xx, 
we  get,  for  the  required  condition, 


a,  b,  a' 

a ,  V ,  & 

a,  5,  J' 

a',  5',  a 

b,  c,  V 

X 

&',   c',  c 

= 

6>  ci  c' 

X 

£',  c',  & 

c,  d,  c 

c',  a7',  a7 

C,    6?,    £?' 

c',  a7',  c 

or       {b  (be')  +  c  (ca')  +  a7  (aZ>')}  x  [a'  (cd')  +  J'  (<#')  -f  c'  (be)} 

=  {&'  [be')  *  c'  (ca')  +  d'  (ah')}  x  {a  (erf')  +  b  (db')  +  c  (be')}, 

or  (6c')3  +  (ca')2  [cd!)  +  (a77/)2  (a&')  -  3  [db')  (be')  (cd') 

-  (ad')  (be')' -  (ad')  (aV)  (cd). 

If,  as  in  the  last  article,  we  give  a,  b,  &c.  the  values  A,  —  (7, 
-  (7,  &c.  this  would  become  -(AB')(BC)  (CA').  If  then  to 
twenty-seven  times  this  quantity  we  add  {(ad')  —  3  (be)}3,  we  get 
the  resultant  in  the  form 

(ad)3  -  9  (ad'f  (be')  +  27  (ca'f  (cd')  +  27  (d&')a  {db') 

-  81  (a&')  (5c')  (cd')  -  27  (atf)  (o#)  (cd'), 

a  result  which  agrees  with  that  of  Art.  76,  it  being  remembered 
that  there  the  cubics  were  written  without  binomial  coefficients. 

197.  We  have,  in  Art.  195,  formed  the  invariant  P  of  the 
system  Ax3  -+•  By3  +  Cz3,  A'x3  +  B'y3  +  C'z\  by  first  reducing 
them  to  functions  of  two  variables,  and  then  calculating  the 
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value  of  {ad')  —  3  (be').  We  shall  for  the  sake  of  establishing  a 
useful  general  principle,  give  another  way  of  making  the  same 
calculation.     We  know  that  we  may  substitute  in  any  binary 

quantic   -7- ,  —  -7-  for  x  and  ?/,  and  so  obtain  an  invariantive 

operative  symbol.  Now  when  this  change  is  made  in  a  function 
expressed  in  terms  of  a?,  y,  ?,  where  z  is  —  (x  +  y),  z  will  become 

-= -7-  .     And  when  the  operation  is  performed  on  a  .function 

similarly  expressed,  since  its  differential  with  respect  to  x  will 

be  -7-  +  -7-  -7-  ,  or  in  virtue  of  the  relation  between  jr.  ?/,  z. 
ax      dz  dx1 

-7 -7- ,  we  see  that  the  rule  may  be  expressed,  that  we  may 

dx      dz 

substitute  in  any  covariant  for  a?,  3/,  z  respectively 

d        d       d        d        d        d^ 
dy      dz '    dz      dx*    dx      dy"* 

and  so  obtain  an  operative  symbol  which  we  may  apply  to  any 
covariant  expressed  in  terms  of  a?,  ?/,  «,  without  first  reducing 
it  to  a  function  of  two  variables.  Thus,  in  the  present  case,  we 
find  the  invariant  P  by  operating  on  A'x* +  B'y* +  C'z%  with 

\dy      dz)  \dz      dx)  \dx      dy) ' 

and  the  result  only  differs  by  a  numerical  factor  from 
{AB')  +  (BC')  +  (CA'),  as  we  found  before. 

In  like  manner  we  find  that,  in  the  symbolical  notation,  12 
as  applied  to  a  function  expressed  in  terms  of  x,  y}  z,  denotes 

/  d     d         d     d\       f  d    d         d   _d_\       (_d    d_        d^    d_\ 
\dxx  dy2^dx2  dyj       \dyx  dz2  "  dy2  dzj       \dzx  dx2      dz2  dxj  ' 

198.   The  Jacobian  of  the  system 

Ax*  +  Bif  +  Cz\  A'x>  +  B'tf  +  C'z% 
may  be  found  by  means  of  the  formula  last  given,  or  directly  as 
follows.     In  virtue  of  the   relation   connecting   z   with  x  and 
#,  the  differentials  of  ZJwith  respect  to  x  and  y  are  proportional 
to  Ax*  -  Qz\  By*  -  Cz* ;  and  Ux  F2  -  U2  Fx,  is 

(AB)  xY  +  {BC)  2/V  +  ( GA')  *V. 
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This  is  a  biquadratic,  for  which  we  may  calculate  the  two  in- 
variants noticed  in  p.  112,  viz. 

S=ae-  4:bd  +  3c2,    T—  ace  +  2bcd  -  ad2  -  e¥  -  c3. 

Putting  in  for  z\  [x  +  yY,  and  multiplying  the  Jacobian  by 
six  to  avoid  fractions,  we  get 

0  =  6(01'),   b  =  3{CA'),  e  =  G(BC),   d=3(BC), 

c=(BC')  +  (CA')  +  {AB')  =  P, 

whence  #=3P2,  T=5±Q-P3.  We  shall  presently  show  that 
the  discriminant  of  a  biquadratic  is  S3  —  27  T\  The  discriminant 
of  the  Jacobian  therefore,  is  proportional  to  Q  (P3  —  27  #),  which 
agrees  with  Art.  177. 

199.  If  in  general  we  form  any  invariant  of  Z7+XF,  and 
then  form  any  invariant  of  this  again  considered  as  a  function 
of  X,  the  result  will  be  a  combinant  of  the  system  £7,  Vj  that 
is  to  say,  it  will  not  be  altered  if  we  substitute  lU-{  mF, 
T  U+  m  V  for  U,  V.  For,  by  this  substitution,  we  get  the 
corresponding  invariant  of  (l  +  \l')  U+  (m  +  Xra')  F,  which  is 
equivalent  to  a  linear  transformation  of  X,  by  which  the 
invariants  of  the  function  of  X  will  not  be  altered.  If  then, 
in  the  case  of  two  cubics,  the  discriminant  of  U+W  be 
A  +  4PX  +  6  OX2  +  4Z>X3  +  E\\  and  if  it  be  required  to  calculate 
the  invariants  of  this  biquadratic,  we  may  without  loss  of 
generality,  take  instead  of  U  and  V  two  quantics  of  the  system 
U+\V  which  have  square  factors,  taking  x  and  y  for  these 
factors;  and  so  write  U=  ax3  +  Sbx^y,  V=Scxy2  +  dy3.  For  this 
system  we  have  P=ad—3bc,  Q  =  5V  {ad -  be) ;  the  resultant 
P3  —  21 Q  being  dldl  (ad—9bc).  Now,  for  this  form,  the  biquad- 
ratic is  4oc3X  +  {d'd*  -  Gabcd  -  3&V)  X2  +  Adb3\3 ;  or  multiply- 
ing by  six  to  avoid  fractions  A  =  E=Q,  B=6ac3,  D=6e%3, 
C=  a2d>  -  6abcd  -  3b2c2  =  P2  -  125V.     Hence,  . 

£=  3<72- 4PZ)  =  3P(P3  -  24<?) ; 

r=2PCZ)-<73  =  -(P6-36P3<2  +  216<22), 

whence  the  discriminant  of  the  biquadratic  S3  —  27T2  is  pro- 
portional to  Q3(P3-2lQ)  which  agrees  with  Art.  179.  We 
infer  from  Art.  117,  by  counting  the  constants,  that  a  system 
of  two  cubics  cannot  have  more  than  five  independent  invariants ; 
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and  we  see  here  that  P  and  Q  can  be  expressed,  though  not 
rationally,  in  terms  of  the  five  A,  2?,  (7,  D,  E, 

200.  We  may  also  conveniently  use  the  form  ax*  -+  Sbx^y, 
3cxy2  +  dy3,  in  examining  the  relations  of  invariants  which  are 
not  combinants;  but  it  will  be  necessary  to  verify  by  more 
general  forms,  that  the  relations  found  to  exist  in  this  particular 
case  are  true  in  general.  The  invariants  are  all  of  even  order 
in  the  coefficients  of  the  system ;  and  there  is  no  invariant  of  the 
second  order  but  the  combinant  P.  We  may  form  several 
invariants  of  the  fourth  order,  as  follows.  Form  the  Hessian 
of  U-\-  X  J7",  which  will  be 

(a,  p,  tfx,  yf  +  X  (a',  p,  r/Jx,  yf  +  \2  (a",  /9",  y"%x,  yf, 

where  the  absolute  term  and  the  coefficient  of  A,2  are  the  Hessians 
of  U  and  V  respectively ;  and  the  coefficient  of  X  is  an  interme- 
diate covariant.  Now,  we  may  form  the  quadratic  invariant  of  any 
one,  or  any  pair  of  these  invariants,  4ot7  —  /3'2,  2  (ay  +  a'7)  —  /3j3\ 
&c,  and  these  will  all  be  invariants  of  the  system.  If  we 
remember  that  the  discriminant  of  the  Hessian  is  the  same  as 
that  of  the  quantic,  and  therefore  identify 

08  +  X/3'  +  K*0')*  -  4  (a  +  Xa'  +  X2a")  (7  +  \7'  +  XV), 

with  (A,  Bj  (7,  D,  E'filj  X)4,  we  identify  all  these  invariants  with 
A,  B,  Z>,  E  except  the  two  /3/3"  -  2  (ay  +  7a"),  (P  -  4aV,  which 
we  shall  call  J,  K,  and  which  we  find  to  be  connected  by  the 
relation  2J+K=6C. 

In  the  form  axz  -+  Sbx2y  +  X  (Sexy2  -f  dy3),  the  Hessian  is 

(-  b*  +  \ac)  xl  \-\{ad-  be)  xy  +  (\bd - XV)  f ; 

and  we  find  J—  —  2b26%  K '—  d2d?  -  Qabcd  +  Z>V ;  and,  using  the 
value  GC=dzd'-Gabcd-'dtfc\we  have  6<7  =  P2+6J,  K=F*+4J, 
relations  which  are  without  difficulty  verified  in  general. 

Lastly,  if  we  form  the  cubicovariant,  as  in  Art.  138,  of 
Z7+XF,  the  coefficients  of  the  powers  of  X  give  us  four  co- 
variants  of  the  same  kind,  viz.  those  of  U  and  F,  and  two 
intermediate  covariants.  And  if  we  form  the  combinant  P  of 
each  pair  of  these  cubics,  we  get  six  invariants  of  the  sixth 
order  in  the  coefficients.  Four  of  these  will,  however,  be  only 
PA,  PBj  PD,  PE,     The  remaining  pair,  viz.  the  combinants 
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formed  with  the  two  extreme  and  the  two  intermediate  co- 
variants  are  respectively 

L  =  b3c3  =  2Q  +  PJ  and  if  =  - P3  +  24 <2* 

201.  The  quartic.  We  come  next  to  the  quartic,  which,  as 
we  have  seen,  p.  112,  has  the  two  invariants 

8  =  ae  -  Abd  4-  3c2   and    T=  ace  4  2bcd  -  ad2  -  e¥  -  c3. 

We  have  shown  (Art.  169)  that  the  quartic  may  be  reduced  to 
the  canonical  form  x*  +  §mxlyl  +  y*}  and  for  this  form  these  in- 
variants are  8—  1  +  3m2,  T=  m  —  m3. 

These  invariants,  expressed  as  symmetric  functions  of  the 
roots,  are 

8=  S  (a - /3)2  (7  -  S)2,  T=  S  (a -  fif  (y -  8)*  (a -  y)  (/S -  8), 
or,  more  conveniently, 
r«{(«-/8)(7-8)-(a-7)(8-jS)}Ka-7)(8-/8) 

-  (a  -  8)  (/3  -  7)}{(a  -  S)  (/3  -  7)  -  (a  - /3)  (7  -  8)]. 

In  the  latter  form  it  is  easy  to  see  that  T—  0  is  the  condition 
that  the  four  points  represented  by  the  quartic  should  form  a 
harmonic  system  {Higher  Plane  Curves,  p.  192).  It  was  stated 
(Art.  168)  that  ^=0  is  the  condition  that  the  quartic  can  be 
reduced  to  the  form  #4  +  «/4,f  and  that  T  can  be  expressed  as 
a  determinant 

a,  &,  c 

bj  c,  d 
c,  d,  e 

If  M  be  the  modulus  of  transformation,  then  (Art.  118)  8  and 
T  become  by  transformation  M 4#,  M*  I7,  respectively ;  and  the 
ratio  S3  :  Z72  is  absolutely  unaltered  by  transformation. 

202.  Every  invariant  of  a  quartic  can  be  expressed  as  a 
rational  function  of  8  and  T.  Since  the  quartic  can  be  reduced 
to  the  canonical  form  cc4  +  6mx2y*  4-  ?/4,  by  linear  transformation, 


*  By  substituting  in  the  expression  for  the  resultant  P3  —  27  Q#  the  value  of  Q, 
i  (L  —  PJ),  just  obtained,  we  get  an  expression  for  the  resultant  given  by  Mr.  Warren, 
Quarterly  Journal,  vol.  vi.,  p.  237. 

t  Mr.  Sylvester  gives  the  name  catalecticant  to  the  invariant  which  expresses  that 
a  quantic  of  order  In  can  be  reduced  to  the  sum  of  n  powers  of  the  degree  2n. 

Z 
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which  does  not  affect  the  invariant,  it  is  sufficient  to  prove  the 
theorem  for  that  form.  Now,  in  the  first  place,  we  say  that 
any  invariant  which  vanisKes  when  m  —  0,  will  also  vanish  when 
m  =  ±  1.  For  the  form  x*  +  y*  is  changed,  by  the  transformation 
of  x-\-y  and  x  —  y  for  x  and  y,  into  the  form  x^  +  Gx^  +  y*, 
and  by  the  change  of  x  +  y  V(—  1)>  x~  y  V(—  1)  f°r  x  an(l  y, 
into  a?4-  6x2yz  +  y*.  Thus,  then,  we  see  that  if  m  be  a  factor 
in  any  invariant,  m"  —  1  will  also  be  a  factor ;  or  the  invariant 
will  be  divisible  by  m  —  w3,  that  is  to  say  by  T. 

Let  us  take  now  any  invariant  expressed  in  terms  of  the 
general  coefficients  a,  5,  c,  J,  e ;  and  we  say  that  if  it  does  not 
vanish  when  we  make  5  =  0,  c  =  0,  c?=0,  the  part  remaining 
must  be  a  power  of  ae.  For  it  evidently  must  be  a  symmetrical 
function  of  a  and  e\  and  it  cannot  be  of  any  form  such  as 
ak  -f  e*,  since  the  weight  of  every  term  must  be  the  same.  Let 
this  part  remaining  then  be  aV,  and  let  us  subtract  from  the 
given  invariant  (ae-  kbd-\  3c2)*  or  8k\  the  remainder,  then,  will 
evidently  vanish  when  we  make  Z>  =  0,  c  =  0,  d=0)  or,  in  the 
case  of  the  canonical  form  for  which  b  and  d  are  always  =  0,  it 
will  vanish  when  m  —  0.  By  what  has  been  proved  then  il  must 
be  divisible  by  T\  that  is  to  say,  we  have  proved  that  the  in- 
variant is  of  the  form  Sk  -}-  Tcj>.  But,  by  the  same  argument, 
we  prove  that  <£  is  of  the  form  Sk  +  Tyjr ;  and  so  on :  so  that, 
by  repeating  the  process,  the  invariant  can  altogether  be  ex- 
pressed rationally  as  a  function  of  8  and  T. 

203.  To  express  the  discriminant  in  terms  of  8  and  T.  It 
has  been  already  remarked  (Art.  107)  that  the  discriminant  of 
a  quantic  must  vanish,  if  the  first  two  coefficients  a  and  b  vanish  ; 
for,  in  that  case,  the  quantic  has  a  square  factor  being  divisible 
by  y\  On  the  other  hand  it  is  also  true  that  any  invariant 
which  vanishes  when  a  and  b  are  made  =  0,  must  contain  the 
discriminant  as  a  factor.  Such  an  invariant,  in  fact,  would 
vanish  whenever  the  quantic  had  any  square  factor  (x-  ay)'2: 
for,  by  linear  transformation,  the  quantic  could  be  brought  to 
a  form  in  which  this  factor  was  taken  for  ?/,  and  in  which 
therefore  the  coefficients  a  and  b  =  0.  But  an  invariant  which 
vanishes  whenever  any  two  roots  of  the  quantic  are  equal,  must 
when  expressed  in  terms  of  the  roots  contain  as  a  factor  the 
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difference  between  every  two  roots :  that  is  to  say,  must  contain 
the  discriminant  as  a  factor. 

It  is  easy  now,  by  means  of  8  and  T,  to  construct  an  in- 
variant which  shall  vanish  when  we  make  a  and  5  =  0.  For  on 
this  supposition  8  becomes  3c2  and  T  becomes  —  c3 ;  therefore 
83  —  2lT2  vanishes.  Now  this  invariant  of  the  sixth  order  in 
the  coefficients  is  of  the  same  order  as  that  which  we  know 
(Art.  101)  the  discriminant  to  be.  It  must  therefore  be  the 
discriminant  itself,  and  not  the  product  of  the  discriminant  by 
any  other  invariant.     The  discriminant  is  therefore 

(ae  -  4hd 4-  3c2)3  -  27  (ace  +  2bcd -  ad'2  -  eb'2  -  c3)2. 

We  can  in  various  ways  verify  this  result.  For  instance,  it 
appears,  from  Art.  182,*  that  the  discriminant  of  the  canonical 
form  rr4  +  Gmx2y2  4-  y*  is  the  square  of  the  discriminant  of  the 
quadratic  x2  +  Q?nxy  +  y2 ;  that  is  to  say,  is  (1  -  dm2)'2.     But 

(1  -  9m2)2  =  (1  +  3m2)3  -27  (m-  m3)\ 

204.  We  may  also  derive  this  result  from  the  form  P3  -  27  Q 
of  the  resultant  of  a  system  of  two  cubics  given,  Art.  195.  The 
combinant  P  of  the  system  U^  Z72, 

ax3  +  Sbx2y  +  Sexy*  +  dy%   bx3  4-  Zcx'y  4-  Zdxy2  +  ey3, 

is  (ae  —  bd)  -  3  (bd  -  c2) ;  that  is  to  say,  is  no  other  than  the 
invariant  8  of  the  biquadratic.  And  §,  if  calculated,  will  be 
found  to  be  a  perfect  square,  namely,  the  square  of  the  invariant 
T.  We  can  give  an  a  priori  reason  why  Q  should  in  this  case 
be  a  perfect  square.  For  Q  =  0  expresses  the  condition  that  for 
some  value  of  /a,  Ut  +  fi  U2  shall  be  a  perfect  cube.  If  this  be 
so,  we  can  (Art.  126)  linearly  transform  so  that  it  shall  be  the 
differential  with  regard  to  x  which  shall  be  the  perfect  cube : 
suppose  (x  ■+•  \y)a.  Then  the  quantic  itself  must  be  of  the  form 
(x  +  \yY 4- cy* ;  and  in  this  case  we  have  also  U^  —  X^  a  per- 
fect cube.     Thus  Q  =  0  expresses  the  condition  that  the  quartic 

*  We  may  also  see  this  directly,  thus :  The  resultant  of  aoft  +  byh,  a'x1'  +  b'yk 
is  the  kth  power  of  ab'  —  a'b,  since  the  substitution  of  each  root  of  the  first  equation 
in  the  second  gives  ab'  —  a'b.  Now  the  discriminant  of  ax*  +  bcxhj1  +  ey*  is  the 
resultant  of  ax3  +  3cxy2,  Bcx2y  +  ey3.  If  we  substitute  x  =  0  in  the  second,  and  y  =  0 
in  the  first,  we  get  results  e,  a,  respectively,  and  the  resultant  of  ax1  +  3cy2,  3cx2  +  ey3 
is  (ae  -  9c2)2.    The  discriminant  is  therefore  ae  (ae  -  9c2)2. 
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shall  be  the  sum  of  two  fourth  powers;  and,  in  this  case, 
\UX  + /mUz  can  in  two  ways  be  made  a  perfect  cube. 

We  can  also  easily  apply  the  theory  of  a  system  of  two 
cubics  by  writing  the  quartic  under  a  form  more  general  than 
the  canonical  form,  viz.  Ax4,  +  By*  +  Cz*,  where  x  +  y  +  z  =  0. 
In  this  case,  then,  we  have  a  =  A  +  C,  e  =  B+C,  b  =  c  =  d=C, 
and  we  easily  calculate  8=BC+CA  +  AB,  T=ABC.  But 
if  we  equate  to  nothing  the  two  differentials,  viz.  Ax3  —  Cz31 
By3  —  Cz8,  we  get  a?8,  y3,  z3  respectively  proportional  to  BC, 
GA,  AB\  and,  substituting  in  x  -f  y  -1-  z  =  0,  we  get  the  dis- 
criminant in  the  form 

{Bcf+(CAf  +  {AB)h  =  0, 
or      (BC+  CA  +  ABf  -  27 A*B*C*  =  0,  or  83  -  27  T  m  0. 

205.  From  the  expression  just  given  for  the  discriminant  of 
a  quartic  in  terms  of  8  and  T,  can  be  derived  the  relation 
(Art.  193)  which  connects  the  covariants  of  a  cubic. 

If  we  multiply  two  quantics  together,  the  invariants  of  the 
compound  quantic  will  be  invariants  of  the  system  formed  by 
the  two  components.  If  then  we  multiply  a  quantic  by  xl;  +  yrj, 
the  invariants  of  the  compound  will  (Art.  1 30)  be  contravariants 
of  the  original  quantic ;  and  if  we  then  change  f  and  rj  into  y  and 
—  Xj  will  be  covariants  of  it.  If  we  apply  this  process  to  a  cubic, 
the  coefficients  of  the  quartic  so  formed  will  be 

ay,  i(%-«aO,  i(c#-^)>  \(dy-*cx\  -d*i 

and  the  invariants  8  and  T  of  this  quartic  are  found  to  be  the 
covariants  —  f  2Z",  -^  J  of  the  cubic.  But  the  discriminant  of  the 
product  of  any  quantic  by  x^  +  yrj^  by  Art.  106,  becomes,  when 
treated  thus,  the  discriminant  of  U  multiplied  by  IP.  Express- 
ing then  the  discriminant  of  the  compound  quartic  in  terms  of 
its  8  and  T,  we  get  the  relation  connecting  the  H,  J,  and  dis- 
criminant of  the  cubic. 

206.  The  Hessian  of  the  quartic  is  the  evectant  of  T,  and  is 

(ac  -  V)  x*  +  2  [ad  -  be)  x3y  +  {ae  +  2bd  -  3c2)  x\f 

-f  2  {be- cd) xy3  +  [ce - d*) y\ 
which,  for  the  canonical  form,  is 

™(a4  +  3/4)  +  (l-3m2)a;y. 
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If  a  quartic  have  a  square  factor  a?2,  this  will  be  also  a  factor 
in  the  Hessian.  For  the  second  differential  U22  contains  x\  and 
Z712  contains  sb,  therefore  x2  will  be  a  factor  in  Un  Z722  —  Uv2. 
If  then  a  quartic  have  two  square  factors,  both  will  be  factors 
in  the  Hessian,  which,  being  of  the  fourth  degree,  can  therefore 
differ  only  by  a  numerical  factor  from  the  quartic  itself.  In 
fact,  if  a  quartic  have  two  square  factors,  by  taking  these  for 
x2  and  #2,  the  quartic  may  be  reduced  to  the  form  cx2y2 :  but, 
by  making  «,  &,  e?,  e  all  =  0,  the  Hessian,  as  given  above, 
reduces  to  —  3c2x2y2. 

Thus  then,  by  expressing  that  a  quartic  differs  only  by  a 
factor  from  its  Hessian,  we  get  the  system  of  conditions  that 
the  quartic  shall  have  two  square  factors,  viz. 

ac  —  b2_ad—bc_ae  +  2bd  —  3c2  _be  —  cd_  ce  —  d2 
a  2b  6c  ~~2d~  e      • 

a  system  equivalent  to  two  conditions,  as  may  be  verified  in 
different  ways. 

We  have,  in  Art.  134,  given  other  ways  of  forming  these 
conditions.     One  is,  to  form  the  covariant 

2  (a  -  /S)  (a  -  7)  (a  -  8)  (a  -  /3)2  (x  -  7)2  (x  -  8)*, 
every  term  of  which  must  vanish  if  any  two  pairs  of  roots 
become  respectively  equal.     This  covariant  expanded  is 
(d'd+2b3-  3abc,  a2e  +  2abd  -  9ac?  +  Qb%  5abe -  1 5acd+  106V, 
1062e  -  10ad%  -  hade  +  I5bce  -  10bd%  -  ae2  -  2bde  +  9c2e  -  Gcd2, 
'6cde-2c3-be*yx,yY. 

Now  this  covariant,  which  we  shall  call  J,  is  no  other  than 

the  Jacobian  of  the  quantic  and  its  Hessian,  which  must  vanish 

identically  when  these  two  only  differ  by  a  factor;    and  the 

coefficients  in  J  are,  only  in  a' different  form,  the  conditions 

already  written.     Again,  we  have  said  (Art.  134)  that  in  the 

same  case  the  covariant  2  (a  -  j5)%  (@  —  y)2  (y  -  a)2  [x  —  B)4,  vanishes 

identically.   But  this,  it  will  be  found,  is  the  same  as  3 TU-2SH  • 

and  we  can  easily  verify  that  this  covariant  vanishes  when  the 

quartic  has  two  square  factors ;  for,  making  «,  J,  d,  e  all  =  0, 

U  reduces  to  Qcx'Y ,  H  to  -  3cV?/2,  T  to  -  c3,  and  8  to  3c2! 

Thus,  then,  we  see  that  in  the  system  of  conditions  given  above 

ST 
the  common  value  of  the  fractions  is  — ^  . 

2S 
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207.  We  have  already  shown  (Art.  169)  how  to  reduce  a 
quartic  to  its  canonical  form,  a  problem  in  which  is  included 
that  of  the  solution  of  the  equation,  since  when  it  has  been 
reduced  to  the  form  ax4  +  bcx2yl  -f  ey4 ,  it  can  be  solved  like  a 
quadratic.  The  reduction  may  also  be  effected  by  means  of 
the  values  given  for  8  and  T.  Imagine  the  variables  trans- 
formed by  a  linear  transformation  whose  modulus  is  unity, 
and  so  that  the  new  b  and  d  shall  vanish:  then  we  have 
8=ae  +  3c2,  T=ace-  c3 ;  and  the  new  c  is  given  by  the  equa- 
tion 4c3  —  8c  +  T=  0.  We  get  the  x  and  y  which  occur  in 
the  canonical  form  from  the  equations 

JJ=.  ax4  +  6cx2y2  +  ey4,  H=  acx4  +  (ae  -  3c2)  x2y2  -f  ce#4, 
whence  c  U- 11=  (9c2  -  ae)  x2y\ 

Our  process  then,  is  to  solve  for  c  from  the  cubic  just  given ; 
then  with  one  of  these  values  of  c  to  form  cU—H  which 
wTill  be  found  to  be  a  perfect  square.  Taking  the  square  root 
and  breaking  it  up  into  its  factors  we  find  the  new  x  and  y,  and 
consequently  know  the  transformation  by  means  of  which  the 
given  quartic  can  be  brought  to  the  canonical  form.  Having 
got  it  to  the  form  ax4  +  6cx2y2  +  ey4,  we  can  of  course,  if  we 
please,  make  the  coefficients  of  x4  and  y4  unity  by  writing 
x2  and  y2  for  x2  V(a)>  ana"  V*  V(e)* 

Ex.   Solve  the  equation 

x*  +  Sx3y  -  12x*y2  +  lOAxy3  -  20y*  =  0. 

We  have  here  8  =  -216,  T=-756,  and  our  cubic  is  4c3  +  216c  =  756,  of  which 
c  =  3  is  a  root.    The  Hessian  is 

H  =  -6xi  +  60x3y  +  12xhf  +  24xy3  -  Gooy4, 

3Z7  -  H  =  9  (x4  -  ±x3y  -  12a%2  +  B2xy3  +  My4)  =  9  (a:2  -  2xy  -  8y-)2. 

The  variables  then  of  the  canonical  form  are  X  =  x  +  2y,  Y  —  x  —  ty,  which  give 
Qx  =  4X  +  2Y,  6y  =  X—  Y;  whence  substituting  in  the  given  quartic  the  canonical 
form  is  found  to  be  3X4  +  2X2F2  —  Y4.    The  roots  then  are  given  by  the  equations 

(x  +  2y)  J(3)  =  x-4y,   (x  +  2y)  J(-  1)  =  x  -  4y. 

208.  Mr.  Cayley  has  given  the  root  of  the  quartic  in  a  more 
symmetrical  form.  Let  ca,  c2,  c3  be  the  roots  of  the  cubic  of  the 
last  article,  and  it  has  been  shown  that  H—cJJ,  H—cJJ, 
JJ-.  Cg  jj  are  respectively  perfect  squares ;  the  square  roots  being 
of  course  of  the  second  degree  in  x  and  y.     But  further 

(e,  -  c3)  (JI- ct U)i  +  [c,  - c.)  (II-  etU)i  +  (o,  - c2)  (H-c3U)i, 
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is  also  a  perfect  square,  and  its  root  is  one  of  the  factors  of  the 
quartic.  It  is  only  necessary  to  prove  that  this  quantity  is  a 
perfect  square,  for  it  evidently  vanishes  when  U=  0.  We  work 
with  the  canonical  form,  taking  for  simplicity  a  and  e—  1.  Now 
if  we  solve  the  equation  4^3  —  z  (1  +  3c'2)  +  c  —  <f  =  0,  we  find  the 
three  roots  to  be  c,  —  -J(c-f  1),  —  J(c—  I);  and  the  three  cor- 
responding values  of  H-  cUare 

(1  -  9c2)  xy,  I  (ftft + 1)  {x>  +  f]\  J  (3c  - 1)  p  -  ff. 

Now  in  order  that  any  quantity  of  the  form 

axy  +  /3(x2  +  y*)  +  y{x2-  y2) 

may  be  a  perfect  square,  we  must  obviously  have  a2  =  4  (/32  —  j2) , 
which  is  verified  when 

a2  =  1  -  9c2,  J32  =  i  (3c  -  l)2  (3c  +  1),  72  =  1  (3c  +  l)8  (3c  -  1). 

Ex.  If  this  method  be  applied  to  the  last  example,  the  other  values  of  c  are 
2  {—  3  ±  9  J(—  3)} ;  and  the  squares  of  the  linear  factors  of  the  quartic  are  given 
in  the  form 

-2^B){x^-2xy-Sf}±i{l-^-3)}l{l  +  4(-B)}x^+{10-24(-B)}xy-{2-10^-3)y^}-\ 

±  I  (1  +  4(~  3)}  [{1  -  4(~  3)}  a?  +  {10  +  2  4(-  3)}  xy  -  {2  +  10  J(-  3)}  ^]. 

209.  It  remains  to  distinguish  the  cases  in  which  the  trans- 
formation to  the  canonical  form  is  made  by  a  real  or  by  an 
imaginary  substitution.  The  discriminant  of  the  canonical  form 
is,  as  we  have  seen  (p.  171,  note),  aeiae  —  9c2)2:  and  since  the 
sign  of  the  discriminant  is  unaffected  by  linear  transformation, 
we  see  that  whenever  the  discriminant  is  positive,  a  and  e  of 
the  canonical  form  have  like  signs ;  and  when  the  discriminant 
is  negative,  unlike  signs.  Now  the  form  ax*  +  6cx*y2  ■+■  ey* 
evidently  resolves  itself  into  two  factors  of  the  form,  either 
(x2  +  \yA)  [x2  4-  fiy2)  or  (x2  -  \y2)  (x2  -  fiy2) ;  that  is  to  say,  the 
quartic  has  either  four  imaginary  roots  or  four  real  roots.  On 
the  contrary,  if  a  and  e  have  opposite  signs,  the  two  factors  are  of 
the  form  (x2  +  Xy2)  (x2  -  /x?/2),  or  the  quartic  has  two  real  and  two 
imaginary  roots.  Hence  then  when  the  discriminant  is  nega- 
tive ;  that  is  to  say,  when  S3  is  less  than  27  T\  the  quartic  has  two 
real  roots  and  two  imaginary;  and  when  the  discriminant  is 
positive,  it  has  either  four  real  or  four  imaginary  roots.*     Now 

*  The  signs  of  the  invariants  do  not  enable  us  to  distinguish  the  case  of  four- 
real  roots  from  that  of  four  imaginary ;  but  the  application  of  Sturm's  theorem 
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the  discriminant  of  the  equation  4c8-#c4  T=0  is  27  T2  -  £3, 
therefore  (Art.  164)  when  S3  is  less  than  27  T2,  the  equation  in  c 
has  one  root  real  and  two  imaginary ;  in  the  other  case  it  has 
three  real  roots.  The  transformation  therefore  can  only  be  effected 
in  one  real  way,  when  the  quartic  has  two  real  and  two 
imaginary  roots.  It  is  easy  to  see  that  if  a  and  e  have  like 
signs,  in  which  case  the  equation  can  be  brought  to  the  form 
a;4  +  Qmx2y2  +  2/4,  it  can  by  two  other  linear  transformations  be 
brought  to  the  same  form  ;  for  write  x  +  y  and  x  —  y  for  x  and  y, 
and  we  have  (1  4  3m)  ic4  +  6  (1  -  rn)  x2y2  4-  (1  +  3m)  y\  Write 
x  +  y  \J(—1),  and  x—y\/{—\)  for  x  and  2/,  and  we  have 
(l-t-3m)a4  +  6(m-l)#y  +  (l  +  3m)?A  Thus  then  when  the 
quartic  has  four  real  or  four  imaginary  roots,  though  there  are 
three  real  values  for  c,  one  of  these  corresponds  to  imaginary 
values  of  x  and  y ;  and  there  are  only  two  real  ways  of 
making  the  transformation. 

The  same  thing  may  be  also  seen  thus.     Imagine  the  quartic 
to  have  been  resolved  into  two  real  quadratic  factors 

(a,b,cjx,y)\  [a\  l\  cjx,  y)2  j 

then  these  two  factors  Z7,  Fcan  by  simultaneous  transformation  be 
brought  to  the  form  AX2  +  BY%  AX2  4  B  Y%  where  X2  and  Y* 
are  the  values  of  \U+  V  corresponding  to  the  two  values  of 
X  given  by  the  equation 

(ac  -  tf)  X2  +  (ac  -J-  ca  -  2bb')  X  4  {a'c  -  b'2)  =  0. 

In  order  that  the  values  of  \  should  be  real,  we  must  have 
the  eliminant  of  the  two  quadratics  positive,  or 

(a-a')(a-/3')(/3-a')(/3-/3') 

positive.  Thus  then,  when  the  quantic  has  four  real  roots,  if 
we  take  for  a  and  /3  the  two  greatest  roots,  and  for  a'  and  ft'  the 
two  least,  or  again,  if  we  take  for  a  and  ft  the  two  extreme 
roots,  and  for  a  and  /3'  the  two  mean  roots,  we  get  real  values 
for  X.     In  the  remaining  case  we  get  imaginary  values.     If 


shews  that  (the  discriminant  being  positive),  when  the  roots  are  all  real,  both  the 
quantities  b2  —  ac  and  3aT+  2  (b2  —  ac)  S  are  positive,  while  if  either  is  negative 
the  four  roots  are  imaginary.    (Cayley,  Quarterly  Journal,  vol.  iv.,  p.  10). 
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either  of  the  quadratics  has  imaginary  roots,  the  resultant  of 
the  two  is  positive,  and  the  values  of  X  real. 

210.  Quartics  have  another  covariant  which  is  the  cubico- 
variant  /of  the  first  emanant,  or  symbolically  is  12'2.13.  It  is  of 
the  third  degree  in  the  coefficients  and  the  sixth  in  the  variables. 
For  the  form  x^+bmafy* +  ?/4,  this  covariant  is  (1  —  <d7ri1)xy(x4i-y*). 
It  is  the  Jacobian  of  the  quartic  and  its  Hessian.  In  general  we 
saw  (Art.  174)  that  if  U  and  V  be  two  quartics,  six  values  of  A. 
can  be  found,  such  that  U-\-  X  V  shall  have  a  square  factor,  and 
that  these  six  factors  are  the  factors  of  the  Jacobian.  When  V 
is  the  Hessian  of  Z7,  this  theory  is  a  little  modified.  We  get 
instead  three  values  for  A.,  such  that  X  U—  H  shall  contain  each 
two  square  factors,  these  values  being  given  by  the  equation 
4A3  —  XS+  T=0.  But,  as  before,  these  six  factors  will  be  the 
factors  of  the  Jacobian :  that  is  to  say,  the  covariant  J"  has  for 
factors  the  x  and  y  of  the  three  canonical  forms.  Geometrically 
the  matter  may  be  stated  as  follows :  Four  points  on  a  line 
determine  three  different  systems  in  involution  (because  either 
the  point  I?,  (7,  or  B  may  be  taken  as  conjugate  to  A),  and  the 
foci  of  these  three  systems  are  determined  by  the  covariant  J. 

Since,  by  Art.  207,  the  square  of  the  product  of  one  set  of 
x  and  y  of  the  canonical  form  is  determined  by  c,  U—  H,  we 
have  J*  proportional  to  [cxU—  H)  (c2U—  H) (c3U—  H) ;  or  (from 
the  equation  which  determines  c)  to  4i73  -  SHIP  +  TIP.  By 
calculating  with  the  canonical  form,  the  actual  value  of  the 
latter  quantity  is  found  to  be  —  J\ 

211.  Since  11  is  a  covariant  of  £7,  it  follows  that  if  a  and  /3 
be  any  constants,  aU +6/311*  will  be  a  covariant  of  27,  whose 
invariants  also  will  be  invariants  of  U.  The  following  are  the 
values  of  the  S,  T,  and  discriminant  B}  of  this  form. 

S  (a  Z7+  G/3H)  =  8a*  +  18  Ta/3  +  3£2/32, 

T(a U+  6/3#)  =  Ta3  +  £ V/3  +  dSTa/32  +  (54 T  -  Ss)  /33, 

R  (a  U+  G/3H)  =  R  (a8  -  9  Sap*  -  54  T/33)2. 


*  The  numerical  coefficient  is  added  in  order  to  avoid  fractions  in  the  following 
formulae. 

AA 
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The  last  is  a  perfect  square,  because,  as  we  have  just  mentioned, 
instead  of  six  cases  where  aU+6/3H  has  a  square  factor,  we 
have  three  cases  where  it  has  two  square  factors. 

Hermite  has  noticed  that  if  we  call  G  the  function  of  a,  /3, 
a3-9#a/32-  547)33,  then  the  values  just  given  for  the  8  and  T 
of  aZ7+  6/3H  are  respectively  the  Hessian  and  the  cubicovariant 
of  G.  The  discriminant  of  G  differs  only  by  a  numerical 
factor  from  the  discriminant  of  U. 

The  co variants  of  aU+6fiH  are  also  covariants  of  U.  Its 
Hessian  is 

(a/3£+  9/32r)  U+  (a2  -  3/32£)  H, 

which  is  the  Jacobian,  with  respect  to  a,  ,3,  of  G  and  a  Z7+  6/317". 
Since  /  is  a  combinant  of  the  system  Z7,  H,  the  J"  of  a  £7+  6/3ZT 
will  be  the  same,  multiplied  however  by  the  numerical  factor  G. 
The  Hessian  of  J  is  S*U*~  362770+  12£#2;  which  is  the 
resultant  of  a  £7+  6/3II  and  the  Hessian  of  G.  Mr.  Cayley 
has  thrown  this  into  the  form 

(su-  ^S}'  +  p  (S3  -  27  T>)  S*, 

showing  that  it  is  a  perfect  square  when  the  discriminant  of  U 
vanishes. 

212.  It  may  be  remarked  here,  that,  by  the  principle 
established  Art.  137,  theorems  concerning  invariants  and  co- 
variants  of  a  quantic  give  at  once  theorems  concerning  the 
covariants  of  quantics  of  higher  degree.  Thus,  it  having  been 
just  proved  that  the  Hessian  of  the  Hessian  of  a  quartic  is  of 
the  form  a  777+  fiSH,  we  can  infer  that  the  same  is  true  of  the 
Hessian  of  the  Hessian  of  any  quantic.  For  if  we  form  the 
Hessian  of  unuM  -  u^\  this  involves  the  second,  third,  and  fourth 
differentials  of  u.  But,  by  the  equations  (n-B)utn=xunn-{-yuul^ 
&c,  we  can  express  the  second  and  third  differentials  in  terms 
of  the  fourth,  and  so  write  the  Hessian  as  a  function  of  fourth 
differentials  only,  and  of  the  x  and  y  which  we  have  introduced, 
and  which,  it  will  be  found,  enter  in  the  fourth  degree.  It  will 
then  be  a  covariant  of  the  quartic  emanant.  Now  every  co- 
variant  of  a  quartic  is  a  function  of  U  and  H  (Art.  190),  and 
when  the  covariant  is  of  the  fourth  degree  it  must  be  a  linear 
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function  of  these  quantities.  This  covariant  then  will  be  of 
the  form  aTU+  ftSH,  when  S  and  T  are  invariants  of  the 
quartic  emanant,  but  covariants,  as  in  Art.  137,  of  the  higher 
quantic. 

213.  System  of  two  quartzes .  We  purpose  now  to  enumerate 
the  combinants  of  a  system  of  two  quartics.  If  we  form  the 
S  and  Tof\  U+  \x  F,  which  we  may  write 

S\*  +  2 V  +  #y3    TX3  +  t\*fi  +  t'Xfi*  +  T'fi% 
the  invariants  of  this  quadratic  and  cubic  will  be  combinants  of 
the  system.  £7,  F(Art.  199).* 

Thus  the  discriminant  of  the  quadratic  is  without  difficulty 
found  to  be 

(ae')*  + 1 6  (bd')2  + 12  (ad)  [ce')  -  48  {be')  (cd')  -  8  (oft')  (de)  -  8  [ad!)  (be) , 
which  we  shall  refer  to  as  the  combinant  A, 

Combinants  of  the  same  order  in  the  coefficients  may  be 
found  by  other  processes.     Thus  the  Jacobian  of  U  and  V  is 

(aV)  x6  +  3  (ac)  x*y  +  {3  (ad')  +  6  (be')}  x*f  4  {(ae)  +  8  (bd')}  x3y3 

+  {3  (be')  +  6  (cd!)}  x'Y  +  3  (ce')  xf  +  (de')  y\ 

and  their  combinantive  covariant  123  is 

{(ad)  -  3  (be')}  x2  +  {(ae')  -  2  (bd)}  xy  -f  {(be')  -  3  (cd)}  y\ 

Now  the  discriminant  of  the  latter  covariant,  and  the  quadratic 
invariant,  as  at  p.  112,  of  the  former  will  be  combinants  of  the 
same  order  as  -4,  but  will  not  be  identical  with  it.  If  we 
write  the  new  combinant  i?, 

(bd')2  +  (ac')  (ce)  -  (be')  (cd')  -  (ab')  (de')  -  (ad')  (cd')  -  (be')  (be'), 

then  the  quadratic  invariant  of  the  Jacobian  will  be  found  to  be 
A  +  &8B,  and  the  discriminant  of  the  other  covariant  to  be 
A  -  12B. 

*  It  has  been  mentioned  that  the  eliminant  of  two  quadrics  may  be  written  either 
as  the  discriminant  of 

(ac  -  ¥)  X2  +  (ac'  +  ca!  -  IbV)  X/x  +  (a'c'  -  V2)  /x2, 

or  of  the  Jacobian  (ab')  x2  +  (ac')  xy  +  (be')  y2  ; 

but  it  may  be  added  that  the  former  expression  is  linearly  transformed  into  the  latter 
by  taking  \b  +  /Mb',  \a  +  fxa!  for  x  and  y.  Similar  transformations  may  be  used  to 
facilitate  the  following  calculations. 
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214.  In  writing  these  combinants  in  terms  of  the  deter- 
minants (ab'),  &c,  1  find  it  convenient  to  use  the  abbreviations 
(ab')  =  a,  (<&')  =  a',  {ad')  =  p,  (be)  =  /3',  (ac')=\,  (ce)  =  V, 
{be')  =  /*,  (cd')  =  fi\  (ae)  =  7,  (bd')  =  8.     We  have  then 

A  =  12\V  -  48/V  +  7'2  +  1682  -  8aa  -  8/3/3', 

B  =  \X'-  jjkfju'  -  /3fi'  -  /3>  +  82  -  aa'. 

The  resultant  of  Z7,  F,  found  by  expanding  the  determinant 
of  p.  67,  is 

R  =  1296\2\'2  -  3456  (a//,V2  +  a'/i'\*)  -  1152  (a£V2  +  a'/3V) 

-  7272\V  -  57678W  +  9216aa>/*'  +  967  (/32V  +  £*\) 

+  2SSy(a^'X'+ a  j3\) 4  15368 (a/3>'+ a'fifi)  4-3072aa'  (/3// -f  /3» 
+  74  -  48aaV  -  16/3/3V  -  256aa'7§  +  512a2a'2 

-  256  (a/3'3  +  a'/33)  -  4096aa'82. 

In  terms  of  the  preceding  combinants  can  be  expressed  the 
combinant  which  we  have  called  T  (p.  149),  but  which,  in  order 
to  avoid  confusion,  we  shall  now  call  (7;  and  which  expresses  the 
condition  that  a  quartic  of  the  system  U+  X  V  can  have  two 
square  factors.  Such  a  combinant  must  vanish  if  V  reduce  to 
the  single  term  c'afy8.  In  such  a  case  a,  a,  /3,  /3',  7,  8  all  vanish ; 
and  we  have  A  =  12  W  -  48/*//,',  B  =  W-  fi/jt,',  B  =  1296\2X/2 ; 
hence  we  see  that  (A  —  48j5)2  —  B  i3  a  combinant  which  vanishes 
on  this  supposition.  And  since  it  is  of  the  same  order  that  we 
have  seen,  Art.  179,  that  T  must  be,  it  is  identical  with  it. 
Using  the  values  already  given  for  A,  B,  i2,  we  find  that 
(A-±8B)2-B=.128C,  where 

a=-277(A/*'2+xy)+18()8V>/3'y)+18S,2XV+367S^'-36aaV' 

+  I878XX'  -  fyf/ip!  -  37  (a/3'\'  +  a'/3\)  -  2482  (/3//  +  /3» 

-  68  (£2\'  +  /3'2X)  -  68  (a/3'V  +  a'/3\)  +  2  (a/3'3  +  a'/33)  +  aa'72 

+  4aV2  -  2aaV8  +  4783  +  16aa'82  +  88*. 

Again,  if  we  form  the  invariant  which  we  called  /  (Art.  194) 
of  the  quadratic  and  cubic  of  Art.  213,  it  will  be  found  that 

(A  +  48,2?)  [A  -  UB)  -B  =  - 128/. 

215.  The  other  combinants  of  the  system  which  we  shall 
notice  are  Z>,  the  resultant  of  the  cubic  and  quadratic,  and  E 
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the  discriminant  of  the  cubic.  D  is  the  invariant  which  we 
have  called  8,  p.  149.  It  may  be  mentioned  that  besides  the 
methods  already  indicated  for  calculating  that  invariant  in 
general,  the  following  may  be  used.  It  is  required  to  find 
the  condition  that  X  can  be  determined  so  that  the  three  ex- 
pressions uti  +  \vni  u12  -f  Xv12,  w22  -f  Xv22  can  be  made  to  vanish 
together.  Now  we  may  multiply  each  of  these  by  the  2  (n  —  2) 
terms  #2W~5,  &c.  of  a  quantic  of  the  degree  2n  -  5,  and  so  obtain 
6  [n  —  2)  equations,  from  which  we  can  eliminate  dialytically 
the  6  [n  —  2)  quantities  ic3n~7,  &c,  Xa?3W~7,  &c,  and  so  obtain  8 
in  the  form  of  a  determinant.  In  the  case  of  the  system  of 
two  quartics 

D  =  -  16X3A/34-48  W/*^+  6XXW2  4l6//,y3  +  27X2//4  +  27  \'V 

+  36ocX/*X'3  +  36a'X>'X3  +  12X2X'2  (ftp*  +  /3»  -  96a//,2X'y 

-  96a>'2X>  -  67X/X/A'3  -  6jfju3\'fi'  -  dtibfk'p?  -  368X//,2X'2 

-  48oyv*'4  -  48a'/*V  -  248X/V3  -  24$X»8  +  24a/3XX'3 

+  24a'/3'X3X'  -  ISaffX'Y  -  18/3a'X'y 2  -  682X2X'2  +  877yy2 

-  XXV  (162aa  -f  90/3/3')  -  36a/3///4  -  36a'/3>4  +  9682XX7y 
+  (228aa  -  60/3/3')  /<y2  -  4a27X'3  -  4a'27X3  -  16a£2X'y 

-  16a'/3'2X,y  -  30aa'2A,y  -  30a2a'X>  -  50aa'XX'  (#i'  +  fffi) 

-  208XX'  (X£a  +  X'a/3')  +  2y  fi/i'  (X/3a  +  X'a/3')  +  488 VV2 

+  48S2a>'X2  +  24a/3'V/x'2+  24a'£W  +  56a/3/3'///3+  56a'/3/3y 
+  240aa'yS/i^'2  +  240aa>>'£'  +  32a8>'3  +  32a'8y  4-  3X2/3V2 
+  3XV/3'2  +  24aa'  (/3>'2  +  /3'y)  -  Baa!*/ fi/i'  -  12a2a'2XX' 

-  30aa'/3/3'XX'  +  60aa'XX'82  +  1 2/3/3'XX'82 

4-  {84aV2  +  120aa'/3/3'  -  12/32/3'2}  ^'  -  192aa'82/V  4  4Sy$9pfi! 

- 4884XX'  +  6yoLa2j3\ 4  6yaV£'V  +  48aV  (ft*'  4  /3'/*) 

+  24aa'8  (£>'  +  j8»  -  96aa'82  (/3/*'  +  /3'/*)  -  aV  V  -  4aa'2/33 

-  4a2a'/3'3  +  8a3a'3  -478aV  -  48aV282  -  1682aaV3/3'  +  64aa'84. 

216.  In  studying  the  relations  of  these  combinants,  we  may, 
as  in  Art.  199,  suppose  one  quartic  to  want  the  first  two  terms, 
and  the  other  the  last  two ;  that  is,  we  may  write 

17=  ax*  +  4tbx3y  +  Qcx'Y ,    F=  6c'#y  4  ±dxy3  +  eif. 
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To  save  room,  we  write  ae  =  l,  bd  —  m^  cc =  w,  cad2  +  c'eb2=p2. 
We  find  then 

A  =     (I-  4tnf  +  12n  (I -  4m), 

i2=     I3  (I-  1 6m)  +  96ry  -  72wZ2(Z+ 8m)  +  12967V. 

I  =  -  IV  +  4?m3  +f  (F  -  2lm  -  8m2)  +  Gp4 

-n(F  +  elm2  -  1 6m3)  -  9nlp*  +  12n2  (P  +lm-  2m2) , 

i>=-n'2{9?m2(Z-4m)-6/(2?a-7Zm-4ma)-27i>4+16w(Z-m)3J, 

Jf «.-  ZW  +  S&»y  (Z-f  2m)  -  (Z  +  2m)2/  -  2n&»"  (Z  +  2m)2 
+  4p6  +  2wp*  (Z  +  2m)8  -  I8np*lm*  -n2(l  +  2m)4 
+  36w*Zm*  (Z  +  2m)  -  6np4  (?+  2m)  -  6n>*  (Z  +  2m)2 
+  27»y  +  4?i3  [I  +  2m)3  -  108n*lm\ 

By  the  help  of  these  values  we  can  verify  the  equation 
16B3-AB2-2IB  +  E=D. 

Now  if  we  take  for  the  fundamental  invariants  of  the  system, 
the  coefficients  of  the  cubic  and  quadratic  of  Art.  213,  the  com- 
binants  -4,  D,  E,  I  are  explicitly  given  as  functions  of  these 
quantities;  and  the  present  equation  gives  B  in  terms  of  the 
same  quantities,  and  shows  that  all  the  combinants  we  have 
used  can  be  expressed  in  terms  of  the  same  fundamental  in- 
variants. 

The  Jacobian,  with  this  form,  wants  the  extreme  terms. 
There  is  no  difficulty  therefore  in  calculating  its  discriminant, 
and  thus  verifying  the  theorem  of  Art.  177. 

217.  I  have  also  sometimes  found  it  convenient  to  suppose 
each  quartic  to  be  the  sum  of  two  fourth  powers,  so  that  for 
each  the  invariant  T  vanishes.  Let  the  quartics  be  au*  +  bv*, 
a'vf  +  b'z*,  where  u  is  9^8+ fig,  &c.  We  use  (12)  to  denote 
fr0  -  a2/3t,  and  we  use  the  abbreviations 

(12)(34)  =  L,    (13)  (42)=  if,    (14)  (23)  =  i^; 
where  it  will  be  observed  that  we  have  identically  L+M+N=*Q, 
Now  the  invariant  S  is  got  by  substituting  -=- ,  —  -j-  ,  for  #,  y 
in  the  quartic  and  then  operating  on  itself.     If  we  operate  in 
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this  way  with  u  upon  u  the  result  vanishes ;  hut  if  we  operate 
on  v  the  result  is  (12).  We  find  then  at  once  that  the  8  of 
\U+fj,V  is 

\*ab  (1 2)4  4  XfJL  {ad  (1 3)44«&'  (14)4+ bd  (23)4+5J'  (24)4}  +fSdb'  (34)4. 
The  combinant  then  which  we  have  called  A  is 

{ad  (13)4  +  ah'  (14)4  +  Id  (23)4  +  W  (24)4}2  -  Aabdb'L\ 

In  the  same  case  B  is  found  to  be  —  abdb'UMN. 

The  invariant  T  is  found  by  operating  with  the  Hessian  of 
a  quartic  on  itself.     But  here  the  Hessian  of  Z7is  ab  (12)2  wV. 
We  find  then  that  the  T  of  X  U+  fi  V,  is 
\2fi  {«&«'  (12)'2  (13)2  (23)2  4  abb'  (12)2  (14)2  (24)2} 

+  X/*2  [db'a  (1 3)2  (14)2  (34)2  4  db'b  (23)2  (24)2  (34)2). 
Hence,  we  have  immediately 

E  =  -a2b2d2b'2L*  {adN\ny+ab'M'2  (uy+bdM2  (23)4+^'A^(24)4}2, 
Z>=  -  a2b2d2b'2L6  (a!aT  (13)8  +  a^jr1  (14)8  4  6V2Jf "  (23)8 

4  ^'W2  (24)8  -  2MNddV  (13)4  (14)4  -  2MNb2db'  (23)4  (24)4 

-  2MNd2ab  (13)4  (23)4  -  2MNb'2ab  (14)4  (24)4 

4  2M2N2abdb'  [JSP  +  N2-  2£2)), 
7  =  -  a5a'J'X2[aVW2(l3)84a'25'2if  2(14)8+JV2ifJ(23)8-f  ^"W2(24j8 

+  (M2+N2  -  2L2)'{ddb'  (13)4  (14)4  +  b2db'  (23)4  (24)4 

4  d2ab  (13)4  (23)4  4  b'2ab  (14)4  (24)4} 

4-  2M2N2  {M2  +  N2-  4£2)  «&«'£>'], 

by  the  help  of  which  values  we  can  verify  the  equation  already 
obtained. 

218.  The  Quintic.  In  studying  the  quintic  we  constantly 
use  the  canonical  form  ax5  4  by5  4  C25,  (where  x  4  y  4  z  —  0),  -  to 
which  it  has  been  shown  (Art.  165)  that  the  general  equation 
may  be  reduced.  Differentiating  with  regard  to  x  and  y 
successively,  we  have  ux  =  ax4  —  c^4,  u2  =  by4  —  cz*t  It  is  evident 
that  the  resultant  of  these  two  will  be  the  discriminant  of  the 
quintic,  and  that  the  combinants  of  this  system  will  be  invariants 
of  the  quintic.  These  invariants  are  then  immediately  found 
from  the  expressions  in  the  last  article,  where  we  must  write 
for  a  and  &,  a  and  —  c,  for  d  and  b\  b  and  —  c.     We  have  (24), 
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and  therefore  M=  0 ;  (13)  =  1,  (12)  =  -  1,  (34)  =  -  1,  (14)  =  -  1, 
(23)  m  1.  We  observe  then  at  once  that  B  vanishes.  We  can 
see  by  counting  constants-,  that  any  two  cubics  can  be  brought 
by  linear  transformation  to  be  the  two  differentials  of  a  single 
quartic ;  but  two  quartics  cannot  be  similarly  brought  to  be  the 
differentials  of  a  single  quintic,  unless  the  condition  J9  =  0  be 
fulfilled.     The  combinant  A  in  like  manner  becomes 

5  V  +  cV  +  a2tf  -  2abc  (a  +  b  +  c). 

This,  which  we  shall  call  J,  is  the  simplest  invariant  of  the 
quintic,  and  it  may  be  obtained  in  other  ways.  The  quintic,  it 
will  be  observed,  has  two  covariants  of  the  second  order  in  the 
coefficients,  viz.  the  Hessian  122,  which  for  the  canonical 
form  is  bcysz3  +  caz*x*  +  abx3y3,  and  a  covariant  quadratic  124, 
the  8  of  the  quartic  emanant,  which  in  the  same  case  is 
bcyz  +  cazx  +  abxy.  If  the  quintic  be  written  in  the  general 
form  (a,  &,  c,  J,  e^fjix,  yf,  these  covariants  are  respectively 

{ac--b2)x6+^d-bc)xby  +  3(ae+bd~2c2)x4y2+(af+7be-8cd)x3y3 
+  3  (bf+  ce  -  2d2)  x'Y  +  3  [cf-  de)  xy5  +  (df-  e2)  y* ; 
(ae  -  Abd  +  3c2)  xl  +  (of-  3 be  +  2cd)  xy  +  {bf-  Ace  +  3 J2)  y\ 

Now  we  get  invariants  differing  only  by  a  numerical  factor, 
whether  we  form  the  discriminant  of  the  latter  covariant,  or  the 
quadratic  invariant  126  of  the  Hessian.  In  either  way  we 
obtain  the  general  value  of  J,  viz. 

dlf  -  I0abef+  Aacdf+  Wace*  -  12ad2e  +  WWdf 

+  9&V  -  \2bcJ-  ISbcde  +  ASbd3  +  48c3e  -  32cV2. 

219.  The  discriminant  of  the  quintic  may  be  obtained  either 
from  the  theory  of  two  quartics,  or  by  direct  elimination 
between  the  two  differentials  ax4  —  cz4,  by*  —  cz4.  When  these 
vanish   together,  we  may  take  abc  as  the  common   value   of 

A  1  L 

ax4,  by4,  cz4*  whence  x  =  (bc)\  y  =  (ca)\  z=  (ab)*.  Substituting 
in  x  +  y  +  z  —  0,  we  get  the  discriminant  in  the  form 

(bcY  +  [cay  +  (abf  =  0, 
or  {bV  +  c'V  +  oft1-  2abc (a  +  b  +  c)}2-  128aW {be  +  ca  +  ab) =0. 
Thus  then  we  are  led  to  the  form  for  the  discriminant  J2  —  128 A", 
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where  K  is  the  invariant,  of  the  eighth  order  in  the  coefficients, 
which  for  the  canonical  form  is  d2We2  (be  +  ca  +  ab). 

This  latter  invariant  may  be  otherwise  defined  as  follows : 
We  have  given  (pp.  137,  138)  expressions  for  the  canonizant, 
namely  the  covariant  cubic  whose  three  roots  are  the  #,  y,  z  of 
the  canonical  form.  This  covariant,  which  is  the  T  of  the 
quartic  emanant,  expanded  for  the  general  form  is 

{ace  -  ad*-  eb2+2bcd-c3)x3+(acf-ade  -  V2f+  bee  -f  bd2  -  c2d)  x2y 

-f  {adf-  ae2  -  bcf+  bde  +  c2e  -  cd2)  xy2 

+  {bdf-  be2  -  c2f+  2ede  -  d3)  y3. 

This  for  the  canonical  form  reduces  to  abcxyz.  Now  if  sub- 
stituting in  the  usual  way  differential  symbols  for  the  variables, 
we  operate  with  the  square  of  this  canonizant  on  the  Hessian 
we  get  the  invariant  K\  as  we  can  easily  verify  by  the  canonical 
form.  Another  way  in  which  K  can  be  found  is  by  forming 
the  invariant  i,  as  in  Art.  194,  of  the  covariant  quadratic 
beys  +  cazx  +  abxy,  and  the  canonizant.  In  any  of  these  ways 
the  general  value  of  K  is  found  to  be 

a3cdf  -  a3 fee2  -  a*fb*d-  3a3f2d'2e  -  Za*fb<?  +  5a3fde3  +  5afb3c 

-  SflV  -  2b5f  +  cffbV  +  \\d2fbcde  -  5d2fbce3  -  hafWde 
+  I2a2fbd3  +  \2d2fc3e  -  B0a2fbd2e2  -  Z0af2b2c2e  +  15a2bde* 
+  15b4cef2  -  2ld2fc2d2  -  34«YcW  -  MafVcd2  +  22d2cV 
+  22b*d2f  +  78a2 fed3  e  +  78af2bc3d-±8a2cd2e3  -  mVdf 

-  27 a2fd5  -  27 afc5  +  18aW  +  18 bVf2  +  13Safb2e2cd 

-  5±abW  -  5±b4de2f-  \8afB2d3e  -  18afbc3e2  +  Bab  2d2e3 

+  Sb3c2e2f-  220afbec2d2  +  106a6cW-f  lOGb'cd 2ef+  Ma/bcd* 
+  d3afc*de  -  30abe2cd3-  30b2ec3df-  dabed5  -  9bec5f-  38acV 

-  S8b3d*f-  ±2afc3d3  +  8acW  +  8b2c2d3f+  6ac*d'e  +  Gbc*d2f 

+  275V  -  816VW+  38&W  +  m2e3c*  +  25bVc2d-  57b*ecd* 

-57beVd+18b2d^+l8cV+74,bec3d3-24:bc2d5-2^c5die+8c"d\ 

The  value  of  the  discriminant  in  general  can  be  derived  hence, 
or  else,  as  I  originally  obtained  it,  from  the  formula  (Art.  214), 
for  the  resultant  of  two  quartics.     We  thus  find 

BB 
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B  =  a4/4  -  20a3fbe  -  120a8/ W  +  160  [a3 fee2  +  a"/W) 

+  360  [ctfd*e  +  a2/36c2)  -  640  (a8/Je8  +  afb3e)  +  256  (aV  +  Vf) 

-  10a"/W  -  1640aY,26ecrf+  320  (a2/6e3c  +  a/26W) 

-  1440a2/2  (bd3  +  c8e)  +  4080  {d'fbe'd*  +  afVec2) 

-  1920  (a2be4d  +  64ec/2)  +  2640a2/Va72  +  4480  (ajd'de2  +  afb'cd2) 

-  2560  (a2cV  +  Vd2f)  -  10080  (a2/c^8e  +  afbc3d) 
+  5760  (aW  +  b3c2df)  +  3456  (aV5/+  a/V) 

-  2160  (a^V  +  6V/2)  -  180a/6V  -  14920a/JVc^ 
+  7200  {abVc  -H  ^Va7/)  +  960a/(7/W3  +  ZVc3) 

-  600  (a&V^2+J3eVy)  +  28480a/^c2^2- 16000 (abeVd+tfecd2/) 
- 11 520a/(6c<T  +  c4Je)  +  7200  (a&e'ca73  +  JVa7/) 

+  6400  (acV  +  ^a74/)  +  5120afc3d3  -  3200  (aeVa72  H-  b2czd3f) 

-  33756V  +  90006VCO7-  4000  {b3e*d3  +.6Vc3)  +  2000&WO72. 
The  discriminant  may  also  be  expressed  as  follows :  Let 

A  =  off  -  34a/6e  +  IQafcd-  %2ace2  -  32&2a/-  12aed2  -  126c2/ 

+  2255V  -  820becd+  480  (6a73  +  cY)  -  320c2^2 ; 
jg  =  3a2/2  -  22a/6e  -  12afcd  +  64  {ace2  +  b*df) 

-  36  {aed2  +  6c2/)  -  456V  +  20becd', 
C  =  a2fe  +  2afbd  -  $abe2  -  9a/c2  +  32acde  -  I8ad3  +  662c/ 

-15bec2+10bcd'\ 
D  =  3a2a/-  2aV  -  dafbc  +  a6ca7+  18ac2e  -  12acd2  +  668/ 

-Ub2ec  +  10b2d2; 

and  let  C\  D'  be  the  functions  complemental  to  C  and  D,  (where 
all  these  functions  vanish  if  three  roots  be  equal),  then  three 
times  the  discriminant  is 

AB+  GACC  -UDD. 

220.  Quintics  have  also  an  invariant  of  the  twelfth  degree, 
which  may  be  most  simply  defined  as  the  discriminant  of  the 
canonizant.  For  the  canonical  form  for  which  the  canonizant 
is  abqxyZ)  the  discriminant  is  —  a46V.  And,  in  general,  the 
discriminant  is  —X,  where  the  following  is  the  value  of  L  as 
calculated  by  M.  Faa  de  Bruno.     To  save  space  in  printing  we 
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omit  the   complementary  terms.      Thus   (a4c2de2/3)  stands    for 

a*c2de2f3  +  a3b*cd2f\ 

L  =  a4c2d2f4-2{aVde2/3)  4  (a4cY/2)  -  £{a4cd3ef3)  4  16  (aW/1 

-  14  (aWe6/)  4  4  (aV)  4  4  (a4d5/3)  -  11  (aW/2)  4  10  (aW/) 

-  3  (aW)  +  Ub2cde2f3  -  2  {a3b2ce4/2)  4  6  (a3Vd3ef3) 

-  16  (a3b'2d2e3/2)  +  14  (aWe5/)  -  4  (aW)  4  50a3bc2<Fef3 

-  82  {a3bc2de3/2)  +  32  (a3foV/)  -  36  (a3bcd4/3)  4  30  {a3bcd3e2/2) 
4  30  {a3bcdVf)  -  24  (a36c^6)  +  28  (a3bd5ef2)  -  50  [a3bd4e3f) 

4  22  (a8WV)  +  16  (a3cV/2)  4  22aVd3/3  4  50  {aVdVf2) 

-  16  (a3cW/)  -  16  (a3cY)  -  54  {a3c2d4ef2)  -  46  {a3c2dVf) 
+  60  (aVtfV)  +  6  (aW6/2)  +  70  {a3cd5e2f)  -  56  (oW) 

-  18(a3^V)  +  14(a3JV)  +  a^V/2+132a2Z>3c^3/2-50  (aTce5/) 
4  14  (a2b3d3e2/2)  -  60  (aWV/)  4  30  (a*&W)  --  ltea2b2c2d2e2/2 
+  48  [a2h2c2de4f)  4  4  (aWe6)  4  48  {a2b2cd4ef2)  4  2  (a2b2c<Fe3f) 

-  6  [a2Vcd2i)  -  62  (a'W/2)  +  90  (d2b2d5e2f)  -  39  (a"6W) 

-  112  (a2Z>cV/)  -  S2a2bc3(fef2  4  170  {d2bc3d2e3f)  +  104  (asfcW) 
+  108  (d2bc2d5/2)  4  42  {d2bc2dVf)  -298 [a2bc2d3e4)  -242  (d2bcd«ef) 
+  294  (aWtf )  4  72  (aW/)  -  78  (a'foZV)  4  164  (aWe3/) 

+  24  (a2cV)  -  63aW/2  -  394  {d2c4d3e2f)  -  194  (a"cW) 
+  324  [a2c3dbef)  4  440  (aVdV)  -  78  (aW/ )  -  428  (a2cW) 
+  180  (aWe)  -  27  (aV10)  +  ISabVf-  Z8ab4cde4f+  36  (a&W) 
+  204  (ab4dVf)  -  102  (afcW)  -  308  (a&3cW)  -  42a7/cW/* 

-  674  (ab3cdVf)  4  590  (a#WV)  +  128  (aM/)  -  138  (ab3d5e3) 
4  4  (aJVe5)  4  652  {abVdV)  4  714a52cW/'4  498  (ab2c2d5ef) 

-  1246  (aft*cW)  -  224  (a&W7/)  4  516  (a&WV)  -  48  (afcVe) 

-  136  (afoW)  -  1078abc4d4ef-  206  (abcW)  +  342  [abc3d?f) 
4  804  (abc3dV)  -  506  (a5c2d7e)  4  90  (aZrf)  -  16  (acV) 

+  220  (acW)  -  10Qac5d6f  -  392  (ac W)  +  222  (acV6e)  -  40  (acV) 

-  275V  4  2346We5  -  32  (&W)  -  713&4cW  4  246  {b4cd4es) 

-  4  (6W)  4  866&3c  W  -  550  {b5c 2d5e2)  +  56  (5W7e)  4  4  (5V9) 

-  139&WV  4  354  {b2c3d6e)  -  83  {bVds)  -  330&c5cf  e 
+  72(5cV)-16cV6. 
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On  inspecting  this  invariant  it  will  be  seen  that  it  vanishes  if 
b,  c,  d  all  vanish.  Consequently  the  form  ax5  +  5exy4  +fy6<,  to 
which  Mr.  Jerrard  has  shown  that  the  quintic  can  be  brought 
by  a  non-linear  transformation,  is  one  to  which  no  quintic  can 
be  brought  by  linear  substitution  unless  L  —  0. 

221.  We  take  J",  iT,  L  as  the  fundamental  invariants  of  the 
quintic,  and  we  proceed  to  show  how  all  its  other  invariants  can 
be  expressed  in  terms  of  these.  In  the  first  place,  it  will  be 
observed  that  the  interchange  either  of  x  and  y,  or  of  x  and  z, 
is  a  linear  transformation  whose  modulus  is  —  1.  Hence,  if  any 
invariant  is  such  that  when  transformed  it  is  multiplied  by  an 
even  power  of  the  modulus  of  transformation,  it  must,  for  the 
canonical  form,  be  unaltered  by  any  interchange  of  a,  £>,  c ;  that 
is  to  say,  it  must  be  a  symmetric  function  of  these  quantities. 
If  the  invariant  is  multiplied  by  an  odd  power  of  the  modulus, 
it  must,  for  the  canonical  form,  be  such  as  to  change  sign  when 
any  two  of  the  quantities  «,  &,  c  are  interchanged;  it  must 
therefore  be  of  the  form  (a  -b)  (b-  c)  (c  —  a)  multiplied  by  a 
symmetric  function  of  «,  6,  c.  Now  an  invariant  is  in  trans- 
formation multiplied  by  a  power  of  the  modulus  equal  to  its 
weight.  And  (Art.  139)  the  weight  of  an  invariant  of  the 
quintic  whose  order  is  w,  is  fw.  A  quintic  cannot  have  an  in- 
variant of  odd  order  in  the  coefficients.  If  the  order  is  a 
multiple  of  4  the  weight  is  an  even  number,  and  the  sign  of  the 
invariant  is  unaltered  by  the  interchange  of  x  and  y.  If  the 
order  be  not  divisible  by  4,  the  invariant  is  what  we  have  called 
sTceWj  that  is  to  say,  such  as  to  change  sign  when  x  and  y  are 
interchanged.  Let  us  first  examine  the  former  kind,  which,  we 
have  seen,  must,  for  the  canonical  form  be  symmetric  functions 
of  a,  by  c.  Now,  since  «/=  (be  +  ca  +  abf  —  Aabc  (a  +  b  +  c), 
K  —  eftfe1  (be  +  ca  +  «&),  L  =  a4JV,  (from  which  we  infer 
#=i(iT2-/Z)  =  aW(a  +  £  +  c)*)  it  follows  that  if  we  are 
given  any  quintic,  and  transform  it  to  the  canonical  form  by  a 


*  The  reader  must  be  careful  to  observe  that  though,  in  the  case  of  the  canonical 
form,  aWc6  (a  +  b  +  c),  for  example,  is  divisible  by  a*b*c*,  we  have  no  right  to  infer 
that  in  general  77  is  divisible  by  L,  unless  in  cases  where  the  quotient  abc  (a  +  b  +  c) 
has  been  also  proved  to  be  an  invariant. 
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substitution  whose  modulus  is  unity,  the  numerical  values  of  the 
new  a,  &,  c  are  given  by  the  cubic 

aS-^a'  +  ^a-I/^O. 
IS         1} 

Now  the  order  of  any  symmetrical  function  of  a,  J,  c  will  be 
equal  to  its  weight  in  the  coefficients  of  this  cubic,  and  when 
this  weight  is  a  multiple  of  4,  it  is  easy  to  see  that  the  symmetric 
function  is  a  rational  function  of  J,  iT,  L. 

Being  given  therefore  any  invariant  whose  order  in  the  co- 
efficients is  a  multiple  of  4,  it  has  been  proved  that  we  can 
write  down  a  rational  function  of  J",  iT,  L  which,  for  the 
canonical  form,  shall  have  the  same  value  as  this  invariant,  and 
therefore  be  always  identical  with  it.  And  since  it  would  be 
manifestly  absurd  to  suppose  an  integral  function  of  the  co- 
efficients to  be  equal  to  an  irreducible  fraction,  it  follows  that 
every  non-skew  invariant  is  an  integral  function  of  e/,  iT,  L. 

If  we  make  a,  &,  c  all  equal  0,  J,  iT,  L  all  vanish.  Hence 
when  three  roots  of  a  quintic  are  all  equal,  these  three  invariants 
vanish.*  If  we  make  a,  &,  e,  f  all  equal  0,  J  becomes  —  32c2^a, 
and  X,  —  16c6e?6,  and  therefore  Z3  — 2048.L  vanishes.  Quintics 
therefore  which  have  two  pairs  of  equal  roots  must  not  only 
have  the  discriminant  =  0,  but  also  Jr3=2048Z. 

222.  The  simplest  skew  invariant  is  got  by  forming  the 
resultant  of  the  quintic  «ic5-f  by5+cz5,  and  its  canonizant  abcxyz. 
Substituting  successively  the  three  roots  of  the  canonizant  in 
the  quintic,  and  multiplying  together,  we  get  for  the  resultant 
a5b5c5  (b  —  c)  (c- a)  (a  —  b).  This  invariant  therefore  is  of  the 
eighteenth  order.     Previous  to  its  discovery  by  M.  Hermite,t 

*  In  general  all  the  invariants  of  a  quantic  vanish,  if  more  than  %n  of  its  roots 
be  all  equal.  For  it  is  easily  seen  that  if  half  the  coefficients,  counting  from  one  end, 
simultaneously  vanish,  it  is  impossible  to  make  with  the  remaining  coefficients  any 
term  of  the  proper  weight  (Art.  139). 

f  See  Cambridge  and  Dublin  MathematicalJournal,  vol.  IX.  p.  172.  M.Hermite  works 
with  a  new  canonical  form,  the  x  and  y  of  which  are  the  two  factors  of  the  quadratic 
co variant.  The  quintic  then  is  supposed  to  be  such  that  ae  —  Abd  +  3c2,  bf—  Ace  +  3d2 
both  vanish,  and  the  quadratic  co  variant  reduces  to  xy.    The  advantage  of  this  is  that 

d2 
the  operating  symbol  thence  derived  is  simply   -j—z-  ,  and  some  of  the  covariants 

obtained  by  thus  differentiating  assume  a  very  simple  form.  Notwithstanding  I  have 
preferred  to  work  with  Mr.  Sylvester's  canonical  form  which  I  find  much  more 
convenient. 
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the  possibility  of  the  existence  of  skew  invariants  had  not  been 
recognised.  I  took  the  trouble  to  calculate  this  invariant,  and 
the  result  is  printed  [Philosophical  Transactions,  1858,  p.  455), 
but  as  it  consists  of  nearly  nine  hundred  terms  I  cannot  afford 
room  for  it  here.  The  leading  terms  are  a'd5f(i—aec6f1 ;  in  this, 
as  in  every  skew  invariant,  the  complementary  terms  having 
opposite  signs,  and  the  symmetrical  terms  vanishing.  By  the 
argument  used  in  the  last  article,  it  is  proved  that  every  skew 
invariant  of  a  quintic  must  be  the  product  of  this  invariant  I 
by  a  rational  function  of  J,  iT,  L. 

223.  The  square  of  I  being  of  the  thirty-sixth  degree  can 
be  expressed  rationally  in  terms  of  J,  JT,  L  (Art.  221).  The 
actual  expression  is  easily  found. 

By  forming  the  discriminant  of  the  cubic  (Art.  221) 

a3-  —  a2+  —  a-L% 
L*        I? 
we  obtain  the  product  of  the  squares  of  the  differences  of  a,  5,  c 
in  terms  of  J,  iT,  X,  and  thus  have 

PL  =  ff'K2  +  1 SHKL2  -  27Z4  -  ±K3L2  -  AH3 ; 

or  putting  for  H  its  value  \  (K2  —  JL\  and  dividing  by  i/,  we 
have 

16I2  =  JK*  4  SLK3  -  2J*LK2  -  72  JKU  -  432X3  +  J3L\ 

224.  I  do  not  purpose  to  enter  into  detail  as  to  the  different 
covariants*  of  the  quintic.  The  most  remarkable,  after  those 
already  mentioned,  are  the  linear  covariants.  If  we  operate 
twice  with  the  quadratic  covariant  hcyz  +  cazx  +  dbxy  on  the 
quintic  itself,  the  result  will  evidently  be  of  the  first  degree, 
and  for  the  canonical  form  will  be  abc  (bcx  +  cay-\-  abz).  If  we 
eliminate  between  this  covariant  and  the  canonizant  we  get 
Hermite's  invariant  /;  and  if  between  this  linear  covariant  and 
the  quintic  itself  we  get  I(J2  —  ZK).  Thus,  then,  if  /  vanish, 
the  quintic  is  immediately  soluble,  one  of  the  roots  being  given 
by  the  linear  covariant,  as  also  if  J 2  =  ZK. 

*  The  actual  values  in  general  of  some  of  the  simplest  are  given  by  Mr.  Cayley, 
Philosophical  Transactions,  CXLVi.  125. 
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By  operating  with  the  linear  covariant  on  the  quadratic,  we 
get  another  linear  covariant  of  the  seventh  order,  viz. 

abc  [x  (aV  -  dlW  +  atfc  -  ab<?)  \  y  {c?W  -  6V  +  aU  -  cfbc) 

+  z  (&V  -  cV  +  a2bc  -  ab'c)}. 

It  has  been  already  proved  that  we  can  express  all  the  covariants 
in  terms  of  any  two  together  with  the  invariants.  Accordingly 
M.  Hermite  has  used  the  transformation  of  taking  the  two  linear 
covariants  for  x  and  y,  when  all  the  coefficients  in  the  trans- 
formed quintic  are  found  to  be  invariants.  The  actual  values 
however  are  not  simple,  and  I  have  not  found  any  advantage 
in  the  use  of  this  form  of  the  equation.  The  reduction  to  this 
form  will  be  impossible  in  the  particular  case  where  these  two 
linear  covariants  are  identical,  which  will  be  when  their  re- 
sultant JK+9L  vanishes.  By  forming  the  Jacobian  of  the 
quadratic  covariant  and  any  other  covariant,  we  obtain  a  co- 
variant  of  the  same  degree  in  the  variables  as  the  latter,  and  of 
an  order  two  higher  in  the  coefficients.  Thus,  from  the  canonizant 
in  this  way  we  get  another  cubic  covariant, 

abc  [be  (y2z  —  yz2)  +  ca  (z2x  —  zx2)  +ab  (x2y  —  a??/2)}, 

which  might  also  have  been  got  by  operating  with  the  canonizant 
on  the  Hessian.  Quintics  having  linear  covariants  of  every  odd 
order  above  the  third,  it  follows  by  the  principle  of  reciprocity 
that  all  quantics  of  odd  order  above  the  third  have  linear  co- 
variants  of  the  fifth  degree  in  the  coefficients. 

225.  It  ought  to  have  been  stated  earlier  that  the  sign  of 
the  discriminant  of  any  quantic  enables  us  at  once  to  determine 
whether  it  has  an  even  or  odd  number  of  pairs  of  imaginary 
roots.  Imagine  the  quantic  resolved  into  its  real  quadratic 
factors,  then  (Art.  106)  the  discriminant  of  the  quantic  is  equal 
to  the  product  of  the  discriminants  of  all  the  quadratics,  mul- 
tiplied by  the  square  of  the  product  of  the  resultants  of  every 
pair  of  factors.  These  resultants  are  all  real,  and  their  squares 
positive,  therefore,  in  considering  the  sign  of  the  discriminant, 
we  need  only  attend  to  the  discriminants  of  the  quadratic  factors. 
But  the  square  of  the  difference  of  the  roots  of  a  quadratic  is 
positive  when  the  roots  are  real,  and  negative  when  they  are 
imaginary.     It  follows  then  that  the  product  of  the  square3  of 
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the  differences  of  the  roots  of  any  quantic  is  positive  when  it 
has  an  even  number  of  pairs  of  imaginary  roots,  and  negative 
when  it  has  an  odd  number.  We  have  been  accustomed  to 
write  the  discriminant  giving  the  positive  sign  to  the  product 
of  the  two  extreme  terms.  This  will  have  the  same  sign  as  the 
product  of  the  squares  of  differences  of  the  roots  when  the  order 
of  the  quantic  is  of  the  form  4m  or  4m +1,  and  the  opposite 
sign  when  the  order  is  of  the  form  4m  4-  2  or  4m  +  3.  We  see 
then,  in  the  case  of  the  quintic,  that  if  the  discriminant  be 
positive,  there  will  be  either  four  imaginary  roots  or  none ;  and 
if  the  discriminant  be  negative,  there  will  be  two  imaginary 
roots.  It  remains  then  further  to  distinguish  the  cases  when 
all  the  roots  are  real,  and  where  only  one  is  so. 

226.  In  order  to  discriminate  between  the  remaining  cases, 
there  are  various  ways  in  which  we  may  proceed.  The 
following*  are,  in  their  simplest  forms,  the  criteria  furnished 
by  Sturm's  theorem.     Let  J  be  the  invariant  as  before,  and 

H=  V1  -de,     S=ae- Abd  +  3c2,     T=  ace  +  2bcd-  ad'2 - eb2 -  c% 

M=  aV  -  a2df+  Babcf-  Sabde  +  Aacd*  -  Aac'e  -  2b3f 

+  5b2ce  +  2tfd2  -  8bc2d+  3c4, 

then  the  leading  terms  in  the  Sturmian  functions  are  proportional 
to  «,  a,  H,  5HS+9aT1  -HJ+  12SM  +  4#3-  21QT%  the  last 
of  course  being  the  discriminant ;  and  the  conditions  furnished 
by  Sturm's  theorem  to  discriminate  the  cases  of  four  and  no 
imaginary  roots,  are  that  when  all  the  roots  are  real  the  three 
-quantities  H,  5HS-{-daT)  —  jy/+&c,  must  all  be  positive. 

227.  We  may  apply  these  conditions  to  the  canonical  form 

(c  -  a)  x5  +  hcxSj  +  lOcxY  +  lOcx'Y  +  bcxy*  +  (c  -  b)  y\ 

in  which  case  the  equality  of  all  but  two  of  the  coefficients 
renders  the  direct  calculation  also  easy.  We  easily  find  then 
that  the  constants  are  c  —  a,  c  —  a,  ac,  —  aV ;  and  the  fourth 
being  essentially  negative  we  need  not  proceed  further,  and  we 

*  These  values  are  given  by  Mr.  M.  Roberts,  Quarterly  Journal,  vol.  iv.  p.  175. 
The  reader  who  may  use  Mr.  Cay  ley's  tables  of  Sturmian  functions  (Philosophical 
Transactions,  vol.  cxlvii.  p.  735)  must  be  cautioned  that  the  fourth  and  fifth  functions 
are  there  given  with  wrong  signs. 


APPLICATIONS  TO  BINARY  QUANTICS.  193 

learn  that  the  equation  just  written  has  always  imaginary  roots. 
We  find  then  that  when  the  invariant  L  of  a  quintic  is  positive, 
the  roots  of  the  equation  cannot  be  all  real.  For  L  being,  with 
sign  changed,  the  discriminant  of  the  canonizant,  when  L  is 
positive,  the  roots  of  the  canonizant  are  all  real,  and  the  quintic 
can  be  brought  to  the  canonical  form  by  a  real  transformation. 

When  L  is  negative,  two  factors  of  the  canonizant  are 
imaginary,  and  the  canonical  form  is 

a  (-  2x)5  +{c-d  V(-  1)}  [x  +  y  </(-  l)}5 

+  {c^V(-l)H^W(-l))5) 
which  expanded  is 

dy5  +  5cy*x  -  10dy3x*  -  10c#V  4  5dyx*  +  {c-  16a)  x\ 

Writing  for  brevity  c2-\-d2=r\  I  find  for  this  form,  the  Sturmian 
constants  to  be,  d,  d,  r2,  r4,  r*  (-  4aV2  +  20acr2  +  5r4),  and  it 
would  seem  that  the  discriminant  being  positive,  the  roots  are 
all  real  if  d  and  -  Ad2d2  +  20acr2  +  5/  are  both  positive.* 

228.  In  practice  the  criteriaf  furnished  by  Sturm's  theorem 
are  more  convenient  than  any  other,  because  the  functions  to 
be  calculated  are  of  lower  order  in  the  coefficients.  It  is  how- 
ever theoretically  desirable  to  express  these  criteria  in  terms  of 
the  invariants,  and  this  is  what  has  been  effected  by  different 
methods  by  M.  Hermite  and  by  Mr.  Sylvester.  We  proceed 
briefly  to  explain  the  principles  of  Mr.  Sylvester's  method, 
which  is  highly  ingenious.  We  have  seen  already  that  when 
the  invariants  /,  K^  L  are  given,  the  a,  £,  c  of  the  canonical 
form  may  be  determined  by  a  cubic  equation ;  and  we  can  infer 
that  to  every  given  system  of  values  of  J,  if,  L  will  correspond 
some  quintic.  But  to  every  system  of  values  of  J,  Jf,  L  will 
not  correspond  a  real  quintic.     In  fact  we  have  seen,  Art.  223, 


*  I  give  this  result,  though  suspecting  its  accuracy,  because  it  seems  to  me  to 
disagree  with  the  theory  derived  from  the  other  methods. 

t  It  may  be  noticed  that  there  is  no  difficulty  in  writing  down  a  multitude  of 
criteria  which  might  indicate  the  existence  of  imaginary  roots ;  for  any  symmetric 
function  of  squares  of  differences  of  roots  2  (a  —  /3)2,  &c.  must  be  positive  if  all 
the  roots  are  real.  We  can  without  difficulty  write  down  such  functions  which  are 
also  invariants ;  and  which,  if  negative,  show  that  the  equation  has  imaginary  roots. 
But  then  these  may  also  be  positive  when  the  roots  are  imaginary,  and  the  problem 
is  to  find  some  criterion  or  system  of  criteria,  some  one  of  which  must  fail  to  bo 
satisfied  when  the  roots  are  not  all  real, 

CC 
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that  the  J,  K,  L  of  every  quintic  with  real  coefficients  are  such 
that  the  quantity  G  is  essentially  positive ;  where  G  is 

JK*  +  SLE3  -  2J'ZLK2  -  12JUK-  432X3  +  J3D. 

For  G  has  been  shown  to  be  the  perfect  square  of  a  real 
function  of  the  coefficients  of  the  general  quintic,  viz.  a7d5f6  +  &c, 
this  being  the  eliminant  of  the  quintic  and  its  canonizant,  and 
therefore  necessarily  real.  We  may  in  the  above  substitute  for 
iTits  value  in  the  discriminant  from  the  equation  J*—  128iT=i>, 
and  so  write  G 

JD*  -  4  (J3  +  28L)  D3  +  (6/3  -  29.210L)  J2 IT 

-  (4</6  -  61.2s J3L  -  9J2P&)  JD  +  {J3  -  2llLY  {J3  -  27.210L). 

If  now,  to  assist  our  conceptions,  we  take  J,  D,  L  for  the  co- 
ordinates* of  a  point  in  space ;  then  G  —  0  represents  a  surface ; 
and  points  on  one  side  of  it  making  G  positive  answer  to  real 
quintics,  while  points  on  the  other  side  making  G  negativef 
answer  to  quintics  with  imaginary  coefficients. . 

229.  Now,  in  the  next  place,  we  say  that  if  the  coefficients 
in  an  equation  be  made  to  vary  continuously,  the  passage  from 
real  to  imaginary  roots  must  take  place  through  equal  roots. 
For,  let  any  quantic  <f>[x)  become  by  a  small  change  of  co- 
efficients <j>  (x)  -f  ei/r  (a?),  (where  e  is  infinitesimal),  and  let  a  be 
a  real  root  of  the  first,  a  +  h  a  root  of  the  second;  then  we 
have  <f>  (a  -f  h)  +  st/t  (a)  =  0  ;  whence,  since  </>  (a)  =  0,  we  have 
h(J>  (a)  +  S"^  (a)  =  0,  which  gives  a  real  value  for  h.  The  con- 
secutive root  a  +  h  is  therefore  also  real.  But  if  <f>'  (a)  vanishes 
as  well  as  (f>  (a),  the  lowest  term  in  the  expansion  of  <f>  (a  +  h) 
will  be  #*,  and  the  value  of  h  may  possibly  be  imaginary. 
When  therefore  the  original  quantic  has  equal  roots,  the  cor- 
responding roots  of  the  consecutive  quantic  may  be  imaginary. 

It  follows  then  that  if  we  represent  systems  of  values  of 
J",  Z),  Lj  by  points  in  space,  in  the  manner  indicated  in  the  last 
article,  two  points  will  correspond  to  quintics  having  the  same 

*  Mr.  Sylvester  takes  L  in  the  usual  direction  of  x,  J  of  y,  and  D  of  z. 

f  Points  for  which  G  —  0  answer  to  real  quintics,  and  it  is  easy  to  see  that  in 
this  case  the  equation  is  of  the  recurring  form.  For  we  have  proved  that  when  G  —  0 
two  of  the  coefficients  of  the  canonical  form  are  equal.  The  equation  is  therefore  of 
the  form  axr>  +  ay5  +  b  (x  +  y)»  =  0. 
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number  of  real  roots,  provided  that  we  can  pass  from  one  to 
the  other  without  crossing  either  the  plane  D  or  the  surface  G. 
If  points  lie  on  opposite  sides  of  the  plane  D,  we  evidently 
cannot  pass  from  one  to  the  other  without  having  at  an  inter- 
vening point  D  =  0,  at  which  point  a  change  in  the  character 
of  the  roots  might  take  place.  If  two  points,  both  fulfilling 
the  condition  G  positive,  be  separated  by  sheets  of  the  surface 
G,  we  can  not  pass  continuously  from  one  of  the  corresponding 
quintics  to  the  other;  because  when  on  crossing  the  surface 
we  have  G  negative,  the  corresponding  quintic  has  imaginary 
coefficients.  But  when  two  points  are  not  separated  in  one  of 
these  ways,  we  can  pass  continuously  from  one  to  the  other, 
without  the  occurrence  of  any  change  in  the  character  of  the 
corresponding  quintics. 

Now  Mr.  Sylvester's  method  consists  in  shewing,  by  a  dis- 
cussion of  the  surface  G,  that  all  points  fulfilling  the  condition 
G  positive,*  may  be  distributed  into  three  blocks  separated  from 
each  other  either  by  the  plane  D  or  the  surface  G,  And  since 
there  may  evidently  be  quintics  of  three  kinds,  viz.  having  four, 
two,  or  no  imaginary  roots,  the  points  in  the  three  blocks  must 
correspond  respectively  to  these  three  classes.  I  have  not 
space  for  the  elaborate  investigation  of  the  surface  G,  by  which 
Mr.  Sylvester  establishes  this;  but  the  following  is  sufficient 
to  enable  the  reader  to  convince  himself  of  the  truth  of  his 
conclusions. 

230.  One  of  the  three  blocks  we  may  dispose  of  at  once, 
viz.  points  on  the  negative  side  of  the  plane  Z>,  which  we  have 
seen  (Art.  225)  correspond  to  quintics  having  two  imaginary 
roots.  Next  with  regard  to  points  for  which  D  is  positive. 
We  have  seen,  in  the  last  article,  that  a  change  in  the  character 
of  the  roots  only  takes  place  when  D  =  0;  our  attention  is 
therefore  directed  to  the  section  of  G  by  the  plane  D.  We  see 
at  once,  by  making  D  =  0  in  the  value  of  G  (Art.  228),  that 
the  remainder  has  a  square  factor,  and  consequently  that  the 
surface  G  touches  D  along  the  curve  Js  —  211Li  and  cuts  it 
along  J3  —  27.210L.     Now,  if  a  surface  merely  cut  a  plane,  the 

*  Mr.  Sylvester  calls  these  facultative  points. 
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line  of  section  is  no  line  of  separation  between  points  on  the 
same  side  of  the  surface.  If,  for  example,  we  put  a  cup  on  a 
table,  there  is  free  communication  between  all  the  points  inside 
the  cup  and  between  all  those  outside  it.  But  if  a  plane  touch 
a  surface,  as,  for  instance,  if  we  place  a  cylinder  on  a  table, 
then  while  there  is  still  free  communication  between  the  points 
inside  the  cylinder,  the  line  of  contact  acts  as  a  boundary  line, 
cutting  off  communication  as  far  as  it  extends,  between  points 
outside  the  cylinder  on  each  side  of  the  boundary. 

Now  Mr.  Sylvester's  assertion  is,  that  if  we  take  the  negative 
quadrant,  viz.  that  for  which  both  J  and  L  are  negative,  and 
if  we  draw  in  the  plane  of  a?y,  the  curve  J3  —  2nL;  then  all 
facultative  points  in  that  quadrant,  lying  above  the  space  in- 
cluded between  the  curve  and  the  axis  £  =  0,  form  a  block 
completely  separated  from  the  rest,  and  correspond  to  the  case 
of  five  real  root3. 

231.  In  order  to  see  the  character  of  the  surface,  I  form  the 
discriminant  of  G  considered  as  a  function  of  if,  which  I  find 
to  be  —  L1  (J"+  27Z)8.  Consequently,  when  both  J  and  L  are 
negative,  the  discriminant  is  negative,  and  the  equation  in  K  has 
only  two  real  roots.  To  every  system  of  values,  therefore,  of 
J  and  L  correspond  two  values  of  ZT,  and  consequently  two 
values  of  D,  and  the  surface  is  one  of  two  sheets.  Now  I  say 
that  it  is  the  space  between  these  sheets  for  which  G  is  positive. 
In  fact,  since  G  is  JZ)4  +  &c,  it  may  be  resolved  into  its  factors 
J(D  —  a)(D  —  j3){(D  —  y)2  -f  S2} ;  and  since  J  is  supposed  to  be 
negative  in  the  space  under  consideration,  D  must  evidently  be 
intermediate  between  a  and  ft  in  order  that  G  should  be  positive. 
Now  the  last  term  of  the  equation  being  (e/3-211X)2(Jr3-27.210X), 
if  J3  be  nearly  equal  to  2UZ,  will  be  of  opposite  sign  to  X,  or 
in  the  present  case  will  be  positive.  And  the  coefficient  of  D4 
being  negative,  we  see  that  on  both  sides  of  the  line  J3  =  2nL ; 
the  values  of  D  are,  one  positive  and  the  other  negative,  that 
is  to  say,  the  two  sheets  of  the  surface  are  one  above  and  the 
other  below  the  plane  D.  But  I  say  it  is  the  upper  sheet  which 
touches  D  along  J3  —  2nL.  This  may  be  seen  immediately  by 
looking  at  the  sign  of  the  penultimate  term  in  the  equation 
for  D,  by  which  we  see  that  when  the  last  term  vanishes,  the 
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two  roots  are  0  and  negative.  The  theory  then  already  ex- 
plained shows  that  the  curve  J3  =  2nL  acts  as  a  boundary  line 
cutting  off  communication  in  that  direction  between  facultative 
points  on  the  upper  side  of  D.  But  again  communication  in 
the  other  direction  is  cut  off  by  the  plane  L  =  0.  For  when 
we  make  L  positive,  the  discriminant  becomes  positive,  and  the 
equation  in  D  has  either  four  real  or  four  imaginary  root3. 
But  the  first  Sturmian  constant  is  proportional  to  L  (J3  +  12.L), 
which,  when  J  is  negative,  and  L  positive  and  small,  is  negative. 
Immediately  beyond  the  plane  Z,  therefore,  the  equation  to 
determine  D  has  four  imaginary  roots,  or  the  surface  does  not 
exist.  The  facultative  points  therefore,  lying  as  they  do  within 
the  surface  or  between  its  sheets,  are  cut  off  by  the  plane  Z, 
on  which  the  sheets  unite,  from  communication  with  points 
beyond  it.  Thus  the  isolation  of  the  block  under  consideration 
has  been  proved. 

I  need  enter  into  equal  detail  to  prove  that  all  other  faculta- 
tive points  have  free  communication  inter  se.  The  line  of 
contact  2nL  —  J3  is  no  line  of  separation  in  the  quadrant  where 
J  and  L  are  both  positive.  For  then  it  is  seen,  as  before,  that 
it  is  the  points  outside  the  two  sheets  which  are  facultative,  and 
not  the  points  between  the  surface  and  touching  plane. 

The  result  of  this  investigation  is,  that  in  order  to  have  all 
the  roots  real,  we  must  have  the  quantity  2UZ  —  J3  positive;* 
and  L  negative,  which  also  infers  J  negative.  If  either  con- 
dition fails,  our  roots  are  imaginary.  It  is  supposed  that  in  both 
cases  D  is  positive. 

232.  We  have  seen  that  the  cylinder  parallel  to  the  axis 
of  z  and  standing  on  the  curve  2nL  —  J3  does  not  meet  G  above 
the  plane  D ;  the  two  values  of  z  being  one  0,  the  other  nega- 
tive. Any  other  surface  then  standing  on  the  same  curve  and 
not  meeting  G  would  serve  equally  well  as  a  wall  of  separation 
between   the  two  classes  of   facultative  points.      For  all  the 


*  Mr.  Sylvester  has  inadvertently  stated  his  condition  to  be  that  2UL  —  J3  is 
negative.  It  is  easy  to  see,  however,  that  what  he  has  proved  is  that  this  quantity 
must  be  positive.  For  the  block  which  he  has  described  lies  on  the  side  of  the  curve 
2nL  —  J3  next  to  the  axis  L  =  0.  But  when  L  is  0  and  J  negative,  2nL  -  Ja  is 
positive. 
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points  between  the  cylinder  and  this  surface  would  be  non- 
facultative,  and  therefore  irrelevant  to  the  question.  Mr. 
Sylvester  has  thus  seen  that  we  may  substitute  for  the  criterion 
2U£  —  e/3,  2nL  —  J3  -f  fiJD,  provided  that  the  second  represent 
a  surface  not  meeting  G  above  the  plane  D.  And  on  investi- 
gating within  what  limits  p  must  be  taken,  in  order  to  fulfil 
this  condition,  he  finds  that  /-t  may  be  any  number  between 
1  and  -2. 

He  avails  himself  of  this  to  give  criteria  expressed  as  sym- 
metrical functions  of  the  roots.     In  the  first  place 

is  an  invariant  (Art.  132),  and  being  of  the  same  order  and 
weight  as  J  can  only  differ  from  it  by  a  numerical  factor: 
which  factor  must  be  negative,  since  this  function  is  essentially 
positive ;  and  J  we  have  seen  is  essentially  negative  when  the 
roots  are  all  real.     And  secondly,  the  symmetric  function 

S(a-^)2(^-7r(7-ar(8-a)4(8-/S)4(s-7)4(S-a)4(S-^r(8-7)4, 

(the  relation  of  which  to  the  other  may  be  seen  by  writing  it 
in  the  form  D22  (a  -  /3)~2  (/3  -  ry)~*  (?  -  a)"2  (S  -  s)"4,  where  D  is 
the  discriminant),  is  also  an  invariant,  and  of  the  twelfth  order. 
It  must  therefore  be  of  the  form  aJ's  +  f3JD  +  yL.  Now,  by 
using  the  quintic*  x  (x2  —  a2)  (x*  -  Z>2),  the  symmetric  function 
may  easily  be  calculated  and  identified  with  the  invariants ;  and 
the  result  is  that  its  value  is  proportional  to  2nL  —  J3+  %JD. 
SJnce  then  the  numerical  multiplier  of  JD  is  within  the  pre- 
scribed limits,  it  may  be  used  as  a  criterion^  and  Mr.  Sylvester's 
result  is  that  the  two  symmetrical  functions  mentioned  are  such 
that  not  only  are  both  positive,  as  is  evident,  if  the  roots  are 
all  real,  but  also  if  both  are  positive,  and  D  positive,  the  roots 
must  be  all  real.  It  ought  to  be  possible  to  verify  this  directly 
by  examining  the  form  of  these  functions  in  the  case  of  an 
equation  with  four  imaginary  roots. 


*  It  is  to  be  observed  that  though  this  form  may  be  safely  used  in  this  case,  it 
cannot  always  be  safely  used.  For  when  a  linear  factor  of  a  quintic  is  also  a  factor 
in  the  Jacobian  of  the  remaining  quartic,  a  relation  must  exist  between  the  invariants, 
which,  however,  I  have  not  taken  the  trouble  to  calculate,  it  being  obvious  that  it  is 
of  too  high  a  degree  in  J,  Z>,  L  to  affect  the  present  question. 
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233.  I  have  also  tried  to  verify  these  results  by  examining 
the  invariants  of  the  product  of  a  linear  factor  and  a  quartic, 
{ax  +  fiy)  (a?4  -f  6mx2y2  -f  y*)  ;  these  being  necessarily  covariants 
of  the  quartic  (Art.  205).  The  coefficients  of  the  quintic  are 
then  5a,  /3,  3ma,  3m/3,  a,  5/3 ;  and  I  find  for  the  J  of  the  quintic, 
48  (8SH-STU),  or  48  times 

(5m  +  27m3)  (a4  +  /S4)  +  (8  -  18m2  -  54m4)  d2/32. 

Now  the  roots  of  the  quartic  are  all  real  when  m  is  negative, 
and  when  9ma  is  greater  than  1.  On  inspection  of  the  value 
given  for  J",  we  see  that  when  m  is  negative  every  term  but 
one  is  negative.  Giving  then  m  its  smallest  negative  value  -  J, 
J  is  negative,  viz.  -  144  (a2  — /32)2 ;  and  J  is  a  fortiori  negative 
for  every  greater  negative  value  of  m.  Or  we  may  see  the 
same  thing  by  supposing  /3  m  0,  when  we  have  only  to  look  at 
the  coefficient  of  the  highest  power  of  a  in  8SH—3TU,  which 
is  -  8  (b2 -  ac)  S-3Ta.  But  now  if  we  call  the  three  Sturmian 
constants  A,  B,  C:  viz. 

A  =  b2-ac,    B=2SA  +  3Ta,    C=S3-2lTt, 

the  value  given  for  J  becomes  —  6 AS-  B,  which  is  essentially 
negative  when  the  roots  are  all  real. 

The  invariant  Z,  according  to  my  calculation,  is 
54  [8SH-  3 TUf  -  6400  {S3  -  27  T2)  (4#3  -  SHU+  TU3) 
+ 150 (S3-2TF)  U2 (8SR+ 15277) - 4050Z72/Sf3 (2/SS-3TZ7), 

whence  2nL  —  J3  differs  only  by  a  positive  constant  multiplier 
from 

- 128  {S3  -  27  T2)  {4M*  -  3HU+  TU3) 

+  3  (S3  -21  F)UZ  [8SH+l5TU)-8lU2S3  [2SH-  3TU). 
Writing  0  =  dld  -  3abc  +  2b3,  the  coefficient  of  the  highest 
power  of  a  in  this  is 

128  C62  +  8WS3  +  45a2  CB  -  54a2  CSA. 

All  the  terms  of  this  but  one  are  positive  when  the  roots  are 
all  real,  but  as  there  is  one  negative  term,  it  is  not  obvious  on 
the  face  of  the  formula,  that  the  whole  will*  be  positive  when 
the  roots  are  all  real.  Still  less  that  if  this  formula  be  positive 
and  J  negative,  the  roots  are  necessarily  all  real.  Therefore, 
although  no  doubt  Mr.  Sylvester's  rule  may  be  tested  by  the 
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process  here  indicated,  to  do  so  requires  a  closer  examination  of 
this  formula  than  I  am  able  to  give.* 

234.  It  does  not  enter  into  the  plan  of  these  Lessons  to  give 
an  account  of  the  researches  to  which  the  problem  of  resolving 
the  quintic  has  given  rise.f  The  following  however  finds  a 
place  here  on  account  of  its  connection  with  the  theory  of  in- 
variants. Lagrange,  as  is  well  known,  made  the  solution  of 
a  quintic  to  depend  on  the  solution  of  a  sextic;  and  it  can 
easily  be  proved  that  functions  of  five  letters  can  be  formed 
capable  of  six  values  by  transformation  of  letters.  Let  12345 
denote  any  cyclic  function  of  the  roots  of  a  quintic ;  such,  for 
example,  as  the  product 

(a  - /3)*(/3  -  7f(7  -  S)*(S  -  e)2  (8  -  «f, 

where  evidently  23451  and  15432  would  denote  the  same  as 
12345 ;  then  it  can  easily  be  seen  that  there  can  be  written 
down  in  all  twelve  such  cyclic  functions.  But  further  these 
distribute  themselves  into  pairs ;  and  by  so  grouping  them  we 
can  form  a  function  capable  of  only  six  values;  for  instance, 
12345  +  13524,  12435  +  14523,  13245  +  12534,  13425  +  14532, 
14235  +  12543,   14325  +  13542.     The   actual  formation   of  the 


*  The  verification,  however,  is  easy  in  the  particular  case  x  (x*  +  Qmx'y2  +  y*). 
We  have  then  J-  48m  (5  +  27m2),  L  =  12m  (5  -  9m2)4 ;  2UL  -  J3  proportional  to 
mil-  9m2)  (50  +  45m2  +  648m4  +  729m6).  Thus,  when  m  is  negative  and  9m2  >  1, 
we  have  J  and  L  negative  and  2nL  —  J3  positive.  The  latter  is  positive  for  imaginary 
roots  only  when  m  is  positive,  but  in  this  case  J  is  positive.  The  imaginary  roots 
must  therefore  be  detected  by  one  criterion  or  other. 

The  discussion  of  the  invariantive  characteristics  of  the  reality  of  the  roots  of  a 
quintic  was  originally  commenced  by  M.  Hermite  in  his  classical  paper  in  the 
Cambridge  and  Dublin  Mathematical  Journal  for  1854,  and  has  been  resumed  by  him 
in  his  valuable  memoir  presented  to  the  French  Academy  this  year.  His  result, 
translated  into  the  notation  we  have  used,  is  that  the  roots  are  all  real  when,  the  dis- 
criminant being  positive,  we  have  also  positive  K,  2nL-J3+D,  and  K{JL+K2)  —  18L2. 
It  seems  to  me  that  this  result  is  superseded  by  the  greater  simplicity  of  Mr.  Sylvester's 
criteria.  I  should  have  wished  however  to  give  an  account  of  M.  Hermite's  method, 
as  well  as  of  the  many  other  important  additions  he  has  made  to  the  theory  of  quintics. 
But  having  neglected  to  read  his  papers  as  they  came  out  in  the  Comptes  Ben dus, 
I  find,  to  my  great  regret,  on  taking  up  his  memoir  now,  that  I  have  not  time  to 
make  myself  master  of  it  without  delaying  indefinitely  the  publication  of  tins  volume. 
I  hope  to  find  a  place  further  on  for  some  account  of  his  application  of  the  theory  of 
invariants  to  the  Tschirnhausen  transformation  of  equations. 

f  Among  the  most  remarkable  of  recent  discoveries  in  this  subject  is  the  appli- 
cation to  it  of  the  theory  of  elliptic  functions  by  M.  Hermite  and  M.  Kronecker, 
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sextic  having  these  values  for  its  roots  is  in  most  cases  a  work 
of  extreme  labour.  M.  Hermite,  however,  pointed  out  that 
when  the  function  12345  is  the  product  of  the  squares  of 
differences  written  above,*  all  the  coefficients  of  the  corre- 
sponding sextic  are  invariants,  and  that  the  calculation  therefore 
is  practicable.  I  have  thought  it  desirable  actually  to  form 
the  equation,  because,  when  the  theory  of  sextics  comes  to 
be  studied,  it  will  be  necessary  to  ascertain  the  invariantive 
characteristics  of  sextics  whose  solution  depends  on  that  of  a 
quintic ;  and  it  may  be  useful  to  be  in  possession  of  more  than 
one  of  the  sextics  which  spring  out  of  the  discussion  of  a  quintic.f 
I  take  the  simple  example  x5  +  2mx3y2  +  xyA,  of  which,  since  two 
pairs  of  roots  are  equal  with  opposite  signs,  the  functions  of  the 
differences  can  easily  be  formed.  I  find  then  that  the  sextic 
is  the  product  of 

t2  +  26  (m  +  m3)  t  +  210  (m6  -  2m4  +  5m2),   ■ 
by  the  square  of 

t1  +  24  (m3  +  3m)  t  +  26  (m6  4  5m"  +  19m2  -  25). 
But  if  we  first  multiply  the  quintic  by  five,  its  invariants  are 
</=24m(5  +  3m2),    2)  =  28.53(l-m2)2,    L  =  4m  (5  -  m2)4. 
To  avoid  fractions  I  write  J=2A,  D  =  2bOB,  J3-2nL  =  50C; 
and  then  forming  the  sextic,  and  expressing  its  coefficients  in 
terms  of  the  invariants,  I  obtain         « 
t  +  ±Af  +  (6  J.2  -  25  J5)  1 +  {A  A3  4-  2  C  -  30 AB)  t 

+  f  (A'  +  ±AC-  17A2B  +  ££&£*) 

+  t  {2A2C-4:A3B-  1BG+  IWAB*)  +  Cl  -  4.ABC+  20  A*B* ; 
which  is  a  perfect  square,  as  it  ought  to  be,  when  D  =  O.f 

*  In  the  method  of  Messrs.  Harley  and  Cockle,  the  function  12345  is 
a/3  +  /3y  +  y8  +  St  +  sa, 
and  the  sextic  chosen  is  that  whose  roots  are  12345  -  13524,  Ac.     This  has  been 
calculated  by  Mr.  Cayley  (Philosophical  Transactions,  1861,  p.  2G3),  and  the  result 
is  very  simple,  two  terms  of  the  sextic  being  wanting ;  but  the  coefficients  are  not 
invariants. 

f  The  form  arrived  at  by  M.  Kronecker  and  M.  Brioschi  m 

(x  -  a)5  (»  -  5a)  +  106  (ar  -  a)3  -  c  (x  -  a)  +  hlP  -  tec  =  0. 
By  the  help  of  the  formulas  given  further  on,  the  invariants  of  this  equation  can  be 
calculated,  and  a,  b,  c  eliminated. 

X  Though  the  form  with  which  I  have  worked  is  a  special  one,  I  believe  that  the 
result  is  general ;  because  it  seemed  to  me  that  the  coefficients  only  admitted  of  being 
expressed  in  terms  of  the  invariants  in  one  way. 

D  D 
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235.  M.  Hermite  has  studied  in  detail  the  expression  of  the 
invariants  in  terms  of  the  roots.  He  uses  the  equation  trans- 
formed so  as  to  want  the  first  and  last  terms;  that  is  to  say, 
so  that  one  root  is  0  and  another  infinite ;  and  the  calculation 
is  thus  reduced  to  forming  symmetric  functions  of  the  roots 
of  a  cubic.  I  had  been  led  independently  to  try  the  same 
transformation  on  the  problem  discussed  in  the  last  article,  but 
found  that,  even  when  thus  simplified,  the  problem  remained 
a  difficult  one.  It  would  be  necessary  to  form  for  a  cubic  the 
sextic  whose  roots  are  the  six  values  of 

«°  OS -7)>-7y+/3y  («-£)*, 

and  then  to  identify  the  result  with  combinations  of  the  forms 
assumed  by  the  invariants  of  the  quintic  when  a  and  /  vanish. 
Of  M.  Hermite's  results  I  only  give  his  expression  for  his  own 
invariant  I.     Let 

F=  (a-/3)  (a-*)  (8-7)  +  (a-7)  (a-8)  (0  -.), 

£  =  (a~/3)(a-7)(s-8)  +  (a-S)(a-E)(/3-7), 

H=  (a-/3)  (a-  8)  (e-  7)  +  (a  -7)  («-e)  (8-/S) ; 

the  continued  product  of  these  is  symmetrical  with  respect  to 
all  the  roots  except  a ;  and  if  we  multiply  this  product  by  the 
similar  products  obtained  for  the  other  four  roots  we  get  /. 

236.  The  Sextic.  The  theory  of  the  sextic  has  as  yet  been 
but  little  studied.  It  has  four  independent  invariants,  which  we 
shall  call  A,  I?,  (7,  D,  of  the  orders  2,  4,  6,  10  respectively; 
and  a  fifth  skew  invariant,  which  we  shall  call  E,  of  the  fifteenth 
order,  whose  square  is  a  rational  and  integral  function  of  the 
other  four.  The  first,  A,  is  the  invariant  126,  formed  by  the 
method  of  p.  112,  which  for  the  general  sextic  is 

ag-6bf+15ce-10d'2. 

I  have  given  (Arts.  170,  171)  the  canonical  form  of  the  sextic; 
but  I  believe  it  will  be  found  in  practice  not  less  convenient  to 
use  (as  in  Art.  217)  the  more  general  form 

aif  +  btf+civ^  +  dz*. 

To  this  we  should  be  led  by  the  theory  of  two  quintics,  which 
cannot  be  more  simply  expressed  than  as  each  the  sum  of  four 


APPLICATIONS  TO   BINARY   QUANTICS.  203 

fifth  powers.     For  the  form  just  given,  the  invariant  A  is,  by- 
proceeding  as  in  Art.  217,  found  to  be 

ah  (12)6  •+  ae  (13)6  +  ad  (14)6  -f-  be  (23)6  +  bd  (24)6  +  cd  (34)6, 

which  we  may  write  2«&  (12)6. 

The  Hessian  of  the  sextic  122  is  of  the  eighth  degree,  the 
general  coefficients  being  ac—b'\  &(ad—bc),  Qae  +  lbd—lOc2, 
<kaf+  Ube  -  20cd,  ag  +  14&/+  5ce  -  20c?2,*  &c. ;  and  for  my 
canonical  form  is  2a5wV(12)2.  The  sextic  has  another  co- 
variant  of  the  second  order  in  the  coefficients,  viz.  the  S  of  the 
emanant  quartic,  which  is  of  the  fourth  order  in  the  variables, 
the  general  coefficients  being 

ae  -  Abd  +  3c2,   2af—  6be  +  led,   ag  -  dee  +  8d2,  &c, 
this  for  the  canonical  form  being  SaS^V  (12)4.     To  these  co- 
variants  we  may  add  the  covariant  sextic,  of  the  third  order, 
which  is  the   T  of  the  quartic  emanant,  and  whose   general 
coefficients  are 

ace  +  2bcd  -  ad'2  -  eb2  -  c%   2acf-  2ade  -  2b*f+  2bce  +  2bd2  -  2e% 
acg  +  2adf-  Sae2  -  b2g  -  2bcf+  Me  +  2c2e  -  3cd% 
2adg  -  2aef-  2bcg  +  Abdf-  2be2  -  2c2f+  6cde  -  4d%  &c. ; 
and  which  for  the  canonical  form  is  Zabc  (12)*  (23)2  (31)*  «Vwf. 

237.  We  take  for  the  invariant  2?,  that  which  has  been 
called  by  Mr.  Sylvester  the  cataleeticant,  which  expresses  the 
condition  that  the  sextic  should  be  reducible  to  the  sum  of  three 
sixth  powers,  and  is  (Art.  168)  the  determinant 

o,   bj   Cj   d 

b,  c,   d,  e 

c,  d,   e,  f 

di   e->  f,  9 
This  expanded  is 

aceg  -  aef  -  ad2g  +  2adef-  ae3  -  Veg  +  b2f  +  2bcdg  -  2beef 

-  2bd'2f+  2bde2  -  c*g  +  2e2df+  cV  -  dcd2e  +  d\ 

If  now  we  form  the  quadrinvariant  of  the  Hessian,  we  find  it 
proportional  to  A1 4  300i? ;  if  that  of  the  covariant  #,  we  find 

*  I  have  thought  it  unnecessary  to  add  the  terms  which  may  be  written  down  from 
symmetry. 
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A2  —  36Bj  and  if  we  operate  on  the  sextic  with  the  covariant  T, 
we  get  B.  Applying  this  last  process  then  to  the  canonical 
form,  we  get,  for  the  value  of  B, 

abcd{\2)2  (28)"  (34)2  (41)2  (13)2  (24)2, 

which  vanishes,  as  it  ought,  if  any  of  the  quantities  a,  &,  c,  d 
vanishes,  or  if  any  two  of  the  four  functions  w,  v,  w,  z  become 
identical. 

238.  We  take  for  the  form  of  the  fundamental  sextinvariant 
C,  that  which  involves  no  power  higher  than  the  second  of  the 
leading  coefficient  a,  and  which  for  the  general  form  is 

cfd'Y  -  Ga'defg  +  Atfdf  +  laYg  -  3aVy2  -  Gabcdf  +  ISabcefg 

-  \2abcf  +  12abd*fg  -  ISabdfg  +  %dbtf+  ±acy  -  24acV# 

-  ISac'dfg  +  SOac'ef*  +  5±acd*eg  -  1 2acd*f  -  ±2acde2f 
+  12ace4  -  20ad4g  +  2±ad3ef-  8arfV  +  4ft%*  -  1 2&3e# 

+  8Z>3/3  -  3&'2c'y  +  30&2ce2?  -  246  2ce/2  -  12b2d2eg  -  2tf?d2f 
+  Wh*d£f~  276V  +  Mc3fg  -  mtdeg  +  60ftc"4f  -  30£cV/ 
+  245cd3#  -  &±bcd*ef+  Mbcde3  +  2±bdJ-  24MV  +  12c% 

-  27c4/'2-  8c3^+66cWe/-8cV-24c'2cf/-  39c  W+36cd4c-8c?6. 

In  terms  of  these  the. other  invariants  of  the  sixth  order 
can  be  expressed.  Thus,  the  cubinvariant  of  the  covariant 
quartic  is  A3  —  108  AB  —  54(7;  the  cubinvariant  of  the  Hessian 
is  SA3-  100 A B+  2750(7;  and  the  quadrinvariant  of  the  sextic 
covariant  is  2AB—G.  The  last-named  invariant  can  be  easily 
calculated  in  the  case  of  the  canonical  form.  We  have  to 
operate  with  Zabc  (12)2  (23)"  (31)2wW  on  itself.  Now  if  we 
operate  with  u2v2z2  on  wVio"  the  result  is  proportional  to 
(12)'2ifiV,  where  M  and  N  have  the  same  meaning  as  in  Art. 
217  ;  and  if  with  u2vV  on  itself  the  result  is  -  (12)2  (23)2(31)2. 
Hence  we  get  for  the  invariant  in  question 

2aW  (12)6  (23)6  (31)6  -  2abcd^ab  (12)6  M3N». 

239.  If  a1  bj  c  all  vanish,  the  invariants  A,  B,  G  become 
respectively  —  10^2,  cZ4,  —  8d6.  Hence,  when  the  sextic  has  as 
factor  a  perfect  cube,  the  conditions  must  be  fulfilled  A2=100BJ 


5(7,  AG 
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80Z?2.     If  we  make  a,  5,  /,  g  all  =  0,  tlie  in- 


AAB 

variants  become 

Uce-lOd2,   c2e*-Scde+d\   -  8cV  -  39c2a7  V  +  SQcd'e  -  8dG ; 
consequently  when  the  sextic  has  two  square  factors ;  in  addition 
to  the  discriminant,  the  condition  must  be  satisfied, 
{A3  -  300 AB  +  250  Of  =  5  (A2  -  100B)3. 


240.   If  we  make  6,  a7,  f—  0  in  the  equation,  the  discriminant 

will   be   ag   multiplied 

by  the   square  of 

the  discriminant  of 

(a, 

5c,  5e,  g$x,  yf ;  and  if  all  the  terms  vanish  but  a,  a7,  a,  the 

discriminant  will  be  a 

v 

multiplied  by  the  cube  of  the  discrimi- 

nant  of   (a,  10a7,  g$x 

>y) 

\      Knowing  these  terms  in  the  dis- 

criminant,  the  rest  can  be  calculated  by  means  of  the  differential 

equation.     The  resull 

:ing 

value  of  A  is 

ay 

+ 

37500a37*?/5 

+    250000aYa 

— 

30«W 

+ 

lOOOaVg4, 

-    150000aY/2 

— 

300a4cea4 

— 

27000aVo%3 

2500d2b3dg* 

+  . 

375a4c/y 

+ 

18750aW#3 

+          750a2b3efg3 

- 

SQQctdy 

+ 

W875a3c2ef2g2 

U0a2b3fy 

+ 

B000a4defg3 

- 

9375aV/V 

-*      7500aW#4 

- 

2500aidfg2 

- 

7500a3cd2eg3 

+     AS500d2b2cdfg3 

+ 

lOOOaVa8 

4 

127500a3cd'2fy 

+      W875a2tfcey 

— 

7500aVyy 

+ 

S0000a3cde2fg2 

-      5467 5d2b2cefg2 

+ 

9375a4e/4# 

- 

±125Q0a3cdef3g 

+      25500d2b2cf*g 

— 

3125a4/6 

+ 

lS7500a3cdf5 

+    127500a2b2d2egs 

+ 

375a37>V 

- 

150000aV(?2 

-    171300d2b2d2fy 

- 

Ua3b2f2g3 

+ 

412500a3ce3/2^ 

-   346500a27>2oV#2 

+ 

SOQQcfbcdg* 

- 

187500a3ce/4 

+    6Wmd2b2def3g 

— 

5550a3bcefg3 

+ 

30000a3JV3 

-    240000aW/5 

+ 

750a3bcf3g2 

- 

S300Q0a3d3efg2 

+        7500aW/ 

- 

£800a3bd2fg3 

+ 

50000d4d3f3g 

-      23250aW/2# 

- 

'27000a3bde2g3 

+ 

250000aW#2 

+      1 1250a  W/"4 

+ 

43500a3bde/y 

+ 

675000aW/V 

+      57000d2bc3fg5 

- 

IbWcfbdfg 

- 

375000a3a72</4 

+     B0000a2bc2deg3 

+ 

57000a3besfg2 

- 

90ooooa3ay# 

-   346500a26c2a/y 

- 

97500a:Vy3^ 

4 

500000a3aV/3 

-    596250a25cV#2 
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4  1222500d'bc2ef3g 

-  506250a*bc2/5 

-  3S000Qd2bcd3g3 

4  15d0000a*bcd2eff 

-  33Q000d2bcd2f3g 
4    750000a!Wey 

-  Bn2500dAbcde2f2g 
4  UZ7500d2bcdef* 
4    B75Q00d2bceYg 

-  2250Q0d*bcey3 
4   780Mk?hdffi 

-  1350000osWey 

-  2190000aW3e/V 
4  1200000aW/4 
4  4,Q50000a2bdVfg 

-  2550000d2bdVf3 

-  1500000a2fo% 
4    $00000d2bdej2 

-  UOOOOaVeg3 
4        7500aV/y 
4    250000aV^y 
4    750000d2c3defg2 
4      37500aWf^ 
4  1062500aV^y 

-  2821875aWfV 
4  1265625aVe/4 

-  1350000a'W%2 

-  3562500aVW/ 
4  4725000aV^YV 

-  2062500aVd2/4 
4  4875000a2cW/# 

-  2625000aWe2/3 

-  1875000aW# 
4  1125000a'W/2 
4  3750000aWV 

-  300000aWyV 
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-  9750000a*aZV#      -  2190000a52cd% 
4  5250000a5Wy3       4  4725000a&WV/ 
4  3750000aWV#        +  6030000a&W2ef# 

-  2250000aWVf 

-  1000000a2dy 
4  S000000d2d5efg 

-  1600000a2d5/'3 

-  1250000aW^ 
4    750000a2JVy2 


4        9375a&4c/ 
7500a&4^3 
dS75abVg3 

4      25500a&Vy 

-  U520ab4f4g 

-  V7500ab3c2fg3 

-  412500a63c%3 
4    6lQ500ab3cdfY 
4  1222500a53ce%2 

-  2m$00atfcef3g 
4    864000a63c/5 

4    sooooa^y 

-  330000a&3d2e#2 
4      83200ab3d'2f3g 
4      37500a&3<%2 
4  511500ab3de2f2g 

-  28$0Q0ab3def4' 

-  202500a6V# 
4  nUOOabVf9 
4  412500a52cV 

-  23250aJV/y 
4    675000a6Vdy 

-  3172500a#We#2 
4    511500aV2c2df3g 

-  2821875a&Vey 
4  7633125a&Ve2/2# 

-  3442500a£Ve/4 


-  3360000a5Wy4 
-15337500a&We% 
4  8392500a£WfJ 
4  50G2500ab*ce6g 

-  3037500a&2ce4/2 

-  300000a5VV 
4     900000ab*d3e2fg 

-  480000«ra36/3 

-  375000a&'W# 
4     225000a&W/2 

-  900000a6c4<y 
4     375000a5c4^r2 

-  202500afo4/V 
4  4650000a6c3d%2 
4  4875000a5cW#2 
-15337500a&cWef^ 

4   7087500a£c3^4 
4     843750a£c3e% 

-  506250a5cVy3 

-  9750000a5c2^V 
4     $00000abc2d3fg 
424750000a5cW# 
-13350000afc2cZ2e/3 

-  9375000a£cW# 
4  5Q25000abc2de3/2 
4  3000000a5a?y 

-  9000000afod4e# 
4  4800000a5cd4/3 
4   3750000afccZy# 

-  2250000a5c<fe2/2 
4     250000acy 

-  I500000ac5dfg'2 

-  1875000ac5ey 
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+  5062500ac5e/V 

- 

288000&4cd/"V 

+  7200000frW2e/'3 

-  2278125ac6/4 

+ 

126562554cey 

+  5062500b3cde*g 

+  3750000acV  V 

— 

3442500&4ce2/V 

-  3037500&8c<fe8/* 

-    375000ac4jyV 

+ 

1555200&4ce/4 

-  1600000^y 

-  9375000ac4de% 

+ 

1200000&4d%2 

+  4800000ra4ej^r 

+  5062500acVe/3 

— 

2062500&W?2 

-  2560000M4/3 

+  S515Q25acYg 

- 

336000054J2e/2^ 

-  2OOOOOO&W0 

-  2109375«cVy2 

+ 

1843200&4J2/4 

+  1200000&W/2 

-  1250000«c3c?y 

+ 

7087500&W& 

-    1500005V/ 

+  3750000ac3d3e# 

— 

3888000&W/13 

+    900000&W&2 

-  2000000ac3d3/3 

- 

22781 25  bVg 

+  1125000JVey 

-  1562500acW# 

+ 

1366875&4e4/2 

-  30375005Ve/V 

+    937500ac3dVy2 

+ 

500000&W/ 

+  13668755V/4 

3125&V 

_. 

2250005V<?/#2 

-  22500005'V^V 

+      37500¥cfgs 

+ 

1215005V/V 

+    225000&W/V 

+    I87500b5deg3 

- 

255000053cV%2 

+  5625000#W<?% 

-    240000&5^y 

— 

2625000£VW#2 

-  30375006Vefc/>3 

-    506250&Vy?2 

+ 

8392500&3cVe/2? 

-  2109375JVeV 

4    86400055e/3# 

- 

3888000&3cVf4 

+  1265625&W/2 

-    331776&5/5 

- 

50Q250b3c2e3fg 

+    750000Z>2cVy 

-    187500Z>4cV 

+ 

303750^3cV/3 

-  2250000frW3^ 

+      11250JV/V 

+ 

5250000b8cd*eg* 

+  i2ooooo£2cV3/3 

-    375000&W2/ 

— 

4$0000b3cd3f2g 

+    9375006VW# 

4-  1537500&Ve#2 

- 

13350000#W2e% 

-    5625005VW/2 

241.  Instead  of  the  discriminant  A  we  may  use  another 
invariant  D,  in  which  no  higher  power  than  the  fourth  of  the 
extreme  coefficients  a,  g  appears,  and  which  does  not  contain 
the  product  a4*?4.  The  quantity  multiplying  «4  in  D  is  [eg  —  /2)3 ; 
and  the  relation  connecting  A  and  D  is 

A  s=  A5  -  375^3.S--  Q25A2C+  3125D. 

The  value  of  D  is 


<**y 

-       12a3bde2g3 

-      2±a3be2f3g 

+ 

6a3cV/ 

- 

3aV/y 

+      24,a3bdefY 

+      12a3^/5 

+ 

6aVe/y 

+ 

3«yv 

-      \2d3bdfg 

+          «3c3/ 

- 

3aV/V 

- 

ay6' 

+      X2a3be3fg2 

-      12a3c2dfg3 

+ 

Ga3cd*'eg3 
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+      ±2a3cd2f2g2 

+    ±2Qa2bcd2efg2 

- 

WkPcfrtf* 

+  2772ab2cde2/3 

-      2±a3cde2fg2 

-      72dlbcd2f3g 

— 

258d2d6g2 

4-  1458a62ceV 

-    108a3cdef3g 

+    I56d2bcde3g2 

4 

8Ua2d5efg 

-]296aZ>2ce4/2 

+      60a3cdf5 

-    828d2bcde2f2g 

- 

432aV5/3 

-      8±ab2d4eg2 

-      27a3ce4g2 

+    M8a2bcdef4 

- 

324a2^4eV 

+    2±0ab2d4fzg 

+    lUa3ce3f2g 

4-      A8d2bce4fg 

+ 

180aW/* 

-    2A0ab2d3e2/g 

-      60a3ce2f4 

+      S6d2bce3/3 

4 

3a&V 

-    2±0ab2d3ef3 

4-        5a3dy 

4    2^d2bd\fg2 

- 

I2ab4dfg3 

-      \2ab2d2e4g 

-      $±a3d3efg\ 

-    372d2bd3e2g2 

- 

SabVg3 

+    288ab2dVf2 

+      66a3dVgA 

-    816d2bd3ef2g 

4- 

2±ab4ef2g2 

-    288abc4dg3 

+   228aW/V 

+    480a2^3/4' 

- 

12ab4f4g 

+      4.8abc4efg2 

-    120a3^V4 

+  15S6d2bd2e3fg 

- 

24ab3c2fg3 

+  1536a5c3c?y/ 

-    288a3de4fg 

-    888d2bd'2e2/3 

- 

108ab3cdeg3 

4-  ttOOabtfdffg* 

+    160aW/8 

-    ±80a2bde5g 

+ 

180ab3cd/y 

-  ±\88abc3def2g 

+      SOaVg 

+    288d2bde4/2 

+ 

S12ab3ce2fg2 

+  2268aJc3Jf4 

-     48aV/2 

-      27a2c4eg3 

- 

564ai8ce/V 

4-  1200a5cV# 

-     sdVcY 

-       3aV/y 

4- 

216a63c/6 

-  1296a5cVy3 

+      2±a2b2cdfg3 

+      66aV^y 

— 

72ab3d2efg2 

-  2664a5c2JV 

+        tohWtf 

4-    15Qa2c3defg2 

+ 

mab3d2f3g 

-    2±0abc2d3f2g 

-      ±8d2ti2cef'2g2 

+      \2d26Adf3g 

-+ 

I2ab3dey 

4-  57Z6abc2d2e2fg 

+      2±d2b2cf\g 

4-    270aVey 

— 

8±ab3dd2f2g 
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•242.  Mr.  Cayley's  theory  of  the  number  of  invariants  of  a 
quantic,  shows  that,  in  addition  to  the  four  invariants  already 
mentioned,  sextics  have  a  skew  invariant  E  of  the  fifteenth 
degree.  I  do  not  know  whether  in  the  same  manner  as  the  skew 
invariant  of  a  quintic  is  the  resultant  of  two  covariants,  this 
invariant  also  can  be  got  by  operating  with  one  of  two  known 
covariants  on  the  other.  The  invariant  however  can  be  formed 
by  means  of  the  differential  equation.  The  highest  power  of  a 
which  occurs  in  it  is  a6,  and  the  factor  multiplying  it  is 

(df~3efg  +  2f)(eg-fr* 

The  expression  for  E  in  terms  of  the  other  invariants  may 
be  got  from  the  following  considerations.  If  in  the  sextic  £>,  e?,  / 
vanish,  E  necessarily  vanishes.  For,  since  the  weight  of  E  is 
forty-five  (Art.  139),  the  weight  of  some  one  of  the  constituent 
coefficients  in  each  term  must  be  expressed  by  an  odd  number ; 
and  when  we  make  in  the  equation  all  the  terms  vanish  whose 
weight  is  odd,  E  vanishes.  E=Q  is  therefore  the  condition 
that  the  roots  of  the  sextic  should  form  a  system  in  involution. 
If  then  we  make  b,  d,f=  0  in  Ar  B,  (7,  D,  and  eliminate  a,  c,  e,g 
from  the  results,  the  relation  thus  obtained  between  A,B,C,D 
must  be  satisfied  when  E  vanishes,  and  must  therefore  contain 
it  as  a  factor. 

If  we  write  ag  —  \  ce  —  n,  ae3  +  #c3  =  j>,  the  values  of  the 
invariants  got  by  making  &,  c?,  f=  0,  may  be  written 

C=-  24V2 -  8/^3  +  4  (\  +  3/a)  v, 
A  =\  {X2-  150V-  1875/*2  +  500v)2. 
Eliminating  v  in  the  first  place,  the  last  two  equations  become 
<7=4/*(\-/x)2-4(\+3/*)i?,    A=X(X2+350V-1375/A8-500J5)2. 
Then  eliminating  fi  by  the  help  of  the  first  equation,  we  get 
1024\3-1152\2^t+(132^2-108005)\+3375a+2700^5-4^3=0, 
X  (256X2  -  320^\  +  55 A2  +  4500J?)2  -  A  =  0. 


*  I  have  partly  calculated  the  value  of  E.     If  I  find  leisure  to  complete  the 
calculation  1  will  give  the  result  in  an  appendix. 
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The  resultant  of  these  two  equations  is  of  the  thirtieth  degree 
in  the  coefficients ;  and  therefore  from  what  we  have  seen  can 
only  differ  by  a  constant  multiplier  from  E*, 

243.  By  Art.  225,  when  the  discriminant  is  positive  the 
sextic  has  either  six  or  two  real  roots ;  and  when  it  is  negative, 
has  either  four  or  none.  We  can  readily  anticipate"  that  the 
discussion  of  this  expression  for  E  is  likely  to  lead  to  the  same 
results  in  affording  criteria  for  further  distinguishing  these  cases, 
as  the  corresponding  discussion  of  the  expression  G  in  the  case 
of  the  quintic.  Analogy  also  leads  us  to  expect  that  what  will 
be  important  to  examine  will  be  the  result  of  making  A  =  0 
in  the  expression  for  E.  Now,  although  the  calculation  of  the 
general  expression  for  E  may  be  a  little  laborious,  that  part 
of  it  which  is  independent  of  A  is  easily  obtained.  It  will 
evidently  be  the  product  of  3375  G  +  2700AS-4^13  by  the 
square  of  the  resultant  of  the  cubic  and  of  the  quadratic 

256X2  -  320^t\  +  55^12  +  4500#. 

And  again,  analogy  leads  us  to  believe  that  the  first  of  these 
factors  is  not  important  in  the  question  of  the  criteria  for  real 
roots,  and  that  it  is  the  square  factor  alone  which  needs  to  be 
attended  to. 

The  result  I  find  is  that,  writing  for  convenience  B'  for  1001?, 
C  for  125(7,  the  quantity  squared  differs  only  by  a  constant 
multiplier  from 

4^L6-  l$A*B'-  49A*B'*-4:A3C'-80B'3  +  52AB,C,-±C'\ 

Analogy  then  leads  me  to  suppose  that  the  criteria  for  the 
number  of  real  roots  of  a  sextic  depend  on  the  signs  of  this 
quantity,  and  of  A3  -  100B%  AA  -  125  C, 

{A3  -  300 AB  +  250  <72)2  -  5  [A2  -  100B)% 

which,  as  we  saw,  vanish  when  three  roots  are  all  equal. 
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LESSON  XVIII. 

ON  THE  ORDER  OF  RESTRICTED  SYSTEMS  OP  EQUATIONS.* 

244.  The  problems  discussed  in  this  lesson  are  purely  alge- 
braical, and  in  the  investigation  of  them  I  do  not  make  use 
of  any  geometrical  principles.  But  I  find  it  convenient  to 
borrow  one  or  two  terms  from  geometry,  because  we  can  thus 
avoid  circumlocution,  and  also  can  more  readily  see  how  to 
extend  to  quantics  in  general,  theorems  already  known  for 
ternary  and  quaternary  quantics. 

We  saw  (Art.  74}.  that  if  we  are  given  h  equations  in  h\ 
independent  variables,  the  number  of  systems  of  common  values 
of  the  variables  which  can  be  found  to  satisfy  all  the  equations, 
will  be  equal  to  the  product  of  the  orders  of  the  equations. 
Now,  in  the  geometry  of  two  and  three  dimensions  respectively, 
the  system  of  values  x  =  a,  y  =  b ;  or  x  =  a,  y  =  b,  z  =  c,  denotes 
a  point.  I  find  it  convenient  therefore  to  use  the  word  u  point" 
in  general  instead  of  "  system  of  values  of  the  variables" ;  and 
the  theorem  already  stated  may  be  enunciated.  "A  system 
of  h  equations  in  h  variables  of  degrees  ?,  ?w,  w,  ^?,  <?,  &c.  respec- 
tively, represents  Imnpq.  &c.  points"  by  which  we  mean  that 
so  many  u  systems  of  values  of  the  variables"  can  be  found 
to  satisfy  all  the  equations.  This  number  Imnpq  &c.  will  be 
called  the  order  of  the  system  of  equations. 

245.  If  we  have  a  system  of  h  —  I  equations  in  h  inde- 
pendent variables,  we  have  not  data  enough  to  determine  any 


*  In  this  place  in  the  former  edition  followed  a  Lesson  on  the  application  of 
this  theory  to  ternary  quantics.  This  would  now  require  much  development  in 
order  to  bring  it  up  to  the  present  state  of  the  subject ;  and  as  the  results  all  admit  of 
geometrical  interpretation,  I  have  thought  that  they  would  be  placed  more  properly  in 
a  geometrical  treatise.  Instead,  I  have  inserted  here  what  has  in  substance  already 
been  published  as  an  appendix  to  my  work  on  the  Geometry  of  Three  Dimensions, 
but  which  seems  properly  to  belong  to  the  algebraical  theory  explained  in  this 
volume, 

f  If  as  is  usual  we  employ  homogeneous  equations,  the  number  of  variables  will 
of  course  be  k  +  1. 
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system  of  common  values  of  the  variables,  and  the  system  of 
equations  denotes  an  infinity  of  "  points."  Such  a  system  of 
equations  we  shall  speak  of  as  denoting  a  curve.  If  with  the 
given  system  of  k  —  1  equations,  we  combine  any  arbitrary 
equation  of  the  first  degree,  we  have  then  data  enough  to 
determine  points,  which  will  be  equal  in  number  to  the  product 
of  the  degrees  of  the  equations.  We  shall  define  the  order  of  a 
curve  as  the  number  of  points  which  are  obtained  when  with  the 
equations  which  denote  the  curve,  we  combine  an  arbitrary 
equation  of  the  first  degree. 

When  we  are  given  a  system  of  k  —  2  equations,  these 
denote  a  doubly  infinite  series  of  points,  since  we  cannot  deter- 
mine any  points  unless  we  are  given  two  other  equations. 
Such  a  system  we  shall  speak  of  as  denoting  a  surface.  If 
with  the  system  of  k  —  2  equations  we  combine  an  arbitrary 
equation  of  the  first  degree,  we  shall  have  a  "curve"  whose 
order  is  the  product  of  the  degrees  of  the  k—  2  equations.  In 
general  by  the  order  of  a  surface,  we  mean  either  the  order 
of  the  Gfxrve  obtained  by  combining  with  the  given  equations  an 
equation  of  the  first  degree,  or,  what  comes  to  the  same  thing, 
the  number  of  points  obtained  by  combining  with  the  given 
equations  two  equations  of  the  first  degree. 

And  so  more  generally,  if  we  have  any  system  of  fewer  than 
k  equations,  by  the  order  of  the  system  we  mean  the  number  of 
points  that  are  obtained,  when  with  the  given  equations  we 
combine  as  many  equations  of  the  first  degree  as  are  wanting  to 
make  the  entire  number  of  equations  up  to  &,  and  so  afford 
data  enough  to  determine  systems  of  values  of  the  variables. 
It  is  evident  that  in  the  case  under  consideration,  the  order 
of  the  system  is  the  product  of  the  degrees  of  the  equations 
which  compose  it. 

246.  If  we  have  k  + 1  equations  in  k  independent  variables, 
whose  degrees  are  Z,  m,  w,  &c,  we  can  eliminate  the  variables; 
and  we  have  seen  (Arts.  72,  74)  that  the  order  in  which  the 
coefficients  of  each  equation  enter  into  the  resultant,  will  be 
equal  to  the  product  of  the  degrees  of  the  remaining  equations. 
Taking  then,  to  fix  the  ideas,  the  case  of  four  equations:  let 
their  orders  be  Z,  w,  w,  r,  and  let  any  quantity  enter  into  the 
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coefficients  of  the  equations  in  the  degrees  \,  /t,  v,  p  respec- 
tively, this  quantity  will  enter  into  the  resultant  in  the  degree 

Xmnr  +  p,nrl  +  vrlm  +  plmn. 

We  shall  use  the  word  i  order'  to  denote  the  degrees  Z,  w,  w,  r, 
in  which  the  equations  contain  the  variables  which  are  to  be 
eliminated,  and  vmght  to  denote  the  degrees  X,  /^,  v,  p  in  which 
they  contain  the  quantity  not  eliminated :  and  the  result  just 
written  may  be  stated,  that  the  weight  of  the  resultant,  or  the 
weight  of  the  system,  is  equal  to  the  sum  of  the  weights  of  each 
equation  multiplied  by  the  order  of  the  system  formed  by  the 
remaining  equations. 

And  this  is  still  true,  if  we  break  the  given  system  up  into 
partial  systems.  Thus,  the  first  two  equations  form  a  system 
whose  order  is  ha  and  weight  Xm-\-/Jbly  and  the  second  two 
equations  a  system  whose  order  is  nr  and  weight  vr  +  pn]  and 
the  value  just  given  for  the  weight  of  the  entire  system,  is 

nr  (Xm  +  pi)  +  Im  [vr  +  pn), 

that  is,  it  is  the  sum  of  the  weights  of  each  component  system 
multiplied  by  the  order  of  the  other.  The  advantage  of  so 
stating  the  matter  will  appear  presently. 

247.  What  has  been  hitherto  said  in  this  lesson,  is  but  a 
re-statement  in  other  words  of  principles  already  laid  down  in 
the  Lesson  on  Elimination :  but  my  object  has  been  to  make 
more  intelligible  the  object  of  investigations,  on  which  we  shall 
now  enter  as  to  the  order  and  weight  of  systems  of  a  somewhat 
different  kind.  We  have  seen  that  k  equations  in  k  variables 
represent  hnnp  &c.  points.  But  now  we  may  combine  with 
these  k  equations  an  additional  equation,  which  is  satisfied  for 
some  of  the  points  but  not  for  others  of  them.  We  have  then  a 
system  of  k  +  1  equations  representing  points,  that  is  to  say,  all 
satisfied  by  a  number  of  systems  of  common  values  of  the 
variables,  that  number  being  now  however  generally  smaller 
than  the  product  of  the  degrees  of  any  k  of  the  equations. 
Cases  are  of  constant  occurrence  where  a  number  of  points  can 
be  expressed  in  no  other  way  than  that  here  described.  A  simple 
geometrical  example  will  suffice.  Consider  p  points  in  a  plane 
where  p  is  a  prime  number,  and  where  the  points  do  not  lie  in  a 
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right  line,  then  these  points  cannot  be  represented  as  the  com- 
plete intersection  of  any  two  curves,  and  if  we  have  any  two 
curves  going  through  the  points,  their  intersection  includes  not 
only  these  points  but  others  besides.  To  define  the  points 
completely,  we  must  add  a  third  curve  going  through  the  p 
given  points,  but  not  through  the  remaining  points  of  intersec- 
tion of  the  first  two  curves.  The  points  are  then  completely 
defined  as  the  only  points  common  to  all  three  curves.  Our 
object  then  is,  in  some  important  cases  where  a  system  of 
points  is  defined  by  more  than  k  equations,  to  lay  down  rules 
for  ascertaining  the  order  of  the  system ;  that  is  to  say,  how 
many  systems  of  common  values  satisfy  all  the  equations. 

In  like  manner  a  system  of  k  -  1  equations  is  satisfied  by  an 
infinity  of  common  values.  But  it  may  happen  that  we  can 
write  down  an  additional  equation  satisfied  by  part  of  this  series 
of  common  values,  but  not  by  the  remaining  part.  In  such 
a  case,  the  system  of  k  —  1  equations  denotes  a  complex  curve, 
and  it  requires  the  system  of  k  equations  to  define  that  part  of 
it  for  which  all  the  equations  are  satisfied.  It  will  be  the 
object  of  this  lesson  to  ascertain  the  order  and  weight  of  what 
we  may  call  restricted  systems:  that  is  to  say,  where  to  a 
number  of  equations  sufficient  to  define  points,  curves,  &c,  is 
added  one  or  more  others  which  exclude  from  consideration 
those  values  of  the  variables  which  satisfy  the  first  set  of 
equations,  but  do  not  satisfy  the  additional  equations. 

248.  The  simplest  example  of  such  a  system  is  the  set  of 
determinants 


)  vi 


0, 


or,  at  full  length, 

W  —  v'w  —  0^   wu'  —  w'u  =  0,   uv-vu—0. 
By  writing  these  equations  in  the  form 


u       v       w 


it  is  evident  that  in  general  values  of  the  variables  which  satisfy 
two  of  the  equations  must  satisfy  the  third.     But  there  is  an 


216         ORDER  OF  RESTRICTED   SYSTEMS   OF  EQUATIONS. 

exception  for  the  case  of  values  which  make  either  u  and  u\ 
v  and  v'j  or  w  and  w  =  0.  In  any  of  these  cases  it  is  easy  to  see 
that  two  of  the  equations  will  be  satisfied,  but  not  the  third.  And 
now  it  is  easy  to  see  how  to  calculate  the  order  of  the  system 
common  to  all  three.  Let  the  orders  of  zT"andir',  of  v  and  v\ 
of  w  and  w\  be  Z,  w,  n  respectively ;  then  the  orders  of  the  first 
two  equations  are  m  +  w,  n  +  Z,  and  of  the  system  formed  by 
them  is  (m  +  n)  (n  +  l).  But  in  this  system  will  be  included 
values  which  satisfy  both  w  and  w\  these  values  not  satisfying 
the  third  equation.  Excluding  then  this  system,  the  order  of 
which  is  w2,  the  order  of  the  system  common  to  the  three 
determinants  is  mn  +  nl+lm. 

In  like  manner  suppose  we  have  a  system  with  three  rows 
and  four  columns, 


V,     V,     V  ,     V 

w.  w\  w\  w 


=  0. 


Let  us  write  at  full  length  the  determinants  formed  by  the 
omission  of  the  third  and  fourth  columns 

u"  (vw  —  v'w)  +  v"  (wu  —  w'u)  +  w"  (uv  —  u'v)  =  0, 

u'"  (yw  —  v'w)  +  v"  (wu'  —  w'u)  +  w"  (uv  —  u'v)  =■  0, 

then  these  two  equations  are  obviously  satisfied  for  all  values 
which  satisfy  the  three  vw'  =  v'wj  wu'  =  w'u,  uv —uv.  But 
these  values  will  not  satisfy  the  other  determinants  of  the 
given  system.  From  (Z  +  m-Mi)2,  then,  which  is  the  order  of 
the  system  formed  by  the  two  equations  written  at  length,  we 
must  subtract  mn  +  nl+lm  which  has  just  been  found  to  be 
the  order  of  the  system  special  to  these  two  equations,  and  the 
remainder  I2  +  m*  +  n*  +  mn  +  nl+lm  is  the  order  of  the  system 
common  to  all  the  determinants.  Having  thus  determined  the 
order  of  a  system  with  three  rows  and  four  columns,  we  have, 
in  like  manner,  thence  derived  the  order  of  a  system  with  four 
rows  and  five  columns.  Proceeding  thus  step  by  step  I  arrive 
by  induction  at  a  general  formula  which  I  establish  by  showing 
that  if  it  is  true  for  a  system  with  h  rows,  it  is  true  for  a  system 
with  k+1. 
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249.  The  formula  at  which  I  arrive  may  be  written  most 
simply  and  generally  as  follows :  Let  the  orders  of  the  several 
functions  be  represented  by  the  letters  which  denote  them, 

a  +  oc,   b  +  a,   c  +  a,   d  +  a,  &c. 

a  +  /3,  &+£,  e-f-/?,  d+/3,  &c. 

a +  7?   #  +  7j  c+7,   d+y,  &c. 
&c. 

let  p  denote  the  sum  of  the  quantities  a,  /3,  7,  &c,  and  let  q 
denote  the  sum  of  their  products  in  pairs;  and  let  P  and  Q 
denote  the  corresponding  sums  for  the  quantities  a,  b,  c,  &c. ; 
then  I  say  that  the  order  of  the  system  is  Q+pP+p?-  q. 
For  if  we  consider  the  two  determinants  obtained  by  omitting 
the  first  and  second  columns  alternately,  these  will  be  of  the 
orders  p  +  P—  a,  p  +  P—  &,  forming  a  system  whose  order  is 
(p  +  P—  a)  (p  +  P—  b).  But  these  two  determinants  will  be 
satisfied  for  all  values  which  satisfy  all  the  minor  deter- 
minants of  the  inferior  system  formed  by ,  striking  out  the 
first  two  columns;  and  yet  these  values  will  not  satisfy  the 
other  determinants  of  the  given  system.  To  find  then  the 
order  of  the  system  common  to  all,  we  must  subtract  from 
(p  +  P— a)  (p  +  P— b)  the  order  of  the  inferior  system ;  which 
we  can  calculate  if  the  truth  of  the  formula  given  is  assumed. 
Since  in  the  inferior  system  the  number  of  rows  is  greater 
than  the  number  of  columns,  we  must,  in  order  to  apply  the 
formula,  write  the  rows  as  columns  and  the  columns  as  rows; 
and  thus  the  new  P  and  Q  will  be  the  old  p  and  q.  The 
new  p  will  evidently  be  the  old  P—a—b)  and  the  new  q1 
which  is  the  sum  of  the  products  in  pairs  of  c,  J,  &c,  can 
easily  be  seen  to  be 

Q-(a  +  b)P+a2  +  ab+b\ 

Hence  by  the  formula  the  order  of  the  lower  system  is 

P2-Q-P(a  +  b)+ab+p(P-a-b)+q. 

Subtracting  this  number  from  (p  +  P—  a)  (p  +  P—  b)  we  obtain 
as  we  ought  Q+pP+p2  —q.  Thus  it  is  proved  that  the  for- 
mula, if  true  for  an  inferior  system,  is  true  for  that  next  above 
it ;  and  since  it  can  easily  be  verified  for  the  case  of  two  rows 
and  three  columns  it  is  true  generally.     In  applying   it  we 

FF 


is  to  be  combined  with  one  or 
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have  generally  either  a  or  a  =  0.  When  all  the  rows  are  of 
the  same  order  we  have  a,  /3,  &c.  all  =  0,  and  therefore  ^?,  q 
both  =  0,  and  the  order  of  the  system  is  Q. 

250.   We    may    proceed  in   like   manner  to   calculate  the 

weight  of  the  system  of  determinants  considered  in  the  last 

article.     Beginning  again  with  the  simplest  case,  let  us  suppose 

that  the  system      w,   v,   w 

u\  v\  w' 

more  other  equations  and  the  variables  eliminated.  Now  the 
result  of  elimination  between  uv'  —  u'v1  uw  -  uw,  and  any  other 
equations  will  contain  as  a  factor  the  resultant  of  w,  u\  and 
the  other  equations.  If  we  reject  this  factor  we  get  the  same 
result  as  if  we  had  eliminated  between  uv  -  u'v,  vw  —  vw  and 
the  other  equations,  and  then  rejected  the  factor  got  by  elimi- 
nating between  v,  v\  and  the  other  equations.  To  illustrate 
the  method  employed,  let  us  suppose  that  w,  u' ;  v,  ?;';  w,  w' 
respectively  contain  any  quantity  not  eliminated  in  the  degrees 
X,  /a,  v ;  and  that  we  are  to  combine  with  the  determinants  of 
the  given  system  another  equation  R  =  0,  whose  order  is  r,  and 
containing  the  uneliminated  quantity  in  the  degree  p.  This 
quantity  then  will  enter  into  the  resultant  of  B,  uv'-uv,  uw-  uw, 
in  the  degree 

p  (l+m)  (l  +  n)  +  r{(l+  m)  (X  +  v)  +  {l  +  n)  (X  +  fi)}. 
But  the  resultant  of  R,  w,  u\  will  contain  the  same  quantity  in 

the  degree 

pf  +  2rl\. 

When  then  this  factor  is  rejected  from  the  former  result,  the 
remainder  is 

p  [mn  +  nl  +  Im)  +  r  }X  (m  +  n)  +  p  (n  +  T)  +  v  (I  +  m)}. 
The  order  then  of  the  system  of   three   determinants  is  the 
quantity  multiplying  p,  and  the  weight  is  the  quantity  multi- 
plying r. 

251.  Finding  in  this  way  the  weight  of  a  system  with  two 
rows  and  three  columns,  we  find,  step  by  step,  as  in  Art.  249, 
the  weight  of  a  system  with  Jc  rows  and  k  + 1  columns.  The 
result  is  that  if  the  orders  of  the  several  functions  be  as  written 
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in  Art.  249,  and  if  their  weights  (that  is  to  say,  the  degrees 
in  which  they  contain  the  variable  not  eliminated)  be  a'  +  a! 
b'  +  a'j  &c,  a'  +  /3',  &c,  then   the  formula  for  the  weight  is 
derived   from   that   for  the   order,    by   performing   on  it  the 

operation  a  -j-  -f  V  ^  +  &c.  +  a'  -7-  -f  /3'  -^  +  &c.      That  is  to 
da        do  den  dp 

say,  the  weight  is 

2  [ab')  +  >pP'+pfP+  22  (aa')  +  2  (a/3'), 
which  may  also  be  written 

(P+p)  (P  +/)  +  2  (aa')  -  2  (aa') ; 

this  being  the  result  of  performing  the  operation  a'-j-  +  &c. 
on  Q  +  <pP+f-q. 

252.   If  we  form  the  condition  that  the  two  equations 


ar+ot-'+ce-^&c^o, 


«r^&'rl+c,r+&c.=o, 


should  have  a  common  root,  we  obtain  a  single  equation,  namely 
the  resultant  of  the  equations.  But  if  we  form  the  conditions 
that  they  should  have  two  common  roots,  we  obtain  (Art.  78) 
not  two  equations,  but  a  whole  system,  no  doubt  equivalent  to 
two  conditions,  yet  such  that  two  equations  of  the  system 
would  not  adequately  define  the  conditions  in  question.  Now  we 
may  suppose  that  t  is  a  parameter  eliminated,  and  that  a,  b,  &c. 
contain  variables,  and  we  may  propose  to  investigate  the  order 
of  the  system  of  conditions  in  question.  Now,  Art.  78,  these 
conditions  are  the  determinants  of  the  system 

d  i 


where  the  first  line  is  repeated  n  —  1  times,  and  the  second  m  —  1 
times ;  there  are  m  +  n  —  2  rows  and  m  +  n  -  1  columns.  The 
problem  is  then  a  particular  case  of  that  of  Art.  249.  We 
suppose  the  degrees  of  the  functions  introduced  to  be  equi- 
different:  that  is  to  say,  if  the  degrees  of  a,  a'  be  \,  /*,  we 
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suppose  those  of  £,  V'  to  be  X  +  a,  fi  +  a ;  of  c,  c  to  be  X  +  2  a 
yu+2a,  &c.  We  may  write  the  formula  of  Art.  249  in  the  some- 
what more  convenient  form  Q+pP+\  {p2  +  s2),  where  s2  is  the 
sum  of  the  squares  of  a,  /3,  &c.  To  apply  it  to  the  present 
case  we  may  take  for  the  quantities  a,  &,  c,  &c.  0,  a,  2a,  &c. ; 
and  for  the  quantities  a,  /3, 7,  &c.  of  Art.  249,  X,  X-a,  X— 2a,  &c. 
P  is  then  the  sum  of  m  +  n  —  2  terms  of  the  series  a,  2a,  3a,  &c, 
and  is  therefore,  if  we  write  m-\- n  =  k,  \{k-l)(k—2)ct..  In  the 
same  case  Q  is  the  sum  of  products  in  pairs  of  these  quantities, 
and  is  therefore 

_(fc-3)(fe-2)(ife-l)(3ft-4)    , 
1.2.3.4  a' 

Again  p  is  the  sum  of  n  —  1  terms  of  the  series  X,  X  -  a,  X  —  2a, 
&c,  and  of  w-1  terms  of  the  series  /z,  /*  -  a,  /a  —  2a,  &c. 
We  have  then 

jp=(w-l)X+(w-l)A*-4a{(n-l)(»-2)  +  («i-l)(«i-2)}. 
In  like  manner  s2  is  the  sum  of  the  squares  of  the  same  quan- 
tities, and  is 

(w-l)X2  +  (m-l)^2-Xa(w-l)(n-2)-/ia(w2-l)(w-2) 
f(n-l)(fi-2)(2n-3)       (w-  1)  (fti-2)  (2m-3)) 

Collecting  all  the  terms,  the  order  of  the  required  system  is 
found  to  be 

+  \n  (n  -  1)  (2m  - 1)  Xa  +  \m  [m  -  1)  [in  -  1)  /*a 

+  Jmft  (fti  —  1)  (ft  —  1)  a2. 

If  the  two  equations  considered  are  of  the  same  degree,  that 
is  to  say,  if  fti  =  ft,  we  may  write  X +  /*=£>,  \fi  =  qj  and  the 
order  becomes 

\n  (ft  -  1)  (]?  +  wa)  (i?  +  (ft  -  1)  a}  -  (n  -  1)  q. 
If  all  the  functions  a,  J,  &c.  are  of  the  first  degree,  writing 
\  =  fM=z  1^  and  a=0,  in  the  preceding  formula,  the  order  is  found 
to  be  \  (m  -f  ft  —  1)  (m  +  n  —  2). 

253.   If  the  degrees  in  which  the  uneliminated  variables  occur 
in  any  terms  be  denoted  by  the  accented  letters  corresponding 
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to  those  which  express  their   degrees  in  the  variables  to  be 
eliminated,  then  the  formula  for  the  weight  of  the  system  is 
obtained  from  that  for  the  order  by  performing  on  it  the  opera- 
tion V  -=-■  +  p  -=-  -t-  a  -7- .     In  other  words  the  weight  is 
dX         dp        da.  ° 

n  (n  —  1)  XX'  +  m(m-  1)  pp  4  (m  —  1)  (n  —  1)  (A,//  +  X'p) 
+  %n(n-  1)  (2m -  1)  (Xa  4  X'a)  4  \m  (m -  1)  (2n -  1)  (pa  4  pa) 
4  mn  [m  —  1)  (n  —  1)  aa\ 

254.  The  next  system  we  discuss  is  that  formed  by  the 
system  of  conditions  that  the  three  equations 

ati+br1+&c=o,  a,r+&ri-l+&c.=o,  a'T  +  b"tn-1  +  &c.  =  0, 

may  have  a  common  factor.  The  system  may  be  expressed  by 
the  three  equations  obtained  by  eliminating  t  in  turn  between 
every  pair  of  these  equations,  a  system  equivalent  to  two  con- 
ditions. The  order  of  the  system  may  be  found  by  eliminating 
from  the  equations  the  variables  which  enter  implicitly  into 
a,  &,  c,  &c,  when  the  order  of  the  resulting  equation  in  t  deter- 
mines the  order  of  the  system. 

Let  us  suppose  that  a,  a',  a  are  homogeneous  functions  in 
x,  y,  z  of  the  degrees  X,  ft,  v  respectively ;  that  5,  V,  b"  are  of 
the  degrees  X-  1,/u-l,  v  —  1,  &c,  and  if  we  take  the  reciprocal 
of  t  as  a  fourth  variable,  the  equations  are  of  the  orders 
respectively  X,  /-t,  v,  forming  a  system  of  the  order  Xpv.  But 
the  system  of  values  x  =  0,  y  =  0,  z  =  0  is  a  multiple  point  in  the 
three  equations  of  the  orders  X  —  ?,  p  —  m,  v  —  n  respectively. 
The  order  then  is  to  be  reduced  by  (X-  I)  (p  —m)  (v  —  n).  It 
is  therefore 

Ipv  4  mvX  4  mXp  -  Xmn  —  pnl  —  vim  4  Iran. 
This  then  is  the  order  of  the  system  we  are  investigating.     If 
the  orders  of  £>,  Z>',  c,  c',  &c.  had  been  X  +  a,  ft  4  a,  X  +  2a, 
p  4  2a,  &a,  then  the  order  of  the  system  would  have  been 

Ipv  4  mvX  4  nXp  4  a  (mnX  4  nip  4  Imv)  4  dllmn. 

The  weight  is  found  by  operating  on  this  with  X'  7-  4  &c,  and  is 

dX 

I  (pv  +  p'v)  4  m  (vX'  4  v'X)  4  n  (Xpf  +  X'p)  4  mn  (aX'  4  a'X) 

4  nl  (ap  4  a'p)  4  lm  (av  4  a'v)  4  2lmnaa'. 
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255.  It  is  a  particular  case  of  the  preceding  to  find  the 
order  and  weight  of  the  system  of  conditions  that  an  equation 
af  +  btn~1  +  &c.  may  have  three  equal  roots;  because  these 
conditions  are  found  by  expressing  that  the  three  second  differen- 
tials may  have  a  common  factor.  Writing  in  the  preceding 
for  I,  m,  and  w,  n  —  2  ;  for  /-t,  X  +  a ;  and  for  v,  X  4-  2a ;  we  find, 
for  the  order  of  the  system, 

3  (n  -  2)  X  (X  +  wa)  +  n  (n  -  1)  (n  -  2)  a2 ; 

and  in  like  manner  for  its  weight 

6  (n  -  2)  XX'  +  3n  [n  -  2)  (a'X  +  aX')  +  2n  (n  -  1)  (*?  -  2)  aa\ 

Again,  to  find  the  order  and  weight  of  the  system  of  condi- 
tions that  the  same  equation  may  have  two  distinct  pairs  of 
equal  roots ;  we  form  first,  by  Art.  249,  the  order  and  weight 
of  the  system  of  conditions  that  the  two  first  differentials 
af~l  +  &c,j-  btn~x  +  &c.  may  have  two  common  factors.  We 
subtract  then  the  order  and  weight  of  the  system  found  in  the 
first  part  of  this  article.     The  result  is  that  the  order  is 

2  (n  -  2)  (n  -  3)  X  (X  +  no)  +  \n  (n  -  1)  (ft  -  2)  (n  -  3)  d\ 

and  the  weight  is 

4(ft-2)(n-3)XX'  +  2n(n-2)(n-3)(a'X+aX') 

+  n(n-l)  (»-2)(»-3)ota'. 

Before  proceeding  further  in  investigating  the  order  of  other 
systems,  it  is  necessary  to  discuss  a  different  problem,  and  I  com- 
mence by  explaining  the  use  of  one  or  two  other  terms  which 
I  borrow  from  geometry. 

256.  Intersection  of  quantics  having  common  curves.  Two 
systems  of  quantics  are  said  to  intersect  if  they  have  one  or 
more  "  points"  common,  that  is  to  say,  if  they  are  both  capable 
of  being  satisfied  by  the  same  system  of  values  of  the  variables. 
A  "surface"  is  said  to  contain  a  "curve"  if  every  system  of 
values  which  satisfies  the  k  -  1  equations  constituting  the  curve, 
satisfies  also  the  k  —  2  equations  constituting  the  surface.  Thus, 
in  the  case  of  four  variables,  three  equations  £7=0,  F=0,  IF=0 
constitute  a  curve,  and  the  two  equations  £7=0,  V=0  con- 
stitute a  surface  which  evidently  contains  that  curve. 
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Now  a  system  of  k  qualities  in  h  variables,  in  general,  as  we 
have  seen,  intersect  in  a  definite  number  of  points,  that  number 
being  the  product  of  the  orders  of  the  quantics.  But  it  may 
happen  that  they  may  have  an  infinity  of  points  common, 
these  points  forming  a  "  curve"  in  the  sense  in  which  we  have 
already  defined  that  word.  Besides  that  curve  they  will  have 
ordinarily  a  finite  number  of  points  common,  which  it  is  our 
object  now  to  determine.  Let  us  take,  for  example,  to  fix  the 
ideas,  the  case  of  four  independent  variables ;  and  suppose  that 
we  have  four  equations  of  the  form 

U  =Au    ±Bv    +  Cm    =0, 

V=A'u  +  B'v  +  C'w  =0, 

W=A"u+B"v  +  C"w=0, 

Z  =  A'"u  +  B'"v  +  C"'w  =  0. 

We  suppose  the  degrees  of  Z7,  F,  W,Z  to  be  Z,  w,  n^p ;  of  w,  v,  w 
to  be  \,  yit,  v;  and  A,B\  A\  B\  &c.  are  therefore  functions  of 
the  degrees  I  —  X,  I  —  fi ;  m  —  \,  m  —  /x,  &c.  Now,  evidently, 
these  equations  will  be  all  satisfied  by  every  system  of  values 
which  make  m  =  0,  v  =  0,  w  =  0;  and  these  equations  not  being 
sufficient  to  determine  "  points,"  will  be  satisfied  by  an  infinity 
of  values  of  variables.  In  other  words,  the  four  quantics  ?7,  F, 
Wj  Z  have  a  common  curve  uvw.  And  yet  27,  F,  W^  Z  may 
be  satisfied  by  a  number  of  values  which  do  not  make  w,  v,  w 
all  =  0.  It  is  our  object  to  determine  this  latter  number ;  and 
our  problem  is,  When  a  system  of  quantics  has  a  common  curve, 
it  is  required  to  find  how  many  of  their  Imnp  &c.  points  of 
intersection  are  absorbed  by  that  curve,  and  in  how  many  points 
they  intersect  not  on  that  curve. 

257.  Let  us  first  consider  the  curve  formed  by  h  - 1  of  the 
quantics;  for  instance,  in  the  example  we  have  chosen  for 
illustration,  the  curve  UVW.  Now  evidently  a  portion  of  this 
curve  is  the  curve  uvw^  but  there  are  besides  an  infinity  of 
points  satisfying  UVW  which  do  not  satisfy  w,  v,  w.  We  speak 
then  of  the  curve  UVW,  as  a  complex  curve  consisting  of  the 
curve  uvw  and  a  complementary  curve.  Now  the  order  of  a 
complex  curve  is  always  equal  to  the  sum  of  the  orders  of  its 
components.     For  by  definition  the  order  of  the  complex  curve 
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UVW  is  the  number  of  points  obtained  by  combining  with  the 
equations  of  the  system  an  additional  one  of  the  first  degree : 
that  order  being  in  the  present  case  Imn.  And  evidently,  since 
of  those  Imn  points  \jjlv  lie  on  the  curve  uvw^  there  must  be 
Iran  —  X/xv  on  the  complementary  curve. 

The  two  curves  intersect  in  points  whose  number  i  is  easily 
obtained.  For  evidently  all  points  which  satisfy  the  three 
equations 

Au  +  Bv  +  Cw  =  0,   A'u  +  B'v  +  C'w  =  0,    A"u  +  B"v+C"w  =  0, 

and  which  do  not  satisfy  w,  v,  w ;  must  satisfy  the  determinant 

A,  B,  G 
A\  B\  C 
A",  B",  C"    =0, 

the  degree  of  which  is  l  +  nt  +  n  —  X  —  //,—  v.  The  intersection 
of  this  new  quantic  with  uvw  gives  all  the  points  in  which 
uvw  meets  the  complementary  curve.     We  have  therefore 

i=\fjbv  (I  +  m  +  n  —  \  —  fi  —  v). 

258.  To  find  now  the  number  of  points  common  to  UVWZ, 
we  have  to  consider  the  points  in  which  the  curve  UVW 
meets  Z;  and  it  is  required  to  find  how  many  of  these  are  not 
on  the  curve  uvw.  But  since  uvw  is  itself  a  part  of  the  curve 
UVW,  it  is  evident  that  the  points  required  are  contained 
among  the  p(lmn  —  \fiv)  points  in  which  the  complementary 
curve  meets  Z.  And  from  these  "points  must  be  excluded  the 
%  points  in  which  the  complementary  curve  meets  uvw.  Using 
then  the  value  given  in  the  last  article  for  t,  we  find,  for  the 
number  which  we  seek  to  determine, 

Imnr  —  \fiv  {I  +  vn  +  n  ■+  r)  +  \fiv  (\  +  fi  +  v). 

We  shall  state  this  result  thus,  that  if  k  quantics  of  orders 
Z,  w,  7i,  J?,  &c.  have  common  a  curve  of  order  a;  then  the 
number  of  points  which  they  will  have  common  in  addition  to 
this  curve  is  less  than  the  product  of  the  orders  of  the  quantics 
by  a(l  +  m  +  n  +  &c.)  —  /3,  where  /3  is  a  constant  depending 
only  on  the  nature  of  the  curve  and  not  involving  the  orders 
of  the  quantics.  We  shall  call  this  constant  the  rank  of  the 
curve.     We  have  seen  that  when  the  curve  is  given  as  the 
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intersection  of  quantics  w,  v,  w,  the  order  is  X/jlv  and  the  rank 

\fJLV  (\ -{•  fl  +  v). 

We  saw,  in  the  last  article,  that  if  the  intersection  UVW 
consists  of  two  complementary  curves  whose  orders  are  a,  a', 
and  whose  ranks  are  ft,  ft',  the  number  of  points  in  which  the 
two  curves  intersect  i3  a  (I  +  m  +  n)  —  ft  ;  and  by  parity  of 
reasoning  it  is  a!  (Z  +  m  +  n)  —  ft'.  Hence  the  orders  and  ranks 
of  the  two  complementary  curves  are  connected  by  the  equa- 
tions a  +  a.'  =  lmn,  ft  —  ft'  =  (oL  —  a')  {l  +  m  +  n). 

259.  Next,  let  us  consider  the  case  where  the  quantics  have 
common  two  or  more  distinct  curves  uvw,  u'v'w,  &c.  Let  the 
intersection  for  instance  of  UVW  consist  of  the  two  curves 
uvw,  u'v'w,  and  of  a  complementary  curve  a" ;  then,  in  the  first 
place,  the  order  of  a"  is  evidently  Iran  —  Xjjlv  —  X'fi'v'.  Secondly, 
we  have  seen  that  uvw  meets  the  remaining  intersection  of 
UVW  in  points  whose  number  is 

Xfiv  {Ji+rn  +  n  —  'X  —  fjb  —  v). 

If  then  i  of  these  lie  on  u'v'w'  (that  is  to  say,  if  uvw,  uvw* 
intersect  in  %  points)  there  must  be  on  the  complementary  curve  a" 

\fiv  {l  +  m+n-\  —  fi  —  v)—t. 

And  in  like  manner  a"  meets  u'v'w'  in 

X'fjb'v  {I  +  m  +  n  —  V  —  fi  —  v)  -  i  points. 

As  before,  then,  the  number  of  points  on  neither  curve  in 
which  a"  meets  any  other  quantic  Z  is 

(Imn  —  \jJLV  —  X'fi'v')]?  —  \fiv  (I  +  m  +  n  —  \  —  fi  +  v) 

-  X>V  (1+ m  +  n  -  V  -  fi'  -  v)  +  2t\ 

or  Imnp  —  (Xfiv  +  X'/i'v')  (l  +  m  +  n-\-j>)  +  \fiv  (X  +  fi  +  v) 

+  Xfi'v'{\'  +  fj,'  +  v')  +  2£ 

Thus,  then,  the  diminution  from  the  number  Imnp  effected 
by  a  complex  curve  is  equal  to  the  sum  of  the  diminutions 
effected  by  the  simple  curves  less  double  the  number  of  their 
points  of  intersection.  The  same  holds  no  matter  how  many 
be  the  curves  common  to  the  quantics:  and  we  may  say  that 
when  a  complex  curve  consists  of  several  simple  curves  the 
order  of  the  complex  is  equal  to  the  sum  of  the  orders  of  its 
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components ;  and  the  rank  of  the  complex  is  equal  to  the  sum 
of  their  ranks  increased  by  double  the  number  of  points  common 
to  every  pair  of  curves. 

260.  We  give,  as  an  illustration  of  the  application  of  these 
principles,  the  problem  to  determine  how  many  surfaces  of  the 
second  degree  can  be  described  through  five  points  to  touch 
four  planes.  Let  S,  T,  Z7,  F,  W  be  five  surfaces  passing 
through  the  five  points,  then  any  other  will  be  of  the  form 
aS  +  /3T+yU+8V+£W;  and  the  condition  that  this  should 
touch  a  plane  will  be  a  cubic  function  of  the  five  quantities 
a,  /?,  7,  8,  s.  We  are  given  four  such  equations,  and  it  is 
required  to  find  how  many  systems  of  values  can  be  got  to 
satisfy  them  all.  If  the  four  equations  had  no  common  "curves," 
the  number  of  their  common  "points"  would  be  34  or  81.  But 
the  existence  of  common  curves  may  be  seen  in  this  way.  The 
condition  that  a  surface  of  the  second  order  should  touch  a 
plane  vanishes  identically  when  the  surface  consists  of  two  planes. 
Let  us  take  then  for  S  and  T  two  pairs  of  planes  passing 
through  the  five  given  points,  £=(123)  (145),  T=  (123)  (245) ; 
then,  evidently,  the  condition  that  aS+  pT+yU+SV+zW 
should  touch  any  plane  whatever,  must  be  satisfied  by  the  sup- 
position 7  =  0,  8  =  0,  e  =  0.  This  "curve,"  then,  which  is  of 
the  first  degree,  will  be  common  to  all  four  quantics.  And,  if 
if  we  call  this  the  line  (123)  (45),  it  is  evident,  by  parity  of 
reasoning,  that  the  quantics  have  common  ten  such  lines 
(124)  (35),  &c.  Now  if,  as  .before,  we  take  8  as  the  system  of 
two  planes  (123)  (145),  T=  (123)  (245),  and  take  Z7=  (145)  (234) ; 
then,  while  the  line  (123)  (45)  is  denoted  by  7  =  0,  8  =  0,  s  =  0, 
the  line  (145)  (23)  is  denoted  by  /3  =  0,  8  =  0,  e  =  0;  and  these 
two  lines  intersect,  being  both  satisfied  by  the  common  values 
/3  =  0,  7  =  0,  8  =  0,  e  =  0.  And,  in  like  manner,  (123)  (45)  is 
intersected  by  (245)  (13),  (345)  (12).  Thus  then  the  ten  lines 
have  fifteen  points  of  mutual  intersection.  The  rank  of  a  single 
curve  of  the  first  degree  being  got  by  making  X  =  ^  =  y  =  1  in 
the  formula  Xfiv  (X  +  /a  +  v)  is  three.  Hence  the  rank  of  the 
entire  system  is  ten  times  three  increased  by  twice  fifteen  or 
is  60.  And  the  number  of  points  which  satisfy  the  four 
quantics  is  81  -  10(3  +  3  +  3  +  3)  +  60  or  is  21. 
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261.  We  have  shown,  Art.  249,  how  to  determine  the  order 
of  a  system  of  determinants,  the  number  of  rows  and  columns 
in  whose  matrix  differ  by  one.  We  shall  now  show  how,  when 
such  a  system  represents  a  curve,  to  determine  the  rank  of  the 
curve.     Commence,  as  before,  with  the  simple  case 

.',  v\  w 

and  we  see  that  the  intersection  of  uv—u'v,  uw—u'w  is  a 
complex  curve,  consisting  of  the  curve  uv!  and  of  the  curve 
with  which  we  are  concerned.  And  knowing  the  order  and 
rank  of  uu\  we  find  the  order  and  rank  of  the  other  curve. 
Knowing  these  again,  we  obtain,  in  like  manner,  the  charac- 
teristics of  the  curve  represented  by  a  system  with  four  columns 
and  three  rows,  and  so  on,  step  by  step,  until  we  arrive,  by  in- 
duction, at  the  result  that  the  general  expression  for  the  rank  is 

(jf-q+pP*  Q){P+2p)-q(p  +  P)  +  B  +  r, 

where  £?,  q,  P,  Q  have  the  same  meaning  as  in  Art.  249,  and 
B,  r  are  the  sums  of  the  products  in  threes  of  the  quantities 
a,  &,  &c,  a,  /3,  &c.  For  we  have  seen,  Art.  258,  that  the  ranks 
of  two  complementary  curves  which  together  make  up  the 
intersection  of  two  quantics  whose  orders  are  /x,  v,  are  con- 
nected by  the  equation  j3  —  /3'=(ol  —  a)  [fi  +  v)<  And  we  saw 
(Art.  249)  that  the  intersection  of  two  quantics  whose  orders 
are  p  +  P—  a,  p  +  P—  &,  is  made  up  of  the  curve  whose  order 
is  a  =p2  —  q  +pP+  Q,  and  of  the  curve  of  lower  order  for  which 
cc'  =  PJ-  Q+pP+q—  p'  {p  +  P)  +q',  where  we  have  written 
p  =a  +  b,  q  =  ab.  Now  to  find,  by  the  formula  of  this  article 
assumed  true,  the  rank  of  the  lower  system,  we  are  to  write  for 
the  new  i2,  the  old  r ;  and  for  the  new  r, 

B-p'Q+(p'*-q')P-(p'*-2p'q'). 
We  have,  then,  after  a  little  reduction, 
P  m  (P2  +i>P+  q)  (2P-fi?)  -  Q  (3P+  2p)  +  B  +  r 

-p'(P+p)(3P+p)+2p'(Q-q)+p'*(P+p)  +  2q'(P+p)-p'q'. 

To  this  value  of  j3'  add  (a  -  a')  (/*  +  v) ;  that  is  to  say, 

{f-P*  +  2(Q-q)+p'(P+p)-*q'}(2P+2p-p'), 
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and  the  result  is  the  value  already  given  for  /3.  As  then  the 
formula  can  easily  be  verified  for  the  case  of  two  rows,  it  is 
true  generally. 

262.  Let  us  next  consider  such  a  system  as 

a,     &,     c,     d,     e,    / 
a\    b\    c,    d\    e',    /' 

it        Til        J>        Jii        Ji        £H 

a  ,    b  ,    c  ,    d  ,    e  ,  / 

'"     Ti'i     ji*     Jin     Jii     £*** 

a  ,  b  ,  e  ,  a  ,  e  ,  / 

where  the  number  of  columns  exceeds  the  number  of  rows  by 
two;  and  let  us  examine  the  order  of  the  restricted  system 
common  to  all  these  determinants.  Now  any  three  of  these 
(ad'e'f"'),  (bd'e'f"),  {cd'e"/"')  have  common  the  curve 

dj   d\   d")   d' 

e,  e',    e",    e'" 

f,  f,  f",  f" 

If  then  Z,  w,  n  be  the  order  of  the  three  determinants ;  a,  /3, 
the  order  and  weight  of  this  curve,  the  determinants  intersect 
in  points  not  on  this  curve,  in  number 

Iran  —  a  (1  +  m  4  n)  +  /3. 

But  if  we  represent  the  orders  of  the  several  functions  in  the 
same  way  as  in  Art.  249,  it  is  easy  to  see  that  the  degrees  of 
the  three  determinants  are  P+p  — b— c,  P+p-c—a,  P+p—a-b; 
so  that  if  we  write  a  +  b  +  c  =pi  bc-\-ca  +  ab  =  q,  abc  =  r',  we 
are  to  substitute  for  lmny 

(P+pf  -  2/  (P+i>)2  +  (P+p)  (jpT  +  q')  -  (p'q'  -  r') ; 

and  for  l  +  rn  +  n,  3P+  3p-2p'.  The  order  and  rank  of  the 
curve,  a  and  /3,  are  found  from  the  formulae  of  Arts.  249,  261, 
by  writing  for  P,  Q,  and  P,  p,  q,  and  r ;  and  for  p,  q,  r  re- 
spectively 

P-p\  Q-Pp'+p--q;  B-p'Q+(p^-q')P-{p3-2p'q'  +  r'). 
We  find  thus,  as  before, 

a  =  P*-Q  +pP+  q  -p'  (P  +p)  +  q\ 
P  =  {P*  +  pP+  q)  {2P+p)  -  Q  (3P+  2p)  +  P  +  r 
-p{P+p)  (*P+p)+ty'(Q-  ^)+2?'2(P4i?)+2^(-P+i>)-i>V-^ 
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Add,  then,  to  the  value  of  ft  just  found  the  value  given  for 

Imn -a(/+m  +  «),  and  we  find  the  required  result,  viz. 

If  the  several  rows  are  of  the  same  degrees,  that  is,  if  a,  /3,  &c. 
all  —  0,  then  the  order  of  the  system  is  R. 

The  correspondence  of  this  result  with  that  of  Art.  249, 
may  be  made  more  manifest  by  writing  the  symmetric  func- 
tion a2  +  aft  +  /32  ■+  &c.  ^2 ;  a3  +  a*  ft  +  aft2  +  ft'6  +  &c.  ps,  &c.  then 
the  result  of  Art.  249  is  Q+pP+p2,  and  of  this  article  is 
It  +p  Q  -\-pJP  +iV  And  we  are  led  by  induction  to  the  con- 
clusion, that  the  order  of  a  system  where  the  columns  exceed 
the  rows  by  three  will  be  S+pB+jp2Q  + p^P+p^  and  so  on 
generally.  I  have  not  actually  carried  the  calculation  further 
than  the  case  considered  in  the  present  article,  but  the  following 
articles  will  show  how  the  process  here  used  can  be  extended 
to  the  higher  cases. 

In  all  cases  the  weight  of  the  system  may  be  deduced  from 
its  order  by  the  rule  already  given. 

263.  The  formula  of  the  last  article  may  be  applied  to 
calculate  the  order  of  the  system  of  conditions,  that  the  equa- 
tions atm  +  &c,  at  +  &c.  may  have  three  common  roots.  The 
conditions  are  formed  by  a  system  of  determinants,  the  matrix 
for  which  is  formed  as  in  Art.  252 ;  save  that  the  line  a,  #,  c 
is  repeated  n  —  2  times,  and  the  line  a',  &',  c',  m  —  2  times. 
The  matrix  consists  of  m  +  n  —  2  columns  and  m  +  n  —  4  rows. 
The  order  of  the  system  then  calculated  by  the  last  article  is 
found  to  be 

ft  (ft-  1)  (ft  —  2)  ^,     Tnim  —  1)  (m—  2)    „     .,        .,        .  .         .  ^  „ 
"lis X+  1.2.3 V34|(«-l)(^2)(m-2)\V 

+  i(w-l)(fti-2)(ft-2)X^  +  i(m-l)ft(ft-l)(ft-2)X2a 
+  1  {n-l)m(m-l)(m-2)/j?a+%(m-2)(n-2)  {ft2(ft-l)+ft(fti-l)}X/*a 
+  {\n  (ft  -  1)  (ft  -  2)  m  {m  -  2)  +  Jft  (ft  -  1)  (ft  -  2)}  d2X 
+  [\m  (m  - 1)  (m  -  2)  n  (n  -  2)  +  Jft  (m  -  1)  (m  -  2)}  a> 
+  %m  (m  -  1)  [m  -  2)  n  (n  -  1)  (ft  -  2)  a3. 
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In  the  case  where  we  have  a  =  0,  \  =  ^=1,  this  reduces  to 

f(w+B-2)(}»4n-3)(«  +  w-  4). 

The  weight  of  the  system,  found  by  the  same  process  as 
before,  is 

in  (n  -  1)  (n  -  2)  X2X'  +  \m(m-  1)  (m  -  2)  /*y 

4  (w-1 )  (n-2)  (m-2)  (X/a V+ JX V)+ [**~  1)  (*»-2)  (n-2)  (X/jLfi'+i^X) 

+  (m  -  1)  ft  (#i  -  1)  (n  -  2)  (XX'a  +  JXV) 

+  (ft  -  1)  m  [m  -  1)  (m  -  2)  (ji/ia  +  J^V) 

+  J  (t»  -  2)  (ft  —  2)  {2mn  -m—n]  (Xfi'a.  +  X'fia -f  \/ia!) 

+  [\n  [n  -\){n-  2)  m  [m  -  2)  +  J*  (n  -  1)  (n  -  2))  (a2X'  +  2aa'X) 

+  {\m  [m  -  1)  (m  -  2)  n  [n  -  2)  +  £m  (wi  -  l)(m  -  2)}  (a'V  +  2aa» 

+  \m  [m  —  1)  (ra  —  2)  n  (n  —  1)  (n  -  2)  aV. 

264.  The  next  problem  we  investigate  is  when  a  system 
of  quantics  have  a  "surface"  common,  to  find  how  many  of 
their  points  of  intersection  are  absorbed  by  the  common  surface. 
We  mean  by  the  order  and  rank  of  a  surface,  the  order  and 
rank  of  the  curve  which  is  the  section  of  the  surface  by  any 
quantic  of  the  first  degree.  Thus,  consider  the  case  of  five 
independent  variables,  then  a  system  of  three  equations  con- 
stitutes a  surface,  and  if  their  orders  be  X,  /*,  v,  the  order  of  the 
surface  will  be  Xfiv,  and  its  rank  Xfiv  (X  +  /jl  +  v) ;  these  being 
the  order  and  rank  of  the  curve  got  by  uniting  with  the  given 
equations  an  additional  one  of  the  first  degree. 

Now,  first  let  k  —  1  quantics  have  a  surface  in  common, 
whose  order  and  rank  are  a,  /3;  they  will  also  in  general 
have  common  besides  a  complementary  curve  whose  order  is 
readily  found.  For  join  with  the  given  quantics  another  of 
the  first  degree,  and  we  then  have  a  system  of  Jc*  quantics, 
having  a  curve  common,  and  therefore  by  Art.  258  intersecting 
in  Imnr  —  a(l  +  m  +  n  +  r)+/3  points  besides.  But  these  are  the 
points  in  which  the  quantic  of  the  first  degree  meets  the 
complementary  curve,  and  therefore  this  is  the  order  of  that 
curve. 

*  To  fix  the  ideas  we  take  k  =  5  in  the  next  article. 
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265.  Next  let  us  investigate  the  number  of  points  in  which 
the  surface  and  complementary  curve  intersect  each  other. 
Let  Uj  V,  W,  Y  be  respectively  of  the  forms 

Au   +  Bv    +Cw    =  0, 

A'u  -yB'v   +C'w   =  0, 

i"»H-  B"v  +C"w  =0, 

A",u  +  B"'v  +  C"'w=0. 

Then  the  points  common  to  U%  F,  W,  Y  which  do  not  make 
u,  V,  w  =  0,  will  satisfy  the  system  of  determinants 


A 

A 

A",  A'" 

B, 

B\ 

B",  B'" 

o, 

c, 

C",  C" 

=  0. 

But  since  A  is  of  the  order  l  —  \B  of  the  order  l  —  fi.  A'  of  the 
order  wi  —  X,  &c.,  it  follows  (Art.  249)  that  the  order  of  the  set 
of  determinants  is  Q—pP+p^  where  P  and  Q  are  the  sum 
and  sum  of  products  in  pairs  of  Z,  m,  n,  r,  where  jp  =  X  -f  jj,  +  y, 
and  p2  —  X2  +  fi*  +  v2  +  \/jl  +  pv  +  vX.  If  now  we  combine  this 
system  of  determinants  (equivalent  to  two  conditions),  with 
the  h  —  2  conditions  which  constitute  the  surface,  we  determine 
the  points  common  to  the  surface  and  complementary  curve. 
And  their  number  is  the  order  of  the  system  of  determinants, 
multiplied  by  X/xv.  Writing  then  a  and  /3  for  the  order  and 
rank  of  the  surface  X/iv,  Xfiv  (X  +  [jl  +  v),  and  denoting  by  y  the 
new  characteristic  \jjlv  (X2  +  p*  +  v*  -f  X/a  +  fiv  +  yX),  which  we 
may  call  the  class  of  the  surface,  we  find 

i=aQ-/3P+y. 

266.  If  then  we  have  an  additional  quantic  Z  also  con- 
taining the  given  surface,  and  if  it  be  required  to  find  how 
many  points  not  on  the  surface  are  common  to  all  k  quantics, 
these  will  be  evidently  the  points  of  intersection  of  the  com- 
plementary curve  with  Z^  less  the  number  of  points  of  intersec- 
tion of  the  complementary  curve  with  the  surface.  If  then 
Z,  w,  7i,  r,  s  be  the  orders  of  the  quantics,  the  number  sought 
will  be  got  by  subtracting  from 

s  [Imnr  -  a  (I  +  m  +  n  +  r)  +  /3}, 
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the  number 

a  (Im  +  ln  +  mn  +  Ir  +  rnr  +  nr)  —  ft  (l  +  m  +  n  +  r)  +  7. 

And  the  difference  is 

Imnrs  -  a  Q  +  ftP—  7, 
which  is  the  formula  required. 

267.  Next  let  us  consider  the  case  where  a  system  of 
qualities  have  common  not  only  a  surface,  whose  characteristics 
are  a,  /3,  7,  but  also  a  curve,  whose  characteristics  are  a',  ft', 
intersecting  the  surface  in  i  points.  As  before,  consider  first 
k  —  1  of  the  quantics.  Their  intersection  we  have  seen  con- 
sists of  the  surface  and  of  a  complementary  curve,  whose  order  is 
Imnr  —  a  (I  +  m  -\~  n  +  r)  +  ft. 

And  if  the  complementary  curve  be  itself  complex,  consisting 
in  part  of  the  curve  a,  and  also  of  another  curve,  whose  order 
is  a",  we  have  evidently 

a"  =  Imnr  —  a(l-\-m  +  n  +  r)+ft-ot!. 

The  points  therefore  which  we  desire  to  determine  are  got  by 
subtracting  from  the  ct!'s  points  of  intersection  of  the  curve  a" 
with  the  remaining  one  of  the  given  system  of  h  quantics, 
8+8'  where  8  is  the  number  of  points  in  which  the  curve  a" 
meets  the  surface  (a,  /3,  7),  and  8'  is  the  number  of  points  where 
it  meets  the  curve.  But  we  know  8,  since  we  know,  by 
Art.  265,  the  number  of  points  where  the  surface  is  met  by 
the  entire  curve  complementary  to  it;  and  therefore  have 
8  +  i  =  a  [lm  +  In  +  &c.) -/3{l  +  m  +  n-\-r)-\-y* 

and  we  know  8',  knowing,  by  Art.  257,  the  number  of  points 
in  which  the  curve  a'  is  met  by  the  entire  curve  complementary 
to  it,  and  therefore  have 

8'  +  2*  =  a'(Z  +  m  +  w4r)-/8'.      . 
Substituting  the  values  thence  derived  for  8  and  8'  in  a"s-8— 8', 
we  get 

Imnrs  -  a  Q  +  ftP-  7  -  a'P+  ft'  +  dl 

In  other  words,  the  diminution  from  the  number  Imnrs  pro- 
duced by  curve  and  surface  together  is  equal  to  the  sum  of 
their  separate  diminutions  lessened  by  three  times  the  number 
of  their  common  points. 
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268.  This  result  may  be  confirmed  by  supposing  one  of  the 
quantics  to  be  a  complex  one  ZZ'\  where  Z'  contains  the 
common  surface,  and  Z"  the  common  curve;  and  the  degrees 
of  Z\  Z"  are  s,  s".  Then  the  quantics  U,  V,  W,  F,  Z\  by 
Art.  266,  have  common  points  not  on  the  common  surface 

Imnrs  —  a  {s  (1+  m-\-&c.)  +  lm  +  mn  +  &c.}  +  j3(s'+l+m+&c.)—  7* 

But  among  these  will  be  reckoned  the  a's  points  in  which 
the  common  curve  meets  Z\  deducting  however  the  i  points 
common  to  the  curve  and  surface.  To  find  then  the  number 
of  points  UVWYZ'  which  lie  on  neither  curve  nor  surface, 
we  must  deduct  from  the  number  last  written  a's —i. 

Consider  now  the  intersections  of  Z7,  F,  W,  F,  Z"  \  these 
are  a  system  of  quantics  having  common  two  curves  inter- 
secting in  %  points;  viz.  the  given  curve  a',  and  the  curve  of 
intersection  of  the  common  surface  by  Z'\  whose  order  will  be 
as",  and  whose  rank  will  be  as"  (\  +  /ju  +  v  +  s").  The  number 
of  points  UVWYZ"  which  lie  on  neither  curve  nor  surface 
will  be 

Imnrs"  -  (a'+as")  (Z+m+w+r4  s")  -h  /3'  +  as"  (X  +  p  +  v  +  s")  +  2i. 
Adding,  and  writing  s  for  s'  +  s",  we  get 

Imnrs  -aQ  +  /3P-  7  -  a'P+  £'  +  3/, 
as  in  the  last  article. 

269.  We  next  suppose  the  quantics  to  have  common  two 
surfaces  having  i  points  of  intersection.  The  method  would 
be  the  same  if  there  were  several  surfaces.  Let  the  last 
quantic  be  a  complex  one,  consisting  of  Z'  which  passes 
through  the  first  surface  and  Z"  which  passes  through  the 
second.  Then  the  system  Z7,  F,  U7",  F,  Z\  have  common  the 
surface  Xfiv  and  the  curve  Xpv's',  which  have  i  points  common, 
and  they  will  therefore  intersect  in  points  which  lie  on  neither 

Imnrs  -  Xfiv  {(I  +  m  +  n  +  r)  s  +  2m  +  &c.}  +  /3  (I  +  m  +  n  +  r  +  s') 

- 7 - X'fju'vs  (I  +  m  +  n  +  r  +  *')  +  Xfi'v's'  (X  +  p  +  v  +  s)  +  Si 

In  like  manner  the  points  common  with  Z"  are 

Imnrs" -  X/W  (l+m  +  n  +  r  +  s")  +  X/W  (X  +  H>  +  v  +  s") 

-XpV{{l+m  +  n  +  r)8"  +  lm  +  &c.}+P'(l+m  +  n  +  r  +  8n)+3u.- 

HH 
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Adding  which  we  have 

Imnr  (s'  +  s")  —  {Xjjlv  -f  V//V)  {(I  +  m  +  n  -+■  r)  [s  +  s")  +  hn  +  &c.} 
+  (^  +  /3')(Z  +  m  +  w-+r  +  s'  +  s")-7  +  6/-7. 

In  other  words,  the  combined  effect  of  the  two  surfaces  is 
equal  to  the  sum  of  the  effects  of  the  surfaces  separately  con- 
sidered, diminished  by  six  times  the  number  of  their  common 
points.  When  there  are  only  four  variables,  two  surfaces 
always  must  have  common  points  of  intersection. 

270.  Lastly,  let  the  two  surfaces  have  a  common  curve 
whose  order  and  rank  are  a",  /3".  Proceeding,  as  in  the 
last  article,  we  find  that  the  system  UVWYZ'  have  common 
indeed  the  surface  Xyttv;  and  the  curve  \'/iv's.  But  since 
this  curve  is  a  complex  one,  consisting  in  part  of  the  curve 
a",  ft"  which  lies  on  Ayu,v,  we  are  only  to  take  into  account 
the  complementary  curve  which,  by  Art.  259,  has  for  its  order 
Xfiv's  —  a",  while  its  rank  is 

&'  +  (X>W  -  2a")  (V  +  //  +  v'  +  s') ; 
and  the  complementary  curve  intersects  a"/3"  in 
a"  (V  +  fi'  +  v  +  s)  -  £"  points. 
The  number  of  intersections  is  therefore 
Imnrs  —\fjbv{(l  +  m  +  n  +  r)  s'  +  lm  +  &c.}+j3(l+m+n+r-\-s)-  y 

-  (\y  v's'  -  a")  (l  +  m  +  n  +  r  +  s) 

+ /3"  +  (\>W  -  2a")  (V+  ///+  •+  a9)  -f  3a"(\'+  ^'+  v'+  *')  -  3/3". 

Similarly  the  intersections  for  UVWYZ'  are 

Imnrs"— X'jjl'v  {(l+m+n+r)s"+lm+  &c.}  +  /3'(l+m+n+r+s")-y 

-  (X/jlvs"  -  a")  {l  +  m  +  n  +  r-{-  s") 

+  /3"  +  (X/W  -  2a")  (\  4-  /i  +  j/  +  5")  •+  3a"  (X  +  ^  +  v  +  s")  -  3/3". 

Adding,  we  have 

Zmrcr  [s'  +  s")  -  (\/*v  +  \>V)  {(Z  +  w  +  n  +  r)  (s  +  s")  +  lm+  &c.} 
+  (/3  +  /3'  +  2a")(Z  +  m  +  H  +  r  +  s'  +  s") 
-7-7'  +  «"  (X  +  /*  +  v+V  +  /*'  +  v')- 4/3". 
In  other  words,  the  two  surfaces  make  up  a  complex  surface, 

whose  order  is  the  sum  of  their  orders,  whose  rank  is  the  sum 

of  their  ranks  increased  by  twice  the  order  of  the  common 
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curve,  and  whose  class  is  the  sum  of  their  classes  increased  by- 
four  times  the  rank  of  the  common  curve  and  diminished  by 
a"(X  +  /4  +  v  +  V-r/fc'+v'). 

We  must  leave  untouched  some  other  cases  which  ought  to 
be  discussed  in  order  to  complete  the  subject;  in  particular 
the  case  where  the  surfaces  touch  in  points  or  along  a  curve. 
The  cases  examined  suffice  to  enable  us  to  ascertain  the  order 
of  a  set  of  determinants  in  whose  matrix  the  number  of  columns 
exceeds  that  of  the  rows  by  three.  Taking  four  determinants 
of  the  system  we  find  that  they  have  a  surface  common ;  and 
by  determining  the  three  characteristics  of  that  surface  and 
applying  the  formula  of  Art.  265,  the  order  of  the  system  can 
be  obtained. 

271.  We  come  now  to  the  problem  of  finding  the  order  of 
the  system  of  conditions  that  three  ternary  quantics  should 
have  two  coipmon  points.  The  method  followed  is  the  same 
as  that  given  by  Mr.  Cay  ley  for  eliminating  between  three 
homogeneous  equations  in  three  variables,  and  which  we  have 
explained  (Art.  90).  Let  the  three  equations  be  of  the  degrees 
Z,  m,  ft.  Multiply  the  first  by  all  the  terms  xw'%  yxm^%  &c. 
of  an  equation  of  the  degree  rn  +  n  —  3,  the  second  in  like 
manner  by  all  the  terms  of  an  equation  of  the  degree  n+  I—  3, 
and  the  third  by  all  the  terms  of  an  equation  of  the  degree 
I  +  m  —  3.  We  have  thus  in  all 
%(m+n-l)(m+n-2)+i(n+l-l)(n  +  l-2)+^(l+m-l){l+m-2)1 

equations  of  the  degree  I  +  m  +  n  —  3 ;  from  which  we  are  to 
eliminate  the  %  (l  +  m  + n- 1)  (l  +  m  +  n-2)  terms  #Hm+M"3,  &c. 
But  as  it  has  been  shewn,  in  the  place  referred  to,  the  equations 
we  use  are  not  independent  but  are  connected  by 

%(l-.l)  (1-2)  +  i  (m-l)  (m-2)  +  i  (n-l){n-2) 

relations.  Subtracting  then  the  number  of  relations,  the  number 
of  independent  equations  is  found  to  be  one  less  than  the  number 
of  quantities  to  be  eliminated ;  and  we  have  a  matrix  in  which 
the  number  of  columns  is  one  more  than  the  number  of  rows, 
the  case  considered  in  Art.  249.  But,  as  was  shewn,  Art.  89, 
when  we  are  given  a  number  of  equations  connected  by  rela- 
tions, the  determinants  formed  by  taking  a  sufficient  number  of 
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the  equations,  require  to  be  reduced  by  dividing  out  extraneous 
factors,  these  factors  being  determinants  formed  with  the  co- 
efficients of  the  equations  of  relation.  If  then,  in  the  present 
case,  we  took  a  sufficient  number  of  the  equations  and  deter- 
mined the  order  by  the  rule  of  Art.  249,  our  result  would  require 
to  be  reduced  by  a  number  which  we  proceed  to  determine. 

272.  Let  us  commence  with  the  simplest  case  where  we  have 
k  equations  in  k  variables,  the  equations  being  connected  by  a 
single  relation.  To  fix  the  ideas  we  write  down  the  system 
with  three  rows 


"> 

5,       C 

X 

a', 

V,   c' 

X' 

a", 

&",  c" 

X" 

where  we  mean  to  imply  that  the  quantities  involved  are  con- 
nected by  the  relations 

Xa  +  \V-fX"a"  =  0,   X&  +  X'5'  +  X"&"  =  0,   Xc  +  Vc'  +  X"c"  =  0. 

We  also  suppose  that  Xar  XV,  X"a"  are  of  the  same  order,  so 
that  the  orders  X  +  a  =  V  +  a  =  \"  +  a".  Now  let  us,  in  the  first 
place,  suppose  that  the  two  first  equations  are  in  the  simplest 
form,  and  that  X"  =  —  1.  The  true  order  then  is  that  determined 
from  the  first  two  equations ;  that  is  to  say,  if  we  indicate  the 
orders,  as  in  Art.  249,  #+P(a+/3)+a2+/32+a/3.  Now  suppose 
that  we  had  omitted  the  first  row,  the  order  deduced  from  the 
second  and  third,  would  be  Q  +  P  (ft  +  7) -t  /32  +  y*  -f  fiy ;  which 
we  see,  in  order  to  give  the  true  order,  requires  to  be  reduced 
by  (7  —  a)  (P+a  +  /3  +  y) ;  in  other  words,  by  the  order  of  X 
multiplied  by  the  order  of  the  determinant  obtained  from  the 
three  equations.  And  the  general  rule  to  which  we  are  thus 
led  is :  Leave  out  one  of  the  rows  and  determine  the  order  of 
the  remaining  system  by  the  rule  of  Art.  249 ;  from  the  number 
so  found,  subtract  the  order  of  the  determinant  formed  from  all 
the  equations,  multiplied  by  the  order  of  the  term  in  the  relation 
column  belonging  to  the  omitted  row.  It  is  easy  to  verify,  that 
we  are  thus  led  to  the  same  result  whatever  be  the  omitted 
row.     Thus 

§  +  P(a  +  ^)+a2  +  /3'2  +  a/3-V'(P+a  +  /3  +  7) 

=  Q  +  P(^  +  7)+/32  +  72-f/37-X(P+a  +  /3  +  7), 
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since  the  orders  X  —  X"  =  7  —  a. 

And  our  result  may  be  written  in  a  symmetrical  form  if  we 
write  A  for  the  common  value  of  X  +  a,  X'  +  /3,  V  -f  7,  when 
it  becomes 

<3-|-P(a  +  /3  +  7)  +  aa  +  ^2+72+/37  +  7a  +  ay8-^(P+a+/3+7), 

or  Q  +  i>+p2  -  a  -  A  {P+p). 

273.  And,  generally,  if  there  be  any  number  of  relation 
columns,  I  have  been  led  by  a  similar  process  to  the  following 
result :  Let  the  terms  in  the  relation  columns  be  X,  V,  X",  &c. 
/*,  fju'j  //',  &c.  v,  v',  v",  &c. ;  then  we  must  have 

X  +  a  =  X' 4- /S',  &c,  fju  +  a  =  ///  +  /3',  &c,   v  +  a  =  v'  +  /3',  &c. 

Let  A,  B,  C  denote  the  common  values  of  these  sums,  and  let 
P,  Q'  denote  the  sum  and  sums  of  products  in  pairs  of  the 
quantities  A,  P,  G;  then  the  order  of  the  system  is 
Q  +  Pp+f-q-P'tP+^  +  Q. 

This  result  may  be  stated  as  follows,  in  a  way  which  leads 
us  at  once  to  foresee  the  answer  to  some  other  questions  that 
may  be  proposed  as  to  the  order  of  systems  of  these  equations. 
In  the  case  we  are  considering,  the  entire  number  of  columns, 
counting  the  relation  columns,  is  one  more  than  the  number 
of  rows ;  and  the  order  of  the  system  is  that  given  by  the  rule 
of  Art.  249,  if  we  give  a  negative  sign  to  the  orders  in  the  re- 
lation columns.  In  like  manner,  when  the  number  of  columns, 
counting  the  relation  columns,  is  equal  to  the  number  of  rows, 
the  system,  by  Mr.  Cayley's  theorem,  represents  a  determinant 
whose  order  is  that  which  we  should  obtain  by  calculating 
the  order  of  the  entire  system  considered  as  a  determinant, 
the  orders  in  the  relation  columns  being  taken  negatively.  And 
so  no  doubt  if  the  entire  number  of  columns  exceeded  the 
number  of  rows  by  two,  the  order  of  the  system  would  be  found 
by  the  same  modification  from  the  rule  of  Art.  262. 

274.  Let  us  now  apply  the  rule  just  arrived  at  to  the 
problem  proposed  in  Art.  271.  We  suppose  that  in  the  three 
ternary  quantics  the  coefficients  of  the  highest  powers  of  sc, 
viz.  x\  xm,  xn  are  of  the  orders  X,  ytt,  v;  those  of  aj,_1#,  x1'1?. 
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are  of  the  orders  X  +  a,  \  +  a',  and  so  on,  the  orders  of  the 
coefficients  increasing  by  a  for  every  power  of  y,  and  by  a' 
for  every  power  of  z.  Then  the  terms  in  the  first  column 
consist  first  of  £  (m  +  n  —  1)  (m  +  n  —  2)  terms  whose  orders  are 
X ;  X  —  a,  X  —  a' ;  X  —  2a,  X  —  a  —  a',  X  —  2a',  &c. ;  secondly,  of 
l(n+  I-  1)  (nl  I  —  2)  terms  whose  orders  are  /-t,  //,  —  a,  fi  —  a', 
&c,  and  thirdly  of  |(/-f  m-  1)  (Z  +  ra  -2)  similar  terms  in  v. 
These  may  be  taken  for  the  numbers  a,  /3,  7,  &c.  of  Art.  249. 
The  numbers  a,  5,  c,  &c.  of  that  article  are  0,  a,  a'  :  2a,  a  +  a', 
2a,  &c,  there  being  in  all  ^  (l  +  m-\- n  —  1)  (l  +  m  + n  - 2)  such 
terms.  Lastly,  the  numbers  A,  J5,  (7,  &c.  of  the  last  article  are 
found  to  consist  of  -|  (Z— J)(Z—  2)  terms,  ytt+v,  jjl  +  v— a,  fi+v-  a  ; 
together  with  -J-  (m  —  1 )  (wi  —  2)  and  £  (w  —  1)  (n  —  2)  correspond- 
ing terms  in  v  +  X  and  X  +  /a.  In  calculating  I  have  found  it 
convenient  to  throw  the  formula  of  the  last  article  into  the  shape 

where  s2  denotes  the  sum  of  the  squares  of  the  terms  a,  Z>,  c,  &c. 
Also  if  <f)  (X)  =  A¥  +  Br  +  CF  +  DI  +  E,  it  is  convenient  to  take 
notice  that 

#(Z+«»+w)+^(Z)+^(«i)  +  0(w>-^(Z  +  w)-^(»»+w)-^(n+Q 

=  12 Almn  (l  +  m  +  n)+  QBlmn  +  K 
I  have  thus  arrived  at  the  result,  that  the  order  of  the  system  is 
\mn  (mn  -  1)  X2  +  \nl  (nl  -  1)  j?  +  \lm  (Im  -  1)  v2 
*  [(nl-1)  (Z01-  1)  -  i  (2-  1)  (Z-2)}  ^v 
+  {(Zra  - 1 )  (win  -  1)  -  £  (m  -  1)  (m  -  2)  vA 
+  {(nl  -  1)  (n»)  -  1)  -  \(n  -  1)  (n  -  2)}  A/a 
+  mrik  {Imn  —  I  +  1  —  £  (m  +  n)}  (a  +  a') 
H- nZ//,  (Zwiw  —  w  +  1  —  I  (n  + 1)}  (a  +  a) 
+  Imv  {Imn  -  n  +  1  -  \  (I  +-  m)}  (a  +  a') 
+  ^lmn(lmn  —  I—  m  — n  +  2)  (a'2+a'2)-f  \lmn(2lmn  —  I— m— ?i-f  l)aa'. 

If  the  order  of  all  the  terms  in  the  first  equation  be  X,  in 
the  second  //,,  in  the  third  v,  we  have  only  to  make  a  and  a'  =  0 
in  the  preceding  formula.  In  this  case,  supposing  X  =  fi  =  v  =  1, 
and  l  —  m  —  n^  the  order  becomes  \n  (n  —  1)  (n*  +  n  -  1). 
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275.   In  this  Lesson,  which  is  supplementary  to  Lesson  xiy., 

we  wish  to  show  how  the  symbolical  notation  there  explained 

affords  a  calculus  by  means  of  which  invariants  and  covariants 

can   be  transformed,  and  the  identity  of  different  expressions 

ascertained.     The   basis    of  the   whole,   as   applied   to   binary 

quantics,  is  the  following  identical  equation :    Let  Dx  denote 

d  d  -ii^wttt^^         d     d       .        . 

x^ — I-  v  -7—  1  and  as  before  let  12  =  -^ = r~  1—  t  then  it 

dxx     J  dyx  dxx  dtf%      dx2  dyx 

is  easy  to  verify  that,  identically 

2>123+2>93i+i?,i2  =  0,  (A), 

for  on  expansion  the  coefficients  of  x  and  y  separately  vanish. 
To  illustrate  the  use  to  be  made  of  this  equation,  we  write  out 
the  first  application  we  make  of  it  in  greater  fulness  of  detail 
than  we  shall  think  it  necessary  to  do  afterwards.  Squaring 
equation  A,  which  may  be  written  Z>123  =  D213  —  Z>312,  we  get 

2Z)2Z>312.T3  =  D*132  +  D*12'i-DxI23* (B). 

In  this  form  the  equation  is  true,  even  if  the  functions  ZL  Z72,  U3j 
supposed  to  be  operated  on,  are  all  different  in  form.  But  the 
case  which  we  shall  exclusively  consider  in  this  Lesson  is  when 
we  are  forming  derivatives  of  a  single  function  Z7,  with  which 
Ux1  Z72,  U3  all  become  identical  when  their  suffixes  are  sup- 
pressed. And  in  this  case  we  have  seen  (Art.  149)  that 
D^2,  D^Sl%  D*122  are  all  only  different  expressions  for  the 
same  thing.     Hence,  equation  B  becomes 

Z>32l22  =  2Z>2Z)3r2.13. 

Now,  by  the  theorem  of  homogeneous  functions,  the  operation  D 
performed  on  any  function  only  affects  it  with  a  numerical  mul- 
tiplier. On  the  left-hand  side  of  the  equation,  since  D*  only 
affects  U3  which  is  not  there  elsewhere  differentiated,  that  mul- 
tiplier is  n  (« —  1) ;  on  the  right-hand  side  D2,  Z>3,  each  affect 
functions  which  have  been  once   differentiated    besides  5   and 
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therefore,  introduces  the  numerical  multiplier  n  —  1 ;  conse- 
quently, if  we  expand  the  equation  2Z>2Z>812 .  13  =  D*122,  drop 
suffixes,  and  divide  both  sides  by  2  (n—  1),  we  get 


(»-!){ 


d*U  (dU\* _  *  dTU_  dUdU     #U  (dUV) 
dx*   \dy  )         dxdy  dx   dy        dy1   \dx  )  ) 


dx1    dy2       \dxdy)  J  ' 


276.  It  will  be  observed,  that  whenever  by  transformation 
the  number  of  figures  in  the  symbol  is  diminished,  it  shows  that 
the  qu antic  U  is  itself  a  factor  in  the  derivative.  Thus,  in  the 
example  chosen,  we  proved  that  12.13  differs  only  by  a  numeri- 
cal factor  from  12a.  But  as  what  we  operate  on  is  the  product 
TJJJJJ^  and  as  the  symbol  12'2  does  not  affect  U3  at  all;  when 
we  drop  the  suffixes,  U  remains  as  a  factor. 

277.  And  in  general  any  symbol  may  be  so  transformed  that 
the  highest  power  of  any  factor  12  may  be  even.  For  the 
signification  of  the  symbol  is  not  altered  if  we  interchange  the 
figures  1  and  2 ;  therefore, 

122mfl^1  =  -T22m+1<£2  =  -J122m+1(<k  -  <£2), 
and  by  the  help  of  equation  A  the  quantity  <f>1  —  <f>t2  can  be  so 
transformed  as  to  be  divisible  by  12.     Thus,  for  example,  the 
derivative  12nl.13,  where  rn  is  odd,  differs  only  by  a  numerical 
multiplier  from  13"1*1.     For 

2D212m .  13  =  12m  {D2T3  -  ^23}  =  i)312wl+1, 
or  if  n  be  the  degree  of  U  the  function  operated  on, 

2(n-m)12m.13  =  n(12)w+1. 

278.  In  addition  to  the  identical  equation  already  mentioned, 
we  employ  another  which  can  be  easily  verified,  viz. : 

12.34+13.42  +  14.23  =  0 (C). 

By  the  help  of  these  equations  we  can  reduce  all  symbols  to 
certain  standard  forms,  which  we  denote  by  special  letters,  as 
follows:    For  two  factors  we  take  as  our  standard  form  the 
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Hessian  122  which  we  call  H\  for  three  factors  122.13=(r, 
which  is  given  at  length  (Art.  152) ;  for  four  factors  124  =  # 
(Art.  201),  or  12*.  34"  =  J?8 ;  for  five  factors  124.13=i^  or 
I?.]?.  452  =  GH)  for  six  factors  126  =  J.  (Art.  236),  or 
f22.232.3T2=!T  (Art.  201),  or  122 . 342 .  56*  =  H%  and  so  on. 
The  following  examples  will  sufficiently  illustrate  how  these 
reductions  are  effected. 

279.   The  first  examples  which  are  given,   are   chosen   to 
illustrate  the   following  theorem :  "  The  result  of  substituting 

in  any  function  Z7,  -j-  for  a?,  and  —  —   for  ?/,  is  a  covariant 

(Art.  157),  and  is  always  divisible  by  Z7."  Let  us  first  see  how 
to  express  symbolically  the  covariant  in  question.     The  given 

function  may  be  written  (x  -7-  +  y  -y-  j  Z7.     When  we  make  the 

proposed  change,  each  of  the  n  factors  which  operate  on  U  will 

assume  the   form  -, — ^ -j-  -=-  ,      The  required   covariant 

dx  dy2      dy  dx2  * 

then  -j-n  f  -T-  J  —  &c.  will  be  expressed  symbolically  as  the 

product  of  n  factors  12  .  13  .  14,  &c.  One  symbol  (that  which 
when  the  product  is  expanded  will  give  the  nth  differential) 
must  be  the  same  for  every  factor.  The  other  symbol  in  each 
factor  must  be  different,  in  order  that  when  the  multiplication 
is  performed,  we  may  have  only  powers  of  the  first  differentials. 
Writing  then  12  .  13  =  #a,  12  .  13  .  14  =  (?3,  &c,  we  propose  as 
an  exercise  to  express  these  in  terms  of  the  standard  forms. 
Q%  has  been  already  calculated  (Art.  275). 

Ex.  1.  To  calculate  Q3  =T2.13.14.  Multiply  equation  B  by  14,  then  the  first 
two  terms  on  the  right-hand  side  become  identical  while  the  last  term  vanishes,  and 
we  have 

DtDz  12.13.14  =  Z>22132.i47  or  (n  -  1)  Q3  =  nGU. 
In  general,  every  symbol  can  be  reduced  to  a  more  compact  form  by  substituting 
for  every  pair  of  simple  factors  having  a  common  figure,  such  as  12.13,  their  values 
by  equation  B,  and  so  expressing  the  given  symbol  in  terms  of  others  in  which  this 
pair  of  factors  is  replaced  by  a  single  square  factor. 

Ex.  2.  To  calculate  Q4  =  12.13.14.16.    Multiply  together 

22>aZ>8l2.13  =  Z>32122  +  D22132  -  2V  232, 
22)4Z>5 14.15  =  2V 142  +  2>42 152  ~  A2  £>2, 

II 


242  APPLICATIONS  OF  SYMBOLICAL  METHODS. 

and  assembling  the  identical  terms,  we  have 

4  (n  -  l)4  Q4  =  A4232-452  -  U)l*Da*i&.4S*  +  42)32Z>52  mil2 

=  -3n(n-l){n-  2)  (n-3)H*U  +  4«2  (n  -  l)2  U* mil2. 

It  remains  to  bring  122.132  to  the  standard  forms.    Raise  to  the  fourth  power 
2>123  =  D213  —  D3 12,  when  collecting  identical  terms,  we  get 

6D22Z>32 122.1~32  =  8X>33Z>2T23.13  -  D34  12*. 

But,  as  in  Art.  277,  8Z>33Z>2 123.13  =  4D34 12*.    Hence 

2  (»  -  2)  (n  -  3)  {122.132}  =  *(»-!)  SZ7. 

Otherwise  thus :  We  know  by  elementary  algebra  that  the  equation  a  +  b  +  c  =  0, 
implies  a*  +  b*  +  c*  —  2a?b2  —  2a2c2  —  262c2  =  0.    Hence,  from  equation  A,  we  have 

ZV234  +  X>243T4  +  Z>34124  -  22)l22)22232.312  -  2Z>22I)323T2.i22  -  22)32^i2 12"2.232  =  0 

_ (D), 

and,  as  before,  2Z>22£>32 122.132  =  D34  124. 

We  have  then 

4  (n  -  l)4  (»  -  2)  (»  -  3)  Q4  =  -  3rc  («  -  1)  (w  -  2)2(ra  -  3)2  UH*  +  2«3  (n  -  l)3  tf3& 

It  is  easily  seen  in  general  that  when  in  a  symbol  12.13.14.15,  &c.  we  substitute  for 
each  pair  of  factors  12.13  by  equation  (B),  the  effect  is  to  diminish  the  number  of 
figures  which  enter  into  the  symbol,  and  therefore  U  is  a  factor.  The  values  of 
Qb  and  Qg  ate  calculated  (Cambridge  and  Dublin  Mathematical  Journal,  vol.  IX.  p.  23). 

Ex.  3.  To  reduce  12*. 13^.    Multiply  equation  (D)  by  122,  when  we  have 

2Z>24  llul2  +  D3il¥=  2Z)12D22 122.232.3i2  +  47yZ>8*12U8« ; 

or         2  (n  -  2)  («  -  3)  (»  -4)  (rc  -  5)  {iT4.!^}  =  w(n  -  1)  (n  -  2)  (w  -  3) 4  £7 

-  2  (»  -  4)2  (»  -  5)2  r. 

Ex.4.  To  reduce  12*.i32.fP.    Multiply  the  three  equations 

2Z)2D312.13  =  Z)32i22  +  D2*iP  -  ZV232, 

21)31)413.1?=  D?W  +  Z)32T42  -  ZV342, 

2D4D^4A2  =  D2*U*  +  ZV122  -  ZV242, 

when,  after  assembling  the  identical  terms,  and  reducing,  we  have 

6Z)22Z)32Z)42l22.132.i42  =  -  4D46m2¥2.3T2-3Z)12Z)22Z)32"l44.232  +  6/>,3D4*l2U88, 

where,  as  the  value  of  124.132  has  been  already  calculated,  the  value  of  122.13~2.142 
is  determined. 

_  Ex.  5.  To  reduce  122.132.342.  We  may  either  by  multiplying  equation  (D)  by 
342_obtain  an  expression  for  the  derivative  in  question  in  terms  of  I^.IiP,  and 
122.132.142,  which  have  been  already  calculated,  or  else  proceed  directly  as  follows. 
Multiply  by  142  the  product  of 

2D2Z>3T1uT=  D*W  +  D/ll2  -  IV 2P ;  2Z>2D3  24.37=  Z)32242  +  ZV342  -  Z)42232, 

and  we  have 

4D22D32 12.13.24.3Tl42  =  2D34 12*24?  M*  +  D*D*  234.l72  -  2Z)22Z>42  Wj&.zT2. 

But  from  equation  (C) 

2.T42"  (T2.T3.24.34j  =T42  (122^(42  +  132.242  -Ti2i232), 
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therefore,  the  left-hand  side  of  the  preceding  equation  becomes 

4Z>22D32T22.i42.3l2  -  2Z>22jDs2 144.232, 
and  hence  reducing,  we  have 

6Z)22Z>32l22.142.342  =  3D22D32fP'.232'+  22Vl2*.24?.41i, 
or  6  (»  -  2)  (»  -  3)  mii2.!!2  =  3(n-2)(n-3)SH+  In  (n  -  1)  TU. 

280.  We  wish  next  to  show  how  to  form  the  symbol  ex- 
pressing any  derivative  of  a  derivative.  In  the  first  place  it  is 
obvious  that  if  we  have  any  function  of  xr1  a?2,  o?3,  &c,  we  shall 
get  the  same  result  whether  we  suppress  all  the  suffixes  and 
then  differentiate  with  regard  to  #,  or  whether  we  take  the  sum 
of  the  differentials  with  regard  to  xti  x2,  a?8,  &c,  and  then  sup- 
press the  suffixes.  The  differential,  then,  with  regard  to  x 
of  any  derivative  symbol  containing  the  figures  1,  2,  3,  &c. 
(such  as  122.132)   is  got   by   operating   on   this   symbol  with 

-t—  4-  -3 — H  ^ — H  &c.  The  manner  in  which  other  derivatives 
dxx      dxi2      dxa 

are  expressed  will  sufficiently  appear  if  we  take  a  particular  ex- 
ample, and  show  how  to  express  symbolically  the  Hessian  of  the 
Hessian.  It  will  be  remembered  that  the  Hessian  itself  is  ex- 
pressed by  forming  the  product  of  Z7X  by  the  same  function 
written  with  different  letters  U^  and  then  operating  with 
(%x%  —  toi)2  where  f ,  tj  denote  differentials.  To  form  the 
Hessian  of  122  we  form  the  product  122.342  and  operate  on  it 

with   fo%-tytY  where    fe-£  +  |j,   ff^  +  ^  &°- 

And  thus  it  is  easy  to  see  that  the  Hessian  of  the  Hessian  is 
(13  4-  144  23  +  24)ai22.342,  which  expanded  is  equivalent  to 
4  (T2"2.132.3l?)  +  4  (122.342. 13.24)  4-  8  (13.14.l22.3T2). 

Or,  to  take  a  more  complicated  example,  let  us  endeavour  to 
express  symbolically  the  result  of  performing  the  operation 
122.232.312  on  three  different  functions,  the  first  being  the 
Hessian  122,  the  second  being  T,  or  122.232.312,  and  the  third 
the  function  U  itself.  Then  we  must  use  different  figures  for 
the  two  derivatives,  and  we  therefore  form  the  product  of  122  by 
l^.452.532,  and  operate  on  it  with 

(to2  -  to,)2  (to3  -  to  J2  (tox  -  to/, 
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where  we  are  to  put  for  f„  ^  +  ^5  for  fc  ^  +  ^  +  ^  5 

and  for  £3,  -7— ;  and  the  symbol  required  is  found  by  expanding 
( l]T+ ll^  1^+^ + ^+ ^n^ 

Ex.  To  reduce  the  Hessian  of  the  Hessianjo  the  form  aSH  +  pTU  (see  p.  178). 
We  have  already  seen,  Ex.  5,  p.  242,  that  122.132.342  can  be  expressed  in  this  form. 
It  therefore  only  remains  to  prove  the  same  thing  for  the  other  terms  in_the  expression 
for  the  Hessian  of  the  Hessian  given  in  this  article.  Multiply  by  122  the  product 
of  the  equations  _ 

-  2Z>4A  13.34  =  ZV342  +  B^IS2  -  Z>32142 ; 

2D2Z>3 24.34  =  D32342  +  D3*W  -  D42232  ; 
when  we  have 

-  ^D^D^MUSM  =.  D*D*VPMF+  2D32X>42122.i32.242  -  2D4n22.232.3l2, 

which,  putting  in  for  122.132.242,  its  value  already  found,  gives 

-  12  (w  -  3)3  {m3¥2.13.24}  =  6  {n  -  2)2  (n  -  3)  SH  -  4n  (n  -  1)  (n  -  2)  TU. 

Again,  to  calculate  122.342.13.14,  we  have  only  to  substitute  for  13.14  from  equa- 
tion (2?)',  when  we  have 

2D3Di  {122.342.i3.14}  ss  2Z>42l22.342.132  -  D^  122.34~4, 
and  substituting  as  before,  we  get 

6  {n  -  3)2  {122.342.13.14}  s  2f»  (f»  -  1)  TU, 
by  the  help  of  which  values  the  Hessian  of  the  Hessian  is  expressed  in  the  desired 
form. 

281.  It  would  evidently  be  convenient  if  a  general  sym- 
bolical expression  could  be  given  for  the  result  of  elimination 
between  two  equations.  When  one  equation  is  simple  it  is 
easily  seen  (as  in  Art.  279)  that  the  result  of  elimination  between 
it  and  an  equation  of  the  nth  degree  is  12.13.14.15,  &c,  where 
the  symbol  (1)  relates  to  the  equation  of  the  nm  degree,  and  the 
remaining  symbols  to  the  simple  equation.  Let  us  examine 
whether  any  similar  general  formula  can  be  found  if  one  equa- 
tion is  a  quadratic*  The  result  is  to  be  of  the  second  degree 
in  the  coefficients  of  the  general  equation,  and  of  the  ri  in 
those  of  the  quadratic ;  there  must  be  therefore  in  its  symbolical 

*  The  general  formula  for  the  resultant  of  a  quadratic  and  an  equation  of  the 
nth  degree  was  given  by  me  in  1853  {Cambridge  and  Dublin  Mathematical  Journal, 
vol.  IX.  p.  32).  The  theorem  was  re-discovered  by  Clebsch  in  1860,  and  extended  by 
him  to  the  case  of  a  system  of  any  number  of  equations,  one  of  the  second,  one  of 
the  nth,  and  the  rest  of  the  first  degree  (Crelle,  vol.  lviii.).  In  this  article  the  formula 
is  in  Mr.  Cayley's  notation  as  originally  given ;  in  Art.  285  I  give  Clebsch's  extension. 
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expression  two  symbols  relating  to  the  ntic  and  n  to  the  quad- 
ratic; each  of  the  former  symbols  being  repeated  n  times, 
each  of  the  latter  twice.  For  distinctness  we  denote  the  latter 
symbols  by  letters,  and,  writing  the  first  two  symbols  1,  2,  write 
the  others  4,  B,  ...  X,  if,  N.  Now  we  can  make  different 
sets  of  2n  factors,  each  set  containing  each  of  the  one  kind  of 
symbols  n  times  and  of  the  other  twice.     Thus  we  may  have 

(14)  (2 A)  (IB)  (2B)...(lM)  (21/)  (IN)  (2JV), 

(14)2  (2N)*  [IB)  (2B) ...  (Uf)  (2 M }, 

(\Af(\BY(2MY(2N'i)  (1(7)  (2(7)...  (IX)  (2ZJ,  &c. 

In  the  first,  every  symbol  A  is  joined  to  both  of  the  other 
set  of  symbols,  (14)  (2 A) ;  in  the  second,  one  symbol  A  is  only 
joined  with  1,  (14)2;  in  the  next,  two  symbols  A,  B  are  joined 
only  with  1,  (14)2  (li?)2,  and  so  on.  Now  the  following  con- 
siderations show  how  to  combine  these  sets  so  as  to  form  a 
symbol  which  will  be  the  eliminant  required.  Resolve  the 
quadratic  into  its  factors,  and  let  a  and  d  refer  to  the  differen- 
tials of  the  several  factors,  then  the  result  of  elimination  is 

(la)  (lb)  (lc)...(ln)  (2a')  (2b')  (2c')... (2n'). 

But  plainly  4  =  a  +  a',  (1-4)  =  (la)  +  (la'),  (lB)  =  (lb)  +  (lb'),&c. 
Multiplying  and  remembering  that  (la)2,  (la)  (2a)  vanish,  since 
if  the  symbol  a  occurs  twice,  it  implies  that  a  simple  equation 
is  twice  differentiated,  we  have 

(l4)2  m 2  (la)  (la'),    (14)  (2A)  =  (la)  (2a)  +  (la')  (2a). 

We  shall  write  the  last  equation  (\A)  (2A)  =  [1,  0]  +  [0,  1], 
where  the  first  figure  denotes  the  number  of  unaccented  letters 
combined  with  1,  and  the  second  denotes  the  number  combined 
with  2.     In  this  notation  then 

(14)  (24)  (IB)  (2B)  &c.  ...(IN)  (2N) 

=  [w,  0]+w[w-l,  l]  +  £rc(n-l)  [w-2,  2]  +  &c. 
Similarly 

(lA)\2Ny(lB)(2B)...(lM)(2M)=m?i-l,  l]+(n-2)[n-2, 2]-f &c.} 
(lAy(lBY(2MY(2Ny(lC)(2C)  &c.  =  16{[n-2,2]  +  (n-4)  &c.}. 
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The  eliminant  then  which  in  this  notation  is  [w,  0],  is 

n{n-S)  (lAf  (iBf  {iMf  (IN)*  &c. 
+      1.2  ~U  &°-' 

the  coefficients  being  those  which  occur  in  the  expansion  of  the 
sum  of  the  inverse  ntb  powers  of  the  roots  of  a  quadratic,  the 
next  coefficients  for  instance  being 

n  (n  -  4)  (n  -  5)       n  (n  -  5)  {n  -  6)  (n  -  7) 
1.2.3  |  1.2.3.4 

282.  The  preceding  series  may  be  transformed  so  as  to 
proceed  by  powers  of  the  discriminant  of  the  quadratic.  For, 
since  (14)  (25)  -  {IB)  (2  A)  =  (12)  (AB),  we  have 

2[lA)  {2 A)  {IB)  {2B)  =  (l^l)2  {2B)2  +  {lBf  {2 Af  -  (1 2)2  (ABf 

=  2  (IAY(2B)2- (12)*  {AB)% 

by  the  help  of  which  substitution  (AB)'\  which  is  the  discrimi- 
nant of  the  quadratic,  is  introduced.  Thus,  in  the  case  of  two 
quadratics,  the  formula  given  by  the  last  article  is 

2  (1.4)  (2A)  {IB)  (2B)  -  {IAY  {2B)\ 
which,  by  the  substitution,  becomes   (14)2  (2 J5)2  -  (12)2  {AB)% 
which  is,  in  other  words,  Mr.  Boole's  formula  (Art.  191).     In 
the  case  of  the  quadratic  and  cubic,   the  formula  of  the  last 
article  is 

4  (la)  (2a)(l&)  {2b)  (lc)  (2c)  -  3  (la)2  {2b)*  (lc)  (2c), 
which,  in  like  manner,  becomes 

(la)2  {2b)*  (lc)  (2c)  -  {abY  (12)2  (lc)  (2c). 

283.  In  like  manner,  it  may  be  investigated  whether  a 
general  formula  can  be  given  for  the  discriminant  of  an  equa- 
tion. Formula  for  invariants  of  the  same  degree  can  easily 
be  written  down.  The  discriminant  is  to  be  of  the  degree 
2{n-  1).  Take,  then,  two  sets  of  {n—  1)  symbols,  1,  3,  5,  &c, 
2,  4,  6,  &c,  and  form  a  product  of  «-l  factors,  each  factor 
containing  one  of  each  set.  Thus,  when  n  =  4,  we  form 
(12)  (34)  (56)=  A.     Then  by  cyclically  permuting  one  of  the 
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sets  of  symbols  we  form  (»—  1)  products  in  all.  Thus,  for 
n  m  4,  we  have  (14)  (36)  (52)  =  B,  (16)  (32)  (54)  =  C.  Then  any 
function  of  the  nth  degree  of  these  quantities  A,  B,  &c.,  will 
denote  an  invariant  of  the  same  degree  as  the  discriminant. 
The  two  difficulties  in  the  general  theory  are,  first,  to  ascertain 
which  of  these  functions  is  the  discriminant,  and  secondly,  to 
discover  the  relations  which  exist  between  the  different  in- 
variants which  may  be  so  formed,  and  to  find  the  simplest  forms 
to  which  they  may  be  reduced.  Thus,  for  instance,  when  n  is 
even,  it  is  easy  to  see  that  An  =  2kAn~1B ;  h  + 1  being  the 
number  of  factors  in  the  product  A. 

In  the  case  then  of  an  equation  of  the  fourth  degree,  the 
different  invariants  that  can  be  formed  are  A4,  A2B2,  A?BC, 
omitting  A3B  which  we  know  to  be  only  \A*.  The  first  problem 
is  to  form  a  combination  of  these  invariants,  which  will  vanish 
identically  if  the  given  function  be  of  the  form  w2v,  where  u 
is  of  the  first  degree.  To  do  this,  suppose  the  function  to  be 
of  this  form ;  substitute  for  1,  a  +  a  (a  referring  to  v  and  a  to  w2), 
for  2,  5  -h  >S5  &c,  and  examine  the  effect  of  this  substitution  on 
each  of  the  invariants  in  question.  It  is  obvious  that  the  terms 
in  which  either  a  or  a  enter  above  the  second  degree  vanish ; 
and  denoting  by  M  the  condition  (aa)2,  that  u  should  be  a 
factor  in  v,  we  can  find  without  much  trouble  that,  on  this  sub- 
stitution, we  should  have 

A*  =  2WM%  A*B*=66M%   A!2BC=±2M*; 

and  hence  that  the  discriminant  may  be  expressed  by  any  of 
the  three  equations 

A*  _  A*!?  _  A'BG  m 

36  ~     4  7      ' 

284.  The  methods  here  explained  apply  equally  to  quantics 
in  any  number  of  variables.  The  identical  equations  principally 
used  in  the  case  of  ternary  quantics  are 

i>4123  =  D]234-i)2134  +  i>3l24 (E), 

123.145  +  124.153+125.134  =  0 (F), 

*  For  the  reduction  of  these  to  the  standard  form,  and  the  deduction  thence  of 
the  ordinary  form  of  the  discriminant  of  a  quartic,  see  Cambridge  and  Dublin  Mathe- 
matical Journal,  vol,  ix,  p,  33. 
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to  which  may  be  added  the  corresponding  equations  for  con- 
travariant  symbols  (Art.  156) 

Pl23"=i>1a23  +  i)2^3r+i>3^12 (£), 

c^.^+a23.a4T+a31.a24==0 (5"), 

where  P  is  ax  +  fty  +  yz.  For  reasons  already  given  (Art.  183) 
I  touch  but  slightly,  in  this  volume,  on  those  parts  of  the  subject 
which  admit  of  geometrical  explanations,  and  therefore  only  add 
one  or  two  examples ;  referring  the  reader,  for  the  present,  to  the 
Cambridge  and  Dublin  Mathematical  Journal,  vol.  IX.  p.  27. 

Ex.  1.  It  has  been  stated  (p.  129)  that  a  ternary  cubic  has  an  invariant  of  the 
fourth  order  123.124.234.314.  It  is  now  required  to  find  the  symbolical  expression  for 
another  got  by  operating  on  the  Hessian  with  the  evectant  of  this  invariant.  The 
evectant  (p.  129)  is  123.al2~.a23.a31;  and  the  method  of  Art.  280  requires  us  now 
to  combine  with  this  the  additional  factor  4562  and  substitute  for  a,  4  +  5  +  6.  And 
as  we  are  to  omit  any  term  which  contains  any  of  the  symbols  4,  5,  6  more  than  three 
times  the  required  symbol  reduces  to 

lB.124.23T.8T6.466«. 

Ex.  2.  In  the  theory  of  double  tangents  to  plane  curves,  explained,  Higher  Plane 

Curves,  p.  81,  it  is  necessary  to  calculate  the  result  of  substituting  in  the  successive 

,        dU      0dU        dU         dU     0dU         dU     .  .r'i       ■_ 

emanants,  y-= (3  -=- ,   a-j y  -=- ,  (3  --= a  rr- ,  for  x,  y,  z ;  and  to  show  that 

each  result  is  of  the  form  P»C+  Qn(ax  +  fiy  +  yz)2.  We  shall  in  this  and  in  the 
next  two  examples  perform  the  calculation  of  Q2,  Q3,  Q4.  The  symbolical  expression 
for  the  result  of  substitution,  it  is  easy  to  see,  is  al2 .  al3 .  al4 .  al5,  &c. 

Now  first  to  calculate  al2 .  al3,  we  have  only  to  square  equation  (<?),  when  we  get 

P2123~2  =  3Z>32  al&  -  GD2D^12.  a"l37 

Or  if  we  denote  the  Hessian  1232  by  H,  and  the  bordered  Hessian  al22  by  G,  we  have 

6  (ft  -  I)2"al2.^i3  a  8»  (»-  1)  GU-  P^H. 

Ex.  3.  To  calculate  al2.al3.al4.    From  equation  (G)  we  have 

-  2D2D^aV2.^13  =  P2m2-  2PD1m.tf&  +  DfiSfr  -  2>22^3l2  -  DfdVP. 

Multiply  by  al4,  two  of  the  terms  vanish  identically,  and 

-  2  (»  -  l)2  oT2"^13  =  P*am*^ilA  -  2ft  (ft  -  1)  UdM.  "d3. 

To  prove  that  123.a23.al4  vanishes  identically,  we  have  only  to  multiply  equa- 
tion (H)  by  123,  when,  since  the  terms  in  it  differ  only  by  a  permutation  of  the 
figures  1,  2,  3,  each  must  separately  =  0.  In  like  manner,  it  is  proved  that 
l^.a~2T.al4.al5  is  identically  a  0. 

285.  In  the  preceding  articles  I  have  used  exclusively  Mr. 
Cayley's  notation.  To  illustrate  now  the  method  of  working 
with  Mr.  Aronhold's  notation,  explained  (Art.  158),  I  give 
Clebsch's  investigation  of  the  problem  (Art.  281)  to  eliminate 
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between  a  system  of  equations,  of  which  one  is  of  the  wtb,  one 
of  the  second,  the  rest  of  the  first  degree.  To  fix  the  ideas, 
I  write  only  a  system  of  four  homogeneous  equations  in  four 
variables,  but  it  will  be  understood  that  the  method  is  equally 
applicable  to  any  number  of  variables.   Let  the  equations  then  be 

a  =  axxx  +  a2x2  +  a3x3  +  aAxA  =  0,   0  =  fta;,  +  @2x2  +  /33x3  -H  /34a?4  =  0, 

U=  unx*  +  2ui2xxx2  +  &c.  =  0, 

and  <£=0,  where  $  is  an  equation  of  the  nth  order  in  a?„  xt}  cc3,  x4, 
which  may  be  written  symbolically 

{axxx  +  a2x2  +  a3x3  +  a^x4)n  m  0, 

the  meaning  of  which  notation  has  been  explained  (Art.  158). 
The  method  of  elimination  employed  is  to  solve  between  the 
linear  equations  and  the  quadratic,  and  substituting  in  cf>  the 
two  systems  of  values  found,  to  multiply  the  results  together. 
Now  we  may  in  an  infinity  of  ways  combine  the  quadratic  with 
the  linear  equations  multiplied  by  arbitrary  factors,  so  as  to 
obtain  a  result  resolvable  into  factors :  that  is  to  say,  so  that 

J74  (\xx  +  \x2  +  &c.)  {alxl  +  &c.)  +  [fxxxx  +  &c.)  (@xxx  +  &c) 

=  {pxXx  +  &C.)  (&SB,  +  &C.). 

We  shall  imagine  this  transformation  effected,  but  it  will 
not  be  necessary  to  determine  the  actual  values  of  A,,,  fix,  &c, 
for  it  will  be  found  that  these  quantities  disappear  from  the  result. 
Taking  then  the  coeificient  of  any  term  xpck  in  the  quadratic, 
the  equation  written  implies  that  we  always  have 

2*a  +  &Xj  +  « A)  +■  (fat  +  PtPi)  =Pd*  +Mi  •  •  •  (A)  • 

Instead  then  of  solving  between  the  quadratic  and  the  linear 
equations,  we  get  the  two  systems  of  values  by  combining  with 
the  linear  equations  successively  pxxx  +  &c.  =  0,  qxxx  +  &c.  =  0. 
And  by  the  theory  of  linear  equations  the  resulting  values  of 
fljj,  x2l  &c.  are  the  determinants  of  the  systems 


KK 


Pa  P*  Pa  P, 

«„      a2?       **       «4 

ft,     ft,     ft     ft    l 

, 

ft?      &>      &, 

& 

«1,      a2J      a3> 

a4 

ft,     ft,     ft, 

ft 
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If  then  we  substitute  the  first  set  of  values  in  axxt  +  &c,  we 
get  the  determinant 


«1J 

«2>      «3> 

«4 

?u 

^2*    A* 

A 

«,j 

a2>      a3? 

a4 

A, 

A,    fti 

ft 

which  we  may  write  fcpfifii*  Thv  resu^  °f  elimination  then 
may  be  written  symbolically  i2  =  {^P^olJS^  [h3gtafi^m.  We  use 
in  the  second  factor  the  symbol  b  instead  of  a,  for  the  reason 
explained  (Art.  159),  in  order  to  obtain  powers  of  the  coefficients 
of  <f>  J  but  it  is  understood  that  the  b  symbols  have  exactly  the 
same  meaning  as  the  a,  since  after  expansion  we  equally  replace 
the  products  alakalam^  VWh"1,  by  the  corresponding  coefficient 
of  <£,  aiilm.  We  may  then  write  the  result  of  elimination  in 
the  more  symmetrical  form 

25 = (<w3/34r  [\wAT  +  (Ws#/  (\p>«AY, 

for  this  after  expansion  will  be  only  double  the  former  ex- 
pression. 

Let  us  now  write 

foA^Jfofc^J^f 

&A^(^«iftH« 

then  R  may  be  easily  expressed  in  terms  of  A,  B,  C.  For  we 
have 

2R  =  {C+*J(C*-AB)}n+{C-s/(C2-AB)}n, 


or 


R 


m  CT+2&     X)  Cn~2  (C'-AB) 


+ 


n(n-l)(n-2)  (n-S) 
1.2.3.4 


(r*(c*-ABy+&c 


286.  It  remains  now  to  examine  more  closely  the  expressious 
for  A,  B,  C,  and  to  get  rid  of  the  quantities  p  and  q  which  we 
have  introduced,  so  that  the  result  may  be  expressed  in  terms 
of  the  coefficients  of  the  given  quadratic. 
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Now  A,  which  is  the  product  of  two  determinants,  may  be 
written  as  a  single  determinant, 

P&        j  i(M.+P.?i)>  iiMs+Mi),  k{p&+P&&  «„  ft,  ai 
i(PA+P«?i)i        PA       ,  i{P&+PdJt  i(P&+P&)>  a2i  ft,  a2 

MPA+Aft)*  i(ft?8+Pa^)l  -Ms  J  i(#&+P4&)>   <*3,  ft,  «8 

4  (?&&&)>   i  (fl&+M.)j   i  (M+Ms))  ^4?4  J    «4,   ft,   «4 


al 

) 

«2 

} 

«3 

, 

«4 

) 

ft 

J 

ft 

J 

ft 

J 

ft 

) 

ttl 

J 

«2 

) 

«| 

, 

«4 

) 

multiplied  however  by  (—  l)m-1,  where  m  is  the  number  of  vari- 
ables, that  is  to  say,  in  the  present  case,  4. 

For  every  constituent  of  this  determinant  must  contain  a 
constituent  from  each  of  the  last  three  rows  and  columns ;  it  is 
therefore  of  the  first  degree  in  the  terms  pxq^  \{j>&%  ^i^i))  &c*  5 
and  if  the  coefficient  of  any  of  these  terms  be  examined,  it  will 
be  found,  according  to  the  number  of  variables,  to  be  either  the 
same,  or  the  same  with  sign  changed,  as  in  the  product  of  the 
two  determinants.  Now  in  this  determinant  we  are  to  substitute 
from  equation  {A), 

i  [p&%  +P&)  -  wi2  + 1  fc\  +  «*\)  *  i  (ft**,  +  ft*0»  &c- 

But  when  this  change  has  been  made,  if  we  subtract  from  each 
of  the  first  four  rows  and  columns  the  a  row  and  column  each 
multiplied  by  JX„  and  the  /3  row  and  column  each  multiplied 
by  J/»t,  the  additional  terms  disappear,  and  the  determinant 
reduces  to 


'u)    "12,    "tsJ 


Wi4>    «iJ   ft,    ai 


U211    W22,    W23,     ^24,     «M    ft,     ai 


USM     ^32, 

W33, 

W34,     a3>    ft,     ft 

U4X1    *<42, 

UM 

W44,     «4»     ft,     tt4 

a.,    a . 

«3, 

a      

^1,      ^2, 

4         

ft,  A, 

ft, 

ft    

°n  "2, 

«w 

«i     

Clebsch  denotes  the  above  determinant,  in  which  the  matrix 
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of  the  discriminant  of  a  quadratic  function  is  bordered  by  rows 
and  columns,  a,  ft  &c,  by  the  abbreviation,  (see  p.  15) 

'a,  ft  a' 


/a,  ft  a\ 
Va,  ft  a) 


the  upper  line  denoting  the  columns,  the  second  the  rows  by 
which  the  matrix  is  bordered.  Thus,  then,  we  find  for  any 
number  of  variables 

x       ;      Va,  ft  ...aj 

In  like  manner        Bml-  l)m~x  (*'  f '  " f)  - 
v      '      Va,  ft  ...6/ 

And  in  the  same  way 

Now  it  was  proved,  Ex.  2,  p.  26,  that  QQ  -  g)  =  A  (J  J, 

where  A  is  the  discriminant  of  the  quadratic  function.  And  it 
is  proved  in  the  same  way,  in  general,  that 

/a,  ft  ...  a\  /a,  ft  ...  2>\  _  /a,  ft  ...  a\2         /a,  ft  ...  a,  5\ 
Va,  ft  ...  a)  Va,  ft  ...  b)      Va,  ft  ...  W  Va,  ft  ...  a,  &/  * 

If,  then,  we  call  the  last  written  function  D,  we  have 

C2-AB=-AD, 
and  the  formula  of  Art.  285  becomes 
R  =  a*    w(n-l)  era-2jJAl  rcfo-l)fo-2)(?i-3)  (7«-^A^&c* 

l.Z  J.J.o.4 


*  The  reader  will  find  some  applications  of  this  to  geometrical  problems  in  Clebsch's 
paper  (Crelle,  vol.  lviii.).  In  the  case  of  binary  quantics,  to  translate  this  result  into 
the  notation  we  have  used,  we  must  write  for  Cn,  the  product  of  n  pairs  of  factors 
1A.2A,  IB. IB,  &c,  and  for  D,  122.  I  refer  also  to  Clebsch's  paper  (Crelle,  vol.  Lix.), 
"Ueber  symboliscbe  Darstellung  algebraischer  Formen,"  for  a  rule  for  obtaining  a 
general  symbolic  formula  for  the  resultant  of  two  binary  quantics  or  for  the  discrimi- 
nant of  a  binary  quantic.  The  method  of  proceeding  is  to  apply  Cayley's  form  of 
Bezout's  method  of  elimination,  explained  (Art.  83)  to  two  quantics  written  sym- 
bolically («!#!  +  a2x2)n,  (a^  +  a2x2)n  j  but  the  resulting  rule  is,  as  may  be  expected, 
very  complicated. 
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The  following  is  1 

.he  vj 

due  of  the  invariant  1 

7,  p.  210: 

a6de3g6 

- 

5AaVdefY 

+ 

30a5dey6 

— 

ScfdJfY 

+ 

33a5<?dfY 

+ 

T2abeYf 

+ 

Sa'defY 

+ 

UaWfg* 

- 

SQaVf'g 

— 

*¥¥ 

+ 

da'cV/Y 

- 

Vctey* 

— 

**W4 

- 

lSa5c2ffY 

+ 

2cfb3eY 

+ 

UaVfY 

+ 

SaVfg 

- 

Ubvyy 

- 

15aV/Y 

- 

±8a5cd3fY 

4 

Ga*bsefY 

+ 

da«efg 

+ 

WcfcdVfg* 

— 

2a*b*fY 

— 

2aT 

+ 

U$a5cd2efY 

+ 

SctbVdg9 

— 

3a5bce3g5 

- 

108a5cd2fY 

- 

Va'bVefg5 

+ 

MlJfY 

- 

6$a5cdeY 

+ 

6«w/y 

- 

ScfbcefY 

- 

8±a5cdedfY 

- 

2±a4V2cdyg* 

+ 

Za5bcfY 

+ 

QcfcdeJY 

+ 

5<la4b*cdey 

- 

12a5bd*jg5 

+ 

A8a5cdef6g 

- 

\2a%\dfY 

+ 

2±a5bd2efy 

+ 

lS2a5cJfg3 

— 

102aW// 

- 

ua'bdyy 

- 

201a5ceYY 

+ 

lUa'bW/Y 

+ 

A8a5bde3fg4 

+ 

Ula5ce6f5g 

— 

72a*b2ceyY 

- 

120a5bde2fV 

- 

45a5ce*f 

+ 

12a%2cf7g 

+ 

dQa5bdefY 

+ 

UabdffY 

+ 

±8a4b2d3eg5 

- 

2±a5bdfg 

+ 

2±a5d3eY 

- 

288a*b2d2e2yg* 

+ 

15a5beY 

— 

192aW/Y 

+ 

lUaWeyy 

- 

d3a5beyy 

- 

168a5d3efY 

+ 

2±aWd2fY 

+ 

ma6be3fY 

+ 

128a5d3f6g 

- 

2Q\aVdeY 

- 

135a5be2f6g 

+ 

GOcfdVfg3 

+ 

ll52a4b'W/Y 

+ 

ZQa5bef» 

+ 

528aWfY 

- 

1188a4b2deyY 

- 

a5c3dg« 

- 

ZZGa5d2eY5g 

+ 

SS6a4b2dey6g 

+ 

'daVefg5 

— 

2±a5deY 

+ 

153a4b2e5fg3 

- 

2aV/V4 

— 

Z00a5de5fY 

- 

*32a4bVfY 

+ 

UaVdJg5 

+ 

15da5deY4g    - 

4- 

822aVey5g 
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— 

270aW/7 

- 

3000a*taV/y 

— 

2082a4c2eefg2 

+ 

3a*bcY 
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NOTES. 


HISTORY  OF  DETERMINANTS.    (Page  1). 

The  following  historical  notices  are  taken  from  Baltzer's  Theory  of  Determinants ; 
and  from  the  sketch  prefixed  to  Spottiswoode's  Elementary  Theorems  relating  to  Deter- 
minants. The  first  idea  of  determinants  is  due  to  Leibnitz,  as  Dirichlet  has  pointed 
out.  In  Leibnitz's  letter  to  L'  H6pital,  28  April,  1693,  (Leibnitz's  Mathematical  Works, 
published  by  Gerhardt,  vol.  II.,  p.  239),  is  to  be  found  the  first  example  of  the 
formation  of  these  functions,  and  of  their  application  to  the  solution  of  linear  equa- 
tions ;  the  double  suffix  notation  (p.  7)  is  employed,  and  he  expresses  his  conviction 
of  the  fertility  of  his  idea.  But  nowhere  else  in  his  writings  is  there  to  be  found 
any  proof  that  he  sought  to  draw  any  new  fruits  from  his  discovery ;  and  the  method 
was  lost  until  re-discovered  by  Cramer  in  1750.  Cramer  in  his  Introduction  a  V Analyse 
des  lignes  Courbes  (Appendix),  has  exhibited  the  determinants  arising  from  linear 
equations  in  the  case  of  two  and  three  variables,  and  has  indicated  the  law  according 
to  which  they  would  be  formed  in  the  case  of  a  greater  number.  The  rule  of  signs 
by  the  method  of  displacements  (Note,  p.  5)  is  given  by  Cramer.  The  equivalence 
of  the  other  method  by  permutation  of  suffixes  was  afterwards  proved  by  Bezout 
and  Laplace.  In  the  Histoire  de  VAcademie  Royale  des  Sciences,  Annee  1764,  (pub- 
lished in  1767),  Bezout  has  investigated  the  degree  of  the  equation  resulting  from  the 
elimination  of  unknown  quantities  from  a  given  system  of  equations,  and  has  at  the 
same  time  noticed  several  cases  of  determinants,  without  however  entering  upon  the 
general  law  of  formation,  or  the  properties  of  these  functions.  The  Histoire  de 
VAcademie,  An.  1772,  part  II.  (published  in  1776),  contains  papers  by  Laplace  and 
Vandermonde  relating  to  determinants  of  the  second,  third,  fourth,  &c.  orders.  The 
former,  in  discussing  a  system  of  simultaneous  differential  equations,  has  given  the 
law  of  formation,  and  shown  that  when  two  rows  or  columns  are  interchanged,  the 
sign  of  the  determinant  is  changed,  and  that  when  two  are  identical,  the  determinant 
vanishes.  The  latter  employs  a  notation  in  substance  identical  with  that  which,  after 
Mr.  Sylvester,  we  have  called  the  umbral  notation,  and  explained  p.  7.  In  his  Memoir 
on  Pyramids  (Memoires  de  VAcademie  de  Berlin,  1773),  Lagrange  made  an  extensive 
use  of  determinants  of  the  third  order,  and  demonstrated  that  the  square  of  such 
a  determinant  can  itself  be  expressed  as  a  determinant.  The  next  impulse  to  the 
study  was  given  by  Gauss,  Disquisitiones  Arithmetical,  1801,  who  showed,  in  the  case 
of  the  second  and  third  orders,  that  the  product  of  two  determinants  is  a  determinant, 
and  very  completely  discussed  the  case  of  determinants  of  the  second  order  arising 
from  quadratic  functions,  i.e.  of  the  form  b2  —  ac.  In  1812  Binet  published  a  memoir 
on  this  subject  (Journal  de  V  Ecole  Polytechnique,  tome  ix.,  cahier  16),  in  which  he 
establishes  the  principal  theorems  for  determinants  of  the  second,  third,  and  fourth 
orders,  and  applies  them  to  geometrical  problems.  The  next  volume  of  the  same 
series  contains  a  paper,  written  at  the  same  time,  by  Cauchy,  on  functions  which  only 
change  sign  when  the  variables  which  they  contain  are  transposed.  The  second  part 
of  this  paper  refers  immediately  to  determinants,  and  contains  a  large  number  of  very 
general  theorems.  Cauchy  introduced  the  name  "  determinants,"  already  applied  by 
Gauss  to  the  functions  considered  by  him,  and  called  by  him  "determinants  of 
quadratic  forms."     In  1826  Jacobi  took  possession  of  the  new  calculus,  and  the 
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volumes  of  Crelle's  Journal  contain  brilliant  proofs  of  the  power  of  the  instrument 
in  the  hand  of  such  a  master.  By  his  memoirs  in  1841,  De  formatione  et  proprietatibus 
deter  minantium,  and  De  determinantibus  functionalibus  (Crelle,  voLxxii.),  determinants 
first  became  easily  accessible  to  all  mathematicians.  Of  later  papers  on  this  subject, 
perhaps  the  most  important  are  Cayley's  papers  on  Skew  Determinants  (Crelle, 
vols,  xxxii.  and  xxxviii.).  Of  elementary  treatises  on  this  subject,  I  have  to 
mention  Spottiswoode's  Elementary  Theorems  relating  to  Determinants,  London  (1851) ; 
Brioschi,  La  teorica  dei  determinant^  Pavia,  1854 ;  and  Baltzer,  Theorie  und  Anwen- 
dung  der  Determinanten,  Leipzig,  1857;  second  edition,  1864.  French  translations 
both  of  Brioschi's  and  Baltzer's  works  have  been  published. 


COMMUTANTS.    (Page  7). 


In  connection  with  the  umbral  notation  may  be  explained  what  is  meant  by 
commutants,  which  are  but  an  extension  of  the  same  idea.    If  we  write  for  brevity 

£,  jj,  for  -j- ,  -r  ,  it  is  easy  to  see  what,  according  to  the  rule  of  the  umbral  notation, 

is  meant  by 

6  %  P,  a  v\ 

&  v,  ?,  fa  n*. 

"We  compound  the  partial  constituents  in  each  column  in  order  to  find  the  factors 
in  the  product  we  want  to  form,  and  we  take  the  sum  with  proper  signs  of  all  possible 
products  obtained  by  permuting  the  terms  in  the  lower  row.  Thus  the  first  example 
denotes  j&.n2  —  £y-l~ti,  which  is  the  Hessian ;  and  the  second  denotes 

which  is  the  ordinary  cubinvariant  of  a  quartic. 

Again,  since  multiplication  is  performed  by  addition  of  indices,  it  will  be  readily 
understood  that  we  can  equally  form  commutants  where  the  partial  constituents  are 
combined  by  addition  instead  of  by  multiplication.    Thus,  considering  the  quantics 

(a2,  ax,  a^x,  yf,     (a4,  a3,  a2,  au  a0^x,  y)*, 

the  invariants  in  the  last  two  examples  may  be  written 

1,  0,  2,   1,  0, 

1,  0,  2,   1,  0, 

which  expanded  are  a2a0  —  a^ ;  a4a2a0  —  a^a^  +  &c. 

All  these  commutants  with  only  two  rows  may  be  written  as  determinants,  but 
it  is  a  natural  extension  of  the  above  notation  to  form  commutants  with  more  than 
two  rows,  such  aa 


&    V, 

1,  0, 

P,  Bn,  n*. 

&  1, 

1,  0, 

P,  en,  v2. 

&  n, 

1,  0, 

P,  ft  n\ 

&   V, 

1,  0, 

p,  a  v2. 

These  all  denote  the  sum  of  a  number  of  products,  each  product  consisting  of  as  many 
factors  as  there  are  columns  in  the  commutant,  and  each  factor  being  formed  by 
compounding  the  constituents  of  the  same  column ;  and  where  we  permute  in  every 
possible  way  the  constituents  in  each  row  after  the  first.  Thus  the  first  and  second 
examples  denote  the  same  thing,  namely,  the  quadrinvariant  of  a  quartic  expressed 
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in  either  of  the  forms  £4.tj4  -  4£V£rj3  +  3£V.£V  or  «4«o  -  ±azai  +  Sa2a2,  while 
the  third  example  £8 .  £V .  tf  —  &c.  denotes  the  cubin variant  of  an  octavic  given  at 
length,  p.  124. 

"We  have  seen  that  the  two  invariants  of  a  binary  quartic  can  be  expressed  as 
commutants,  but  it  will  be  found  impossible  to  express  in  the  same  way  the  dis- 
criminant of  a  cubic.  Thus,  the  leading  term  in  it  being  a32a02  or  £3£3t?3»l3,  we  are 
naturally  led  to  expect  that  it  might  be  the  commutant 

&  n,  £,  V, 

£>  v,  £,  v, 

&  n,  £,  n, 

but  this  commutant,  instead  of  giving  the  discriminant,  will  be  found  to  vanish 
identically.  It  may,  however,  be  made  to  yield  the  discriminant  by  placing  certain 
restrictions  on  the  permutations  which  are  allowable.  Eor  further  details  I  refer  to 
the  papers  of  Messrs,  Cayley  and  Sylvester  in  the  Cambridge  and  Dublin  Mathe- 
matical Journal,  1852. 


HESSIANS.    (Page  15), 

The  name  was  given  by  Sylvester  after  Professor  Otto  Hesse  of  Heidelberg,  who 
has  made  much  use  of  the  functions  in  question,  which  he  called  functional  deter- 
minants. They  are  a  particular  case  of  those  studied  under  the  same  name  by  Jacobi, 
{Crelle,  vol.  xxii.),  the  constituents  of  which  are  the  differentials  of  a  series  of  n 
homogeneous  functions  in  n  variables.  It  is  so  convenient  to  have  short  distinctive 
names  for  the  functions  of  which  we  have  repeatedly  occasion  to  speak,  that  I  have 
followed  Sylvester  in  calling  the  former  Hessians,  the  latter  Jacobians,  see  p.  69. 


SYMMETKIC  FUNCTIONS.    (Page  45). 

The  rules  for  the  weight  and  order  of  symmetric  functions  I  believe  to  be  Mr. 
Cayley's,  though  I  cannot  give  the  reference.  The  formula,  Art.  55,  I  have  taken 
from  Serret's  Lessons  on  Higher  Algebra.  The  differential  equation,  Art.  56,  is 
an  application  of  the  differential  equation  for  invariants,  of  which  I  speak  afterwards. 
Brioschi's  expression,  Art.  61,  I  know  from  the  use  made  of  it  by  Mr.  M.  Roberts, 
Quarterly  Journal,  vol.  iv.,  p.  168. 


ELIMINATION.    (Page  53). 


The  name  '  eliminant'  was  introduced  I  think  by  Professor  De  Morgan :  I  believe 
I  have  done  wrong  in  using  a  second  appellation  when  a  name  to  which  there  was 
no  objection  was  already  in  use.  The  older  name  '  resultant'  was  employed  by  Bezout, 
Jlistoire  de  VAcademie  de  Paris,  1764.  The  method  of  eHmination  by  symmetric 
functions  is  due  to  Euler  {Berlin  Memoirs,  1748).  The  reduction  of  the  resultant  to 
a  linear  system  was  made  simultaneously  by  Euler  {Berlin  Memoirs,  1764)  and  Bezout 
(Paris  Memoirs,  1764).    The  theorem  as  to  the  degree  of  the  resultant  is  Bezout's. 
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The  method  used  in  Art.  70  of  forming  symmetric  functions  of  the  common  values 
of  a  system  of  two  or  more  equations  is  Poisson's  (see  Journal  de  VEcole  Polytechnique, 
Cahier  xi.).  Sylvester's  mode  of  ehmination  was  given  by  him  in  the  Philosophical 
Magazine  for  1840,  and  called  by  him  '  dialytical,'  because  the  process  as  it  were  dissolves 
the  relations  which  connect  the  different  combinations  of  powers  of  the  variables  and 
treats  them  as  simple  independent  quantities.  Cayley's  statement  of  Bezout's  method 
is  to  be  found,  Crelle,  vol.  Lin.,  p.  366.  Sylvester's  results  in  Art.  87  are  to  be  found 
in  the  Cambridge  and  Dublin  Mathematical  Journal  for  1852,  vol.  vn.,  p.  68 ;  and 
Cayley's  general  theory  (Art.  88,  &c.)  in  the  same  Journal,  vol.  in.,  p.  116.  It  was 
noticed  by  Lagrange  that  when  two  equations  have  two  sets  of  common  roots,  the 
differential  of  the  resultant  with  respect  to  the  last  term  vanishes  (see  Berlin  Memoirs, 
1770).  Mr.  Sylvester  showed,  in  January,  1853,  that  the  same  was  true  of  all  the 
differentials,  Cambridge  and  Dublin  Mathematical  Journal,  vol.  VIII.,  p.  64.  He  showed 
at  the  same  time,  that  the  common  roots  were  given  by  the  ratios  of  the  differentials. 
The  proof  in  Art.  95  is,  I  believe,  my  own.  The  theorem,  Art.  95,  is  Jacobi's,  Crelle, 
vol.  xv.,  p.  105.  In  this  part  I  have  made  some  use  of  the  Treatise  on  Elimination 
by  Eaa  de  Bruno.    The  theorem  of  Art.  98  is  Mr.  Cayley's. 


DISCRIMINANTS.     (Page  83). 

The  word  '  discriminant'  was  introduced  by  Mr.  Sylvester  in  1852,  Cambridge  and 
Dublin  Mathematical  Journal,  vol.  vi.,  p.  52.  The  word  'determinant'  had  been 
previously  used,  and  had  come  to  have  a  perplexing  variety  of  significations.  The 
theorem  referred  to,  Note,  p.  87,  was  the  basis  of  my  investigations  (Cambridge  and 
Dublin  Mathematical  Journal,  1847  and  1849)  on  the  nature  of  cones  circumscribing 
surfaces  having  multiple  lines.  If  the  equation  of  a  surface  be  b0  +  bYx  +  b2x2  +  &c, 
and  if  xy  be  a  double  line,  b0  must  contain  y  in  the  second,  and  bt  in  the  first  degree. 
The  discriminant  with  respect  to  a;  is  a  tangent  cone  which  has  y2  for  a  factor.  Instead 
of  the  note,  p.  90,  which  was  added  without  sufficient  consideration,  I  substitute  a 
reference  to  the  extension  of  Sturm's  theorem  contained  in  Mr.  Sylvester's  memoir  in 
the  Philosophical  Transactions  for  1853. 


LINEAR  TRANSFORMATIONS.    (Page  92). 

The  germ  of  the  principle  of  invariance  may  be  traced  to  Lagrange,  who,  in  the 
Berlin  Memoirs,  1773,  p.  265,  established  the  invariance  of  the  discriminant  of  the 
quadratic  form  ax2  +  2bxy  +  cy2,  when  for  x  is  substituted  x  +  \y.  Gauss,  in  his 
Disquisitiones  Arithmetical  (1801),  investigated  very  completely  the  theory  of  the  general 
linear  transformation  as  applied  to  binary  and  ternary  quadratic  forms,  and,  in  par- 
ticular, established  the  invariance  of  their  discriminants.  This  property  of  invariance 
was  shown  to  belong  to  discriminants  generally  by  the  late  Professor  Boole,  who,  in  a 
remarkable  paper,  Cambridge  Mathematical  Journal,  1841,  vol.  in.,  pp.  1,  106,  applied 
it  to  the  theory  of  orthogonal  substitutions.  He  there  showed  how  to  form  simultaneous 
invariants  of  a  system  of  two  functions  of  the  same  degree  by  performing  on  the 

discriminant  of  one  of  them  the  operation  a'  -r-  +  b'  -w  +  &c.    Boole's  paper  led  to 

Mr.  Cayley's  proposing  to  himself  the  problem  to  determine  a  priori  what  functions 
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of  the  coefficients  of  an  equation  possess  this  property  of  invariance.  He  found  that 
it  was  not  peculiar  to  discriminants,  and  he  discovered  other  functions  of  the  co- 
efficients of  an  equation,  at  first  called  by  him  •  hyper-determinants,'  possessing  the 
same  property.  Mr.  Cayley's  first  results  were  published  in  1845  {Cambridge  Mathe- 
matical Journal,  vol.  IV.,  p.  193).  From  this  discovery  of  Cayley's,  the  modern  algebra 
which  forms  the  subject  of  the  bulk  of  this  volume  may  be  said  to  take  its  rise. 
Among  the  first  invariants  distinct  from  discriminants,  which  were  thus  brought  to 
light,  were  the  quadrinvariants  of  binary  quantics,  and  in  particular  the  invariant  S 
of  a  quartic.  Mr.  Boole  next  discovered  the  other  invariant  T  of  a  quartic,  and  the 
expression  of  the  discriminant  in  terms  of  S  and  T  (Cambridge  Mathematical  Journal, 
vol.  iv.,  p.  208).  It  is  worthy  of  notice  that  both  the  functions  S  and  T  had  been 
used  by  Eisenstein  (Crelle,  1844,  xxvu.,  p.  81)  in  his  expression  for  the  general  solution 
of  a  quartic,  but  their  property  of  invariance  was  unknown  to  him,  as  well  as  the 
expression  for  the  discriminant  in  terms  of  them.  Mr.  Cayley  next  (1846)  published 
the  symbolical  method  of  finding  invariants,  explained  in  Lesson  Xiv.  (Cambridge  and 
Dublin  Mathematical  Journal,  vol.  I.,  p.  104,  Crelle,  vol.  XXX.).  The  next  important 
paper  was  by  Aronhold,  1849,  (Crelle,  vol.  xxxix.,  p.  140),  in  which  the  existence  of 
the  invariants  S  and  T  of  a  ternary  cubic  was  demonstrated.  Early  in  1851  Mr.  Boole 
reproduced,  with  additions,  his  paper  on  Linear  Transformations  (Cambridge  and 
Dublin  Mathematical  Journal,  vol.  VI.,  p.  87),  and  Mr.  Sylvester  began  his  series  of 
papers  in  the  same  Journal  on  the  Calculus  of  Forms,  after  which  discoveries  followed 
in  rapid  succession.  I  can  scarcely  pretend  to  be  able  to  assign  to  their  proper 
authors  the  merits  of  the  several  steps;  and,  as  between  Messrs.  Cayley  and 
Sylvester,  perhaps  these  gentlemen  themselves,  who  were  in  constant  communication 
with  each  other  at  the  time,  would  now  find  it  hard  to  say  how  much  properly 
belongs  to  each.     To  Mr.  Boole  is,  I  believe,  due  the  principle  that  in  a  binary 

quantic  the  operative  symbols  j- ,  —  -r  may  be  substituted  for  x  and  y  (Cambridge 

and  Dublin  Mathematical  Journal,  vol.  VI.,  p.  95,  January,  1851).  The  principle  was 
extended  to  quantics  in  general  by  Mr.  Sylvester,  to  whom  is  to  be  ascribed  the  general 
statement  of  the  theory  of  contra  variants,  Cambridge  and  Dublin  Mathematical  Journal, 
(1857),  vol.  VI.,  p.  291 ;  although  particular  applications  of  contravariants  had  pre- 
viously been  made  in  Geometry  in  the  theory  of  Polar  Reciprocals,  and  in  the  theory 
of  ternary  quadratic  forms  by  Gauss  (Disquisitiones  Arithmetical,  Art.  267),  who 
gives  the  reciprocal  under  the  name  of  the  adjunctive  form,  and  establishes  its 
invariance  under  what  he  calls  the  "transformed  substitution."  Mr.  Sylvester  also 
remarked  that  we  might  not  only  replace  contravariant  by  operative  symbols,  but  also 

by  the  actual  differentials  -r- ,  -r- ,   &c.     To  Boole  I  would  ascribe  the  principle 

(Art.  121)  that  invariants  of  emanants  are  covariants  of  the  quantic  1842,  Cambridge 
Mathematical  Journal,  vol.  III.,  p.  110,  though  Boole's  methods  were  generalized  by 
Mr.  Sylvester,  Cambridge  and  Dublin  Mathematical  Journal,  vol.  VI.,  p.  190.  Some 
of  the  first  steps  in  the  general  theory  of  covariants  may  thus  be  ascribed  to  Boole, 
though  a  remarkable  use  of  such  a  function  had  been  made  by  Hesse  in  determining 
the  points  of  inflexion  of  plane  curves.  I  had  myself  been  led  to  study  the  same 
functions  both  for  curves  and  surfaces,  in  ignorance  of  what  Hesse  had  done 
(Cambridge  and  Dublin  Mathematical  Journal,  vol.  II.,  p.  74).  The  discovery  of 
evectants  (Art.  130)  is  Hermite's,  Cambridge  and  Dublin  Mathematical  Journal,  vol.  VI., 
p.  292.  In  Mr.  Cayley's  first  paper  he  gave  a  system  of  partial  differential  equations 
satisfied  by  invariants  of  functions  linear  in  any  number  of  sets  of  variables.  The 
partial  differential  equations  (p.  113)  satisfied  by  the  invariants  and  covariants  of 
binary  quantics  were,  as  far  as  I  know,  first  given  in  print  by  Mr.  Sylvester  (Cambridge 
and  Dublin  Mathematical  Journal,  vol.  vn.,  p.  211).    Mr.  Sylvester  there  acknowledges 
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himself  to  have  been  indebted  to  an  idea  communicated  to  him  in  conversation  by 
Mr.  Cayley ;  and  he  also  speaks  of  having  heard  it  said  that  Aronhold  was  also  in  pos- 
session of  a  system  of  differential  equations.  These  are  not  made  use  of  in  Aronhold's 
paper  (Crelle,  vol.  xxxix.)  already  referred  to,  but  he  refers,  Crelle,  vol.  lxii., 
to  a  communication  made  by  him  in  1851  to  the  Philosophical  Faculty  at  Konigsberg, 
which,  if  it  ever  appeared  in  print,  I  have  not  seen.  Yery  probably  there  may  be  other 
parts  of  the  theory  to  which  Aronhold  may  justly  lay  claim.  After  the  publication  in 
Crelle,  vol.  XXX.,  of  -Mr.  Cayley's  paper,  in  which  the  symbolical  method  of  forming  in- 
variants was  fully  explained,  Aronhold  worked  at  the  theory  in  Germany  simultaneously 
with  the  labours  of  Cayley  and  Sylvester  in  England ;  and  the  mastery  of  the  subject 
exhibited  by  his  papers  leads  me  to  suppose  that  of  some  of  the  principles  he  must 
be  able  to  claim  independent  if  not  prior  discovery.  The  method  in  which  the  subject 
is  introduced  (Art.  117)  is  taken  from  his  paper  (Crelle,  vol.  lxii).  I  refer  in  a 
subsequent  note  to  the  valuable  paper  by  Hermite  (Cambridge  and  Dublin  Mathematical 
Journal,  vol.  IX.,  p.  172)  in  which  the  theorem  of  reciprocity  was  established,  which 
had  at  first  suggested  itself  to  Sylvester,  but  was  hastily  rejected  by  him;  and  in 
which  the  whole  theory  of  quintics  received  important  additions.  Mixed  con- 
comitants are  Mr.  Sylvester's  (Cambridge  and  Dublin  Mathematical  Journal,  vol.  VII., 
p.  80).  The  theorem,  Art.  131,  is  Cayley's  and  Sylvester's.  The  application  of  sym- 
metric functions  to  the  invariants  of  binary  quartics  was,  I  believe,  first  made  in  the 
Appendix  to  my  Higher  Plane  Curves  (1851).  The  method  (Art.  134)  of  thence  finding 
conditions  for  systems  of  equalities  between  the  roots  is  Mr.  Cayley's  (Philosophical 
Transactions,  1857,  p.  703).  With  regard  to  the  subject  generally,  reference  must 
be  made  to  the  important  series  of  papers  by  Mr.  Sylvester,  beginning  in  the  sixth 
volume  of  the  Cambridge  and  Dublin  Mathematical  Journal;  to  a  series  of  papers 
on  Quantics  published  by  Mr.  Cayley  in  the  Philosophical  Transactions;  and  to 
Aronhold's  Memoir  on  Invariants  (Crelle,  vol.  lxii).  The  name  '  invariant,' as  well 
as  much  of  the  rest  of  the  nomenclature,  is  Mr.  Sylvester's. 


ON  THE  NUMBER  OF  INVARIANTS  OR  COYARIANTS  OF  A  BINARY 
QUANTIC.    (Page  116). 

The  following  is  an  abridged  sketch  of  the  method  pursued  in  Mr.  Cayley's  in- 
vestigation (Philosophical  Transactions,  1855,  p.  101).  The  following  illustration  will 
shew  the  kind  of  formulae  obtained  and  the  interpretation  to  be  put  on  them.  A  cubic 
we  have  seen  has  three  distinct  covariants,  viz.  U,  H,  J,  whose  orders  in  the  coefficients 
are  1,  2,  3,  and  degrees  in  the  variables  3,  2,  3.  To  these  we  may  add  the  discriminant 
A  which  is  of  the  order  4  and  of  the  degree  0  in  the  variables.  These  covariants  are 
not  independent;  but  JET3,  J2,  and  AU2  are  connected  by  a  linear  relation  (Art.  193). 
Assuming  then  that  these  are  the  only  distinct  covariants,  any  other  covariant  must 
be  of  the  form  either  UPH?Ar  or  JTJvHiAr.  The  number  of  the  covariants  of  the 
order  0  of  the  first  form  is  equal  to  the  number  of  ways  in  which  0  can  be  expressed 
in  the  form^  +  2q  +  <kr ;  that  is  to  say,  it  is  the  coefficient  of  #9  in  the  expansion  of 

•— — jrTj ;t.    In  like  manner,  the  number  of  covariants  of  the  second 

(1  —  X)  (1  —  x  )  (l  —  x  ) 

form  is  the  coefficient  of  x*  in  x3  4-  (1  —  x)  (1  —  x2)  (1  —  a:4).    The  total  number  then 

is  the  coefficient  of  x*  in  the  expansion  of  1  +  x3  +  (I  —  x)  (1  —  x2)  (1  —  a4) ;  or,  what 

comes  to  the  same  thing,  in 

1-s6 

(1  -  x)  (1  -  x2)  (1  -  x3)  (1  -  x*)  ' 
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And  conversely,  if  this  expression  for  the  number  of  distinct  covariants  were 
established  independently,  it  would  indicate  on  inspection  that  there  were  four  irre- 
ducible covariants  of  the  orders  1,  2,  3,  4  respectively,  and  connected  by  an  equation 
of  the  order  6. 

Now  it  was  proved  (Art.  144)  that  the  number  of  covariants  of  the  order  0  and 
weight  q  is  equal  to  the  difference  of  the  number  of  ways  in  which  q  and  q  —  1  can 
be  expressed  as  the  sum  of  0  numbers  from  0  to  n  inclusive.  Now  the  number  of 
ways  in  which  q  may  be  so  expressed  may  easily  be  seen  to  be  the  coefficient  of 
aflz*  in  the  development  of 

1 

(1  -  z)  (1  -  aw)  (1  -  x2z)...{l  -  xnz) ' 

where  the  expansion  is  to  be  effected  in  ascending  powers  of  z.    This  will  be  equal  to 

1  —  x  (1  —  x)  (1  —  X2) 

..  ...  ,.  (1  -  X^)  (1  -  X^)...(l  +  x"+0     . 

the  general  term  being       * — n ^ ^—^ «o, 

(1  —  x)  (1  —  x2)...l  —  #8 

or,  what  is  the  same  thing, 

(1  -JfrQ+i)  (1  -  a*+»)...(l  -  a***)    9 
(1 -*)...(!-*»)  Z' 

It  remains  then  to  find  the  coefficient  of  xi  in  the  part  multiplying  •#,    To  transform 

this  expression,  the  equation  is  used 

on/.  n      -,      *  (1  -  *")        sc3  (1  -  xn)  (1  -  x"-1)   _      , 

(1  +  xz)  (1  +  afe)...(l  +  xnz)  =  I  +     Lg3  >z  +      K{1_x))^_x2)   }  z*  +  &c, 


the  general  term  being 

*  (1  _  »)  (1  _  ^...(x  _  55       ■* 

and  the  series  is  a  finite  one,  the  last  term  being  that  corresponding  to  s  =  n ;  viz. 
a^n(n+i)g»     "Writing  —  a;9  for  0,  and  substituting  the  resulting  value  of 

(1  -  359+1)   (1  -  ic9+2)...(l  _  a;9+») 

in  the  preceding  formula,  the  number  we  are  investigating  is  found  to  be 

jpsm+js(*+l) 

2,  (-)•  coefficient  of  a*  in  (1  _  gj  (1  _  ,2).„(1  _  ^  (1  _  g)  (1  _  ^,,.(1  _  ggq . 

where  the  sum  extends  from  5  =  0  to  s  =  n,  but  it  is  of  course  unnecessary  to  include 
any  value  of  s  which  makes  the  index  of  s  in  the  numerator  greater  than  q.  If  we 
write  q  =  £  (nd  —  a),  the  formula  last  written  may  be  transformed  into 

ajWWn) 
2,  (-)»  coefficient  of  **»-*  in r-— — — — — — —  , 

where  the  sum  extends  when  w  is  even  from  5  =  0  to  s  =  £ra  —  1,  and  when  n  is  odd 
from  s  =  0  to  s  =  £  (rc  —  1). 

Thus,  suppose  it  were  required  to  find  the  number  of  terms  in  an  invariant  of  a 
cubic  of  the  order  0,  we  have  to  calculate  the  number  of  ways  in  which  the  weight 
|0  can  be  made  up  as  the  sum  of  0  numbers  from  0  to  3  inclusive.  We  have  then 
a  =  0,  and  the  sum  consists  of  two  terms,  viz, 

5-9                          1  U    ■  'M 

the  coeff .  of  x1  in — -— -  the  coeff.  of  x*  in 


{l-x){l-x*){l-x3)     (1  -  xy  (1  -  x2) ' 

The  following  will  illustrate  the  process  by  which  these  are  transformed.    Writing 

x2  for  x,  the  first  of  these  numbers  is  the  coefficient  of  x3*  in  7; tt-t; sci — r^  » 

(1  -  a;2)  (1  -  a;4)  1  -  x6) 
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In  order  that  the  indices  in, the  denominator  may  be  divisible  by  3,  we  multiply 

(1  —  x6)  (1  —  x12) 

numerator  and  denominator  by  p. ~-~ — ' ;  and  we  find  the  number  required 

{1  —  x  )  (1  —  x  ) 

.  ■  ,  „  .     .     .    „  .     1  +  x2  +  2x*  +  x6  +  2a:8  +  x10  +  x12 

is  the  coefficient  of  x3&  in  — 


(1  -  x6)2  (1  -  x12) 

Now  we  may  reject  all  the  terms  in  the  numerator  whose  exponents  are  not  divisible 
by  3,  and  then  writing  0  for  30,  the  first  term  in  the  sum  is  the  coefficient  of  x&  in 

1  +  x2  +  x* 


(1  -  x2)2  (1  -  x*) 

And  subtracting  the  second  term,  which  is  the  coefficient  of  x&  in  x2  divided  by  the 
same  denominator,  the  number  sought  is  the  coefficient  in 

1  +  x* 
(1  -  x2)2  (1  -  x*) ' 

This  specimen  will  illustrate  the  process  by  which  he  has  proved  the  number  of 
invariants  of  the  first  six  degrees  to  be  those  assigned  in  the  preceding  pages.  Thus, 
for  a  sextic,  the  total  number  of  distinct  invariants  is  found  to  be  the  coefficient  of  a*  in 

(1  -  x)  (1  +  x  -  x3  -  xi  —  x5  +  x7  +  a8) 
(1  -  xf  (1  -  x3)  (1  -  a;4)  (1  -  xs) 

Now  the  second  factor  of  the  numerator  is  the  irreducible  factor  of  1  —  xso,  i.  e.  it  is 
equal  to  (1  -  x30)  (1  -  a:5)  (1  -  x3)  (1  -  x2)  -~  (1  -  a;15)  (1  -  a;10)  (1  -  x«)  (1  -  x),  and, 
substituting  this  value,  the  number  becomes  the  coefficient  of  x&  in 

1-x30 

(1  -  x2)  (1  -  x*)  (1  -  x6)  (1  -  a10)  (1  -  x") ' 

from  which  is  inferred  the  existence  of  five  invariants  of  the  orders  2,  4,  6,  10,  15 
respectively,  but  connected  by  a  relation  of  the  order  30 ;  that  is,  the  square  of  the 
last  invariant  is  an  integral  function  of  the  others.  But  when  this  process  is  applied 
to  the  seventh  and  higher  degrees,  the  numerator  can  be  no  longer  expressed  as  a 
quotient  whose  denominator  is  the  product  of  a  finite  number  of  factors  of  the  form 
1  —  x<*.  Mr.  Cayley  concludes,  therefore,  that  the  number  of  invariants  for  quantics 
of  the  seventh  and  higher  degrees  is  infinite,  and,  in  like  maimer,  that  the  number 
of  covariants  for  the  fifth  and  higher  degrees  is  infinite. 


CANONICAL  FOEMS.    (Page  130). 


The  name  is  Hermite's :  the  theory  explained  in  this  Lesson  is  Mr.  Sylvester's,  see 
a  paper  (Philosophical  Magazine,  November,  1851)  published  separately,  with  a  sup- 
plement, in  the  same  year,  with  the  title  An  Essay  on  Canonical  Forms. 


COMBINANTS.    (Page  144). 


The  theory  of  combinants  is  Sylvester's,  Cambridge  and  Dublin  Mathematical 
Journal  (1853),  vol.  vin.,  p.  63.  In  the  case  of  the  resultant  of  two  equations  it  had, 
I  think,  been  previously  shown  by  Jacobi,  that  the  resultant  of  Xu  +  fx.v,  X'u  +  fi'v 

NN 
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was  the  resultant  of  -«,  v  multiplied  by  a  power  of  (\fi'  -  XV).  Mr.  Sylvester's 
results,  Arts.  182,  186,  189,  are  given  in  the  Comptes  Eendus,  vol.  lviii.,  p.  1071.  The 
reference  to  Lesson  xvin.,  p.  158,  was  made  before  I  had  decided  on  omitting  the 
Lesson  on  the  Applications  of  the  Theory  to  Ternary  Quantics. 


APPLICATIONS  TO  BINARY  QUANTICS.    (Page  158). 

The  discussion  in  this  Lesson  of  the  quadratic,  cubic  and  quartic,  is  mainly 
Mr.  Cayley's.  See  his  Memoirs  on  Quantics  in  the  Philosophical  Transactions,  1854. 
The  second  form  of  the  resultant  of  two  quadratics,  p.  160,  is  as  elsewhere  stated, 
Dr.  Boole's.  The  discussion  of  the  systems  of  quadratic  and  cubic,  two  cubics,  and 
two  quartics,  is  I  believe  for  the  most  part  new.  The  form  for  the  resultant  of  two 
cubics,  p.  165,  has  been  published  by  Clebsch  (Crelle,  vol.  lxiv.,  p.  95),  and  was 
obtained  by  him  by  a  different  method,  but  had  been  previously  in  my  possession 
by  the  method  here  given.  The  proof  (Art.  202)  that  every  invariant  of  a  quartic 
is  a  rational  function  of  S  and  T  is  slightly  modified  from  Mr.  Sylvester's  (Philoso- 
phical Magazine,  April,  1853).  The  theorem,  p.  176,  that  the  quartic  may  be 
reduced  to  its  canonical  form  by  real  substitutions,  is  Legendre's  (Traite  des  Fonctions 
Elliptiques,  chap.  II.).  The  canonical  form  of  the  quintic  ax5  +  bys  +  cz&,  which  so 
much  facilitates  its  discussion,  was  given  by  Mr.  Sylvester  in  his  Essay  on  Canonical 
Forms,  1851.  The  invariants  J  and  K  were  calculated  by  Mr.  Cayley.  The  value  of 
the  discriminant  and  its  resolution  into  the  sum  of  products  (p.  186),  was  given  by  me 
in  1850  (Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  p.  154).  Some  most 
important  steps  in  the  theory  of  the  quintic  were  made  in  Hermite's  paper  in  the 
Cambridge  and  Dublin  Mathematical  Journal,  1854,  vol.  IX.  p.  172,  where  the  number 
of  independent  invariants  was  established,  the  invariant  I  [in  which  it  may  be  stated 
the  highest  power  of  a,  a7,  has  for  multiplier  f  (df—  e2)5]  was  discovered;  attention 
was  called  to  the  linear  covariants,  and  the  possibility  demonstrated  of  expressing  by 
invariants  the  conditions  of  the  reality  of  the  roots  of  all  equations  of  odd  degrees. 
The  theory  of  the  quintic  was  further  advanced  by  Mr.  Sylvester's  "Trilogy," 
(Philosophical  Transactions,  1864,  p.  579) ;  and  in  Hermite's  series  of  papers  in  the 
Comptes  Eendus  for  the  present  year  (1866)  already  referred  to.  The  values  of  the 
invariants  A,  B,  C  of  the  sextic  were  given  by  Mr.  Cayley  in  his  papers  on  Quantics, 
and  the  existence  of  the  invariant  E  pointed  out.  The  rest  of  what  is  stated  in  the 
text  about  the  sextic  is  new. 


THE  QUINTIC.    (Page  198). 

With  respect  to  the  special  form  x  (x2  -  a?)  (x2  -  b2)  used,  pp.  198,  201,  I  have 
noticed  since  that  its  characteristic  is  that  Hermite's  invariant  I  vanishes.  This  form 
may  therefore  be  safely  used  in  calculating  any  invariant  functions  whose  order  is 
divisible  by  4  and  is  below  36,  since  such  forms  cannot  contain  /.  For  the  calculation 
therefore  at  p.  201,  it  was  sufficient  to  use  this  special  form.  More  generally,  if  the 
alternate  terms  be  wanting  in  any  equation,  every  skew  invariant  vanishes.  For 
the  weight  of  a  skew  invariant  is  an  odd  number ;  and  if  the  degree  of  the  equation 
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be  odd,  the  order  of  every  invariant  is  even.  Now  an  odd  number  can  neither  be 
made  up  as  the  sum  of  an  even  number  of  odd  numbers,  nor  of  any  number  of 
even  numbers.  In  the  special  form  just  referred  to,  x  and  y  are  the  linear  co variants. 
What  has  been  just  stated  leads  to  a  simple  proof  for  the  expression  of  /  in 
terms  of  the  roots.  It  has  in  fact  appeared  that  when  I  vanishes,  one  of  the  roots 
is  one  of  the  foci  of  the  involution  determined  by  the  other  two  pair.  /  is  therefore 
the  product  of  the  fifteen  determinants  of  the  form  I  2a  —  /3  —  y,  a  (JB  +  y)  —  2/3y  I  , 

I  2a  -  8  -  £,  a  {8  +  t)  -  28e   \ 
since  if  any  of  them  vanish,  the  equation  is  reduciblf  to  the  special  form  in  question. 
And  the  vanishing  of  any  of  these  determinants  may  be  expressed  as  at  p.  202, 

(a-  (3)  (a-  8)  (y  -  t)  +  (a-  y)  (a-  e)(J3  -  8)  =  0. 

Mr.  Sylvester  had  also  communicated  a  simple  proof  of  the  same  thing  depending  on 
the  fact  (p.  194)  that  a  quintic  for  which  I  vanishes,  is  linearly  transformable  into  a 
recurring  equation.  In  like  manner,  what  is  stated  (p.  210)  gives  at  once  the  ex- 
pression for  the  skew  invariant  of  the  sextic  in  terms  of  the  roots :  viz.  that  it  is 
the  product  of  the  fifteen  determinants  of  the  form 


1  , 

1     , 

1 

«  +  £, 

y  +  8, 

t  +  <p 

a(3    , 

y8  , 

•* 

Until  my  attention  was  called  to  it  by  Mr.  Sylvester,  I  had  omitted  to  notice 
(Art.  224)  the  use  made  by  M.  Hermite  of  the  fact,  that  the  quintic  as  well  as  every 
equation  of  odd  degree  is  reducible  to  a  forme-type,  in  which  the  x  and  y  are  the 
linear  covariants  and  the  coefficients  are  invariants.  It  follows  immediately,  that 
by  applying  Sturm's  theorem  to  the  forme-type,  the  conditions  for  reality  of  roots 
may  be  expressed  by  invariants.  Hermite  extends  his  theorem  to  equations  of  even 
degree  above  the  fourth,  by  the  method  explained  at  the  end  of  the  next  note. 
I  think  it  therefore  worth  while  now  to  give  the  coefficients  of  the  forme-type  of  the 
quintic.  They  were  given  by  Hermite  {Cambridge  and  Dublin  Mathematical  Journal, 
vol.  ix.  p.  193),  and  re-calculated  by  me  before  I  found  out  the  key  for  the  translation 
of  Hermite's  notation  into  Mr.  Sylvester's,  which  is  A  =  J,  J2  =  —  K,  J3  =  JK  +  9L. 
I  write  now  J2  —  SK=  M,  JK+  9L  =  N-,  and  Q  a  numerical  multiple  of  Hermite's  /, 
such  that 

Q2  =  JE2M2  -  2MNK  {J2  +  12K)  +  JN2  {J2  +  72K)  -  48^', 

then  the  coefficients  of  the  forme-type  are 
A  =  QM, 

B  =  JKM*  -  MN  (J2  +  18^)  +  30J-iV2, 
C=Q{JM-12N), 

D  ■=  J*KM*  -  JMN  (J2  +  30A-)  +  N*  (42/2  +  144JT), 
E=Q{J*M-2UN), 

F=  J*KM*  -  J*MN  (J2  +  42#)  +  iW(54J2  +  288^)  -  1152JV3. 
I  thus  find  the  first  Sturmian  constant  B2  -  AC  to  be 

B6N2  {(MK-  bJN)2  -  1GMN2}. 
The  Sturmian  constants  being  essentially  unsymmetrical,  there  seems  no  reason  to 
expect  that  the  discussion  of  these  forms  would  lead  to  any  results  of  practical  interest. 
The  coefficients  of  the  forme-type,  as  M.  Hermite  remarked,  satisfy  the  relations 

AJ2  -  2CJ+  E  =  0,  BJ2  -  2DJ+  F=  -  1U2N3, 
AE  -  ±BD  +  3C2  =  -  12W*,    AF -  3BE  +  2CD=0,   BF-4CE  +  3D2  =  12* JNK 
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Thus  then  the  quadratic  covariant  is  iV5  (x2  —  Jy2) ;  and  operating  with  this  on  the 
quintic,  we  get  the  canonizant  in  the  form 

N*  (AJ-  C,  BJ-  D,   CJ-  E,  I) J-  F\x,  y)3  ; 

the  coefficients  inside  the  parentheses  being  all  further  divisible  by  N.  Hence,  we  have 

ACE  +  2BCD  -  AD*  -  EB2  -  C3  =  -  4. 12W«Q, 

and  the  second  Sturmian  constant  is  got  immediately  by  substituting  the  values  just 
found  for  B2  -  AC,  AE  -  ±BD  +  3C2,  ACE  +  2BCD  -  &c,  in  the  formula  of  Art- 
225.    I  have  not  thought  it  worth  while  to  calculate  the  third  constant. 


THE  TSCHIRNHAUSEN  TKANSFOKMATION.    (Page  200). 

The  Tschirnhausen  transformation  consists  in  taking  a  new  variable 

y  ~  a  +  fix  +  yx2  +...+  Xz"-1 ; 

then  there  are  n  values  of  y  corresponding  to  the  n  values  of  x,  and  the  coefficients 
of  the  new  equation  in  y  are  readily  found  in  terms  of  those  of  the  given  equation  by 
the  method  of  symmetric  functions,  the  first  for  example  being  as0  +  /3«i  +  ys2  +  &c. 
The  coefficient  of  yn~l  is  evidently  a  linear  homogeneous  function  of  a,  /3,  &c,  that 
of  yn-2  a  quadratic,  of  yn~3  a  cubic  function,  and  so  on.  In  the  case  of  the  quintic, 
the  transformation  is  y  =  a  +  (3x  +  yx2  +  &C3,  and  we  have  four  constants  a,  /8,  y,  d 
at  our  disposal.  Mr.  Jerrard  pointed  out  that  the  coefficient  of  y3  being  a  quadratic 
function  of  a,  (3,  y,  6  was  (Art.  162)  capable  of  being  written  as  the  algebraic  sum 
of  four  squares,  say  t2  —  u2  +  v2  —  w2.  It  can  therefore  be  made  to  vanish,  by 
assuming  two  linear  relations  between  a,  /3,  y,  8 ;  t  —  u  =  0,  v  —  w  =  0.  If  we  combine 
with  these  two  that  linear  relation  which  makes  the  coefficient  of  y*  vanish,  we  have 
three  relations  enabling  us  to  express  three  of  the  constants  a,  (3,  y,  8  linearly  in  terms 
of  the  fourth.  We  can  then  by  solving  a  cubic  only  make  the  coefficient  of  y1 
also  vanish,  or  else  by  solving  a  biquadratic  make  the  coefficient  of  y  vanish.  In  this 
way  Mr.  Jerrard  showed,  that  by  the  solution  of  equations  of  inferior  orders,  a  quintic 
may  be  reduced  to  either  of  the  trinomial  forms  y5  +  by  =  c,  or  y5  +  by2  =  c.  The 
actual  performance  of  the  transformations  would  be  a  work  of  great  labour,  but 
M.  Hermite  showed  how  by  somewhat  altering  the  form  of  substitution,  we  can 
avail  ourselves  of  the  help  of  the  calculus  of  invariants. 

If  we  have  to  transform  the  equation  axn  +  bx11-1  +  cxn~2  +  &c,  Hermite's  form 
is  to  take 

y  =  a\  +  (ax  +  b)  a  +  (ax2  +  bx  +  c)  (3  +  (ax3  +  bx2  +  ex  +  d)  y  +  &c, 

then  in  the  first  place  the  transformed  equation  will  be  divisible  by  a ;  and  secondly, 
if  the  given  equation  be  linearly  transformed,  and  if  the  corresponding  substitution 
for  the  transformed  equation  be 

Y=A\'  +  (AX+B)  a'  +  (AX2  +  BX+C)  /3'  +  &c. ; 

then  he  has  shewn  that  the  expressions  for  a',  /3',  <fcc.  in  terms  of  a,  /3,  &c.  involve 
only  the  coefficients  of  linear  transformation,  and  not  those  of  the  given  equation. 
It  is  not  so  with  respect  to  the  first  coefficient  X,  which  we  have  therefore  designated 
by  a  special  letter.  But  the  theory  of  linear  substitutions  will  be  directly  applicable 
to  all  functions  of  the  coefficients  of  the  transformed  equation  which  do  not  contain  X. 
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Such,  for  example,  will  be  all  symmetric  functions  of  the  differences  of  the  roots  of 
the  new  equation,  since,  on  subtracting 

yl  as  a\  +  (axx  +  b)  a  +  &c,     y2  as  aX  +  (ax2  +  b)  a  +  &c, 
A.  disappears.     Or,  what  comes  to  the  same  thing,  if  we  take  X  such  that  the  coeffi- 
cient of  yn~x  in  the  new  equation  shall  vanish,  then  the  theory  of  linear  substitutions 
is  applicable  to    all  the   coefficients  of  the  transformed.    I  give  Cayley's  proof  of 
Hermite's  theorem,  and,  after  his  example,  take,  to  fix  the  ideas,  the  quartic 

(a,  b,  c,  d,  e^x,  l)4. 

Then,  as  we  have  used  binomial  coefficients,  the  equation  of  transformation  ia 

y  as  aX  +  (ax  +  46)  a  +  (ax2  +  ±bx  +  6c)  /8  +  (ax3  +  4foc2  +  6cx  +  id)  y. 

Adding  the  4  values  of  y,  and  observing  Newton's  formulae  for  the  sums  of  powers 
of  the  roots,  we  see  that  the  coefficient  of  yn~x  in  the  transformed  equation  will 
vanish  if 

a\  +  3ba  +  3c/3  +  dy  as  0. 

This  reduces  the  value  of  y  to 

(ax  +  b)a  +  (ax2  +  4bx  +  3c)  (3  +  (ax3  +  ibx2  +  6cx  +  3d)  y. 

[In  general  it  will  be  observed  that  in  this  substitution  all  the  terms  have  the 
binomial  coefficients  corresponding  to  the  order  of  the  given  equation,  except  the 
terms  not  involving  x  which  have  the  binomial  coefficients  answering  to  the  order  one 
lower.]  Now  what  is  asserted  is  that  all  the  coefficients  of  the  transformed  equation 
will  be  invariants  of  the  system 

(a,  b,  c,  d,  e£x,  y)*,     (a,  (3,  y^y,  -  x)2, 

and  of  course  if  we  regard  y  as  constant,  the  whole  transformed  function  will  be  such 
an  invariant. 

This  will  be  proved  by  showing  that  it  is  made  to  vanish  by  either  of  the  operations 

Let  the  general  substitution  be  y  =  V,  and  let  Vlf  V2,  &c.  be  what  V  becomes  when 
we  substitute  for  x  each  of  the  roots  of  the  given  equation,  the  transformed  in  y  is 
the  product  of  the  factors  y  —  Vu  y  -  V2,  &c,  and  it  is  sufficient  to  prove  that  each 
of  these  factors  is  reduced  to  zero  by  this  differentiation.    We  may,  as  in  Art.  60, 

write  the  first  part  of  the  first  operation  •=?,  and  in  order  to  calculate  -5=- ,  we  must 

ax 
first  find  -g, .   Operating  on  the  given  equation,  we  get 

(a,  b,  c,  d$x,  l)3  ^  +  (a,  b,  c,  djjv,  l)3  =  0,  or  ^  =  -  1. 

The  part  then  of  the  differential  of  V  which  depends  on  the  variation  of  x  is 

-{aa+  (2ax  +  Ab)  j8  +  (3ax2  +  8bx  +  6c)  7}, 

and  the  part  got  by  directly  operating  on  the  a,  b,  &c.  which  explicitly  appear  in  V  is 

aa  +  (4ax  +  6b)  (3  +  (4ax2  +  12bx  +  9c)  y. 
Adding,  we  have 

jg  =  2  (ax  +  b)  p  +  (ax2  +  Abx  +  3c)  y  =  2/3  -^  +  7  -^ , 

which  proves  that  the  effect  of  the  first  operation  on  V  is  zero. 
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In  like  manner,  for  the  second  operation,  we  have,  by  operating  on  the  original 
equation, 

(a,  b,  c,  d£x,  l)3-£-  +  x  (b,  c,  d,  e$x,  l)3  =  0. 

But  the  original  equation  may  be  written 

x  (a,  b,  c,  d$x,  l)3  +  (b,  c,  d,  e\x,  l)3  =  0. 

dx  dV 

Hence  y  =  x2.    The  part  of  -r-  due  to  the  variation  of  x  is  therefore 
dt)  *  dr\ 

ax2a  +  (2ax3  +  4bx2)  (3  +  (3ax*  +  8bx*  +  6cx2)  y. 

The  remaining  part  is 

(4&a?  +  3c)  a  +  (Abx2  +  12cx  +  6d)  (3  +  (46a;3  +  12cx2  +  12dx  +  3e)  y. 

Adding,  the  coefficient  of  y  vanishes  in  virtue  of  the  original  equation,  and  the 

remaining  part  is  found  to  be 

which  completes  the  proof  of  the  theorem. 

When  this  transformation  is  applied  to  a  cubic,  if  we  consider  a,  (3  as  variables, 
the  coefficients  of  the  transformed  equation  in  y  will  be  covariants  of  the  given  equa- 
tion. The  transformed  in  fact  has  been  calculated  by  Mr.  Cayley,  and  found  to  be 
y3  +  3Hy  +  J,  where  H  is  the  Hessian  (ac  —  b2)  a2  +  &c,  and  J  is  the  covariant 
(Art.  138),  (a2d  -  2abc  +  2b3)  a3  +  &c. 

Mr.  Cayley  has  also  calculated  the  result  of  transformation  as  applied  to  a  quartic. 
Take  the  two  quantics 

(a,  b,  c,  d,  ejx,  yy,     (a,  ft  yjj/,  -  x)2. 

Let  A  denote  the  invariant  got  by  squaring  the  second  equation,  introducing 
differential  symbols  and  operating  on  the  first,  viz. 

aa2  +  Abaft  +  c  {2ay  +  4j32)  +  4ef/3y  +  ey2 ; 
and  let  B  denote  the  invariant  got  by  operating  similarly  on  the  Hessian  of  the 
first,  viz. 
(ac-b2)a2+2(ad-bc)ap+(ae-2bd+c2)  ay+4{bd-c2)  (P+2(be-cd)  Py+(ce-d2)y2; 

let  C  denote  the  result  of  operating  with  the  cube  of  the  quadratic  on  the  covariant 
J  (p.  173)  of  the  quartic,  viz. 

(a2d  -  3abc  +  2b3)  a3  +  (a2e  +  2abd  -  9ac2  +  6b2c)  a2fi  +  (abe  -  Zacd  +  2b2d)  a?y 

+  (4a6e  -,  I2aed  +  8b2d)  a/32  -  6  (ad2  -  b2e)  a/3y  -  4  {ad2  -  b2e)  /33 

-  (ade  -  3bce  +  2bd?)  ay2  -  (lade  -  I2bce  +  Sbd2)  /32y 

-  (ae2  +  2bde  -  9c2e  +  Zed2)  (3y2  -  (be2  -  3cde  +  2d3)  y3 ; 

let  S  and  T  denote  the  two  invariants  of  the  quartic,    and  A  the  discriminant 
ay  —  (i2  of  the  quadratic,  then  the  transformed  equation  in  y  is 

y*  +  (6B  -  2SA)  y2  +  ±Cy  +  SA2  -  3B2  +  &A2  +  12 714 A  +  2&BA. 
Mr.  Cayley  has  also  calculated  the  S  and  T  of  the  transformed  equation.    In 
making  the  calculation,  it  is  useful  to  observe  that  since  the  square  of  J,  from  which  C 
was  derived,  can  be  expressed  in  terms  of  the  other  invariants,  so  also  may  the  square 
of  C;  the  actual  expression  found  by  him  being 

-  C2  =  TA3  -  SA2B  +  AB3  +  (&A2  -  12TAB  -  1SB2)  A  +  8STAA2  +  1GT2A*. 
The  result  then  is  that  the  new  S  is 

^2  +  ^A2  +  127L4A, 
and  the  new  T  is      TA3  +  ^A2A  +  1STA  A2  +  A3  (16  T2  -  ftS3) . 
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Finally,  he  has  observed  that  these  are  the  8  and  T  of  AU+AAH,  as  may  be 
verified  by  the  formula?  of  Art.  211.  It  follows,  then,  that  the  effect  of  the  Tschirn- 
hausen  transformation  is  always  to  change  a  quartic  into  an  equation  having  the  same 
invariants  as  one  of  the  form  U+  XH,  and  therefore  reducible  by  linear  transformation 
to  the  latter  form.  Mr.  Cayley  has  not,  as  yet  at  least,  made  the  corresponding 
calculations  for  the  quintic.  The  following  is  the  form  in  which  M.  Hermite  has 
applied  his  methods  to  the  quintic. 

Let  u  be  a  quantic  (x,  y)n ;  ux,  u2  its  differentials  with  regard  to  x  and  y ;  let  d>  be 
a  covariant,  which  we  take  of  the  degree  n  —  2  in  order  that  the  equation  we  are  about 
to  use  may  be  homogeneous  in  x  and  y;  then  the  coefficients  of  the  transformed 

ycb 
equation,  obtained  by  putting  z  —  — ,  are  all  invariants  of  u.    The  equation  in  z  is 

ui 
got  by  eliminating  x  and  y  between  zux  —y<f)  =  0,  and  u  a  0,  or,  what  comes  to  the 
same  thing,  zu2  +  xd>  =  0,  which  follows  from  the  other  two.  If  we  linearly  trans- 
form x  and  y,  the  new  equation  in  z  is  got,  in  like  manner,  by  ehminating  between 
zUx  -  F*  =  0,  zU2  +  X$  a  0.  But,  if  x  =  XX  +  fxY,  y  =  X'X+fi'Y,  A  =  X/x'  -  X>, 
we  have  AX=  fi'x  —  /my,  AY=\y  —  \'x,  and,  Art.  126,  Ul  —  Xux  +  X'u2,  U2 a  fiut  +  fi'u2f 
and,  since  0  is  a  covariant,  we  have  «£  a  Ald).  Making  these  substitutions,  the  equa- 
tion in  z,  corresponding  to  the  transformed  equation,  is  got  by  ehminating  between 

z  (Xux  +  \'u2)  —  A*-1^  (Xy  —  X'x)  —  0,    z  {jiux  +  fi'u2)  +  Al-ld>  (jn'x  —  fiy)  =  0. 

Multiply  the  first  by  fi',  the  second  by  X',  and  subtract,  and  we  have  Azux  —  Alyd>  a  0. 

In  like  manner,  multiplying  the  first  by  fi,  the  second  by  X,  and  subtracting,  we  get 

Azu2  +  A^xcp  =  0.    In  other  words,  we  have  the  two  original  equations,  except  that  z 

z 
is  replaced  by  jrjrj .    Consequently,  the  equations  in  z  corresponding  to  the  original 

equation,  and  to  the  same  linearly  transformed,  only  differ  in  having  the  powers  of  z 
multiplied  by  different  powers  of  the  modulus  of  transformation  A,  and  therefore  the 
several  coefficients  of  the  powers  of  z  are  invariants. 
The  actual  form  of  the  equation  in  z  will  be 

zn  +  —  2""2+  —  zn~3  +  &c.  =  0. 

It  is  easy  to  see  that  the  discriminant  will  appear  in  the  denominator ;  and  the  co- 
efficient of  2n_1  will  vanish,  since,  if  d>  be  any  function  of  the  order  n  —  2,  the  sum  of 

the  results  of  substituting  all  the  roots  of  V  in  —  vanishes.    In  fact,  when  the  terms 

ux 

of  this  sum  are  brought  to  a  common  denominator,  the  numerator  is  the  sum  of  d>a 
multiplied  by  the  differences  of  all  the  roots  except  a,  and  this  is  a  function  of  the 
order  n  —  2  in  a,  which  vanishes  for  n  —  1  values  of  a,  a  —  /3,  a  a  y,  &c,  and  must 
therefore  be  identically  nothing. 

In  applying  this  method  to  the  quintic  (a?,  I)5,  Hermite  substitutes 
zUx  a  a«h  +  Pfo  +  yd>3  +  S<t>Af 

where  <f>lt  d>2,  <f>3,  <£4  are  four  covariant  cubics  of  the  orders  3,  5,  7,  9  respectively  in 
the  coefficients ;  <£x  is  the  canonizant  j  d>2  is  the  covariant  cubic  of  the  fifth  order, 
noticed  p.  191 ;  and  for  the  general  equation,  its  leading  term  or  source  (p.  117),  whence 
all  the  other  terms  can  be  derived,  is 

a?cef-  3a2d2/+  2a2e?e2  -  a62e/+  Uabcdf-  Uabce*  -  alcPe  -  9acsf+  Uac2de 

-  6acd?  -  Wdf+  96%2  +  662c2/-  16b*cde  +  8S2#  +  ZhcH  -  25c2tf2. 

On  inspecting  this,  we  see  that  it  vanishes  if  both  a  and  b  vanish ;  consequently,  if 
the  given  quintic  has  two  equal  roots,  their  common  value  satisfies  this  covariant. 
"We  can  form  a  covariant  cubic  of  the  seventh  order  from  <p2  in  the  same  way  that  <p2 
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was  formed  from  <pv  and  by  adding  <f>u  multiplied  by  J  and  a  numerical  coefficient, 
can  obtain  <£3,  such  that  its  source  vanishes  when  a  and  b  vanish ;  and,  in  like  manner, 
<j)i  can  be  made  to  possess  the  same  property.  When  this  substitution  is  made,  the 
coefficient  of  zz  is  a  quadratic  function  of  a,  /8,  y,  <5.  Hermite  finds  for  its  actual 
value  (a  result  which  may  be  verified  by  working  with  the  special  form,  p.  200) 

{Fa2  +  GKDay  -D(F  +  10  JK)  y2}  +  D  {K(P  +  2F(3S  -  (9KD  +  10AF)  52}, 

where  F=9(1QL  —  JK),  and  vanishes  when  the  quintic  has  two  distinct  pairs  of 
equal  roots.  By  breaking  up  into  factors  each  of  the  parts  into  which  this  coefficient 
has  been  divided,  the  two  linear  relations  between  a,  y ;  /3,  <5,  which  will  make  it 
to  vanish,  can  readily  be  obtained ;  as  also  by  another  process  which  I  shall  not  delay 
to  explain.  The  discussion  of  this  coefficient  is  also  the  basis  of  Hermite's  later 
investigations  as  to  the  criteria  for  reality  of  the  roots.  He  avails  himself  of  a 
principle  of  Jacobi's  (Crelle,  vol.  L.),  that  if  a,  /3,  y,  &c.  be  the  roots  of  a  given  equa- 
tion, and  if  the  quadratic  function 

(t  +  au+  a?v  +...  «•"%)*  +  (t  +  ftu  +  (Pv  +  &c.)2  +  &c, 

be  brought  by  real  substitution  to  a  sum  of  squares,  the  number  of  negative 
squares  will  be  equal  to  the  number  of  pairs  of  imaginary  roots  in  the  equation. 
Hermite  shows,  by  an  easy  extension  of  this  principle,  that  the  number  of 
pairs  of  imaginary  roots  of  the  quintic  is  found  by  ascertaining  the  number  of 
negative  squares,  when  the  coefficient  of  z3  just  written  is  resolved  into  a  sum  of 
squares.  And  since  the  same  process  is  applicable  to  every  equation  whose  degree 
is  above  the  fourth,  he  concludes  that  the  conditions  for  reality  of  roots  in  every 
equation  above  the  fourth  can  be  expressed  by  invariants. 


NOTE  ON  THE  ORDER  OF  SYSTEMS  OF  EQUATIONS.    (Page  212). 

Mr.  Cayley,  in  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  IV.,  p.  134, 
determined  the  order  of  a  matrix  with  k  rows  and  k  +  1  columns,  in  the  particular 
case  where  each  constituent  is  of  the  first  degree.  My  own  investigations  were  pub- 
lished, Quarterly  Journal,  vol.  I.,  p.  246,  and  in  the  Appendix  to  my  Geometry  of 
Three  Dimensions.  These  are,  as  far  as  I  know,  the  only  papers  published  on  the 
subject  of  this  Lesson.  Since  the  Lesson  was  printed,  Mr.  Samuel  Roberts  has  com- 
municated to  me  some  extensions  of  the  theory  there  developed.  His  method  is  to 
suppose  each  quantic  resolved  into  factors,  and  to  deal  with  the  combinations  of  the 
factors  into  which  the  quantics  have  been  broken  up.  The  method  is  directly  applicable 
to  binary  quantics  which  can  always  be  resolved  into  factors,  and  in  the  case  of  ternary 
and  higher  quantics,  it  would  seem  that  the  question  whether  or  not  they  can  be  so 
resolved  does  not  affect  the  problems  here  discussed,  and  that  the  orders  determined 
in  the  case  of  quantics  which  are  the  products  of  factors  must  be  generally  true.  Thus, 
to  determine  the  order  of  the  resultant  of  two  binary  quantics  of  the  degrees  m,  n ; 
if  the  order  of  the  terms  in  the  first  be  X,  X  +  a,  X  +  2a,  &c,  it  may  be  resolved 

into  the  product  of  m  factors  ax  +  by,  the  orders  of  a  and  b  being  — ,    -  +  o  re- 
spectively ;  similarly,  for  the  second  quantic ;  and  the  resultant  is  the  product  of  mn 

factors,  the  order  of  each  being  — I \-  a;  and  therefore  mn  times  this  number  will 

'  m     n 

be  the  order  of  the  resultant.    Now  he  argues  that  we  may  deal  in  the  same  manner 
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with  the  problem  in  Art.  254 ;  that  knowing,  by  Art.  249,  the  order  of  the  matrix 
a,  b  to  he  a2  +  (\  +  fi  +  v)  a  +  Xfi  +  fw  +  u\,  the  orders  of  the  rows  being 
a',  b' 
a",  b" 

supposed  to  be  X,  X  +  a;  fi,  fi  +  a;  v,  v  +  a ;  then  we  may  conclude  that  the  order 

of   the  system  of  conditions  for  the  simultaneous  existence  of  three  equations  of 

orders  I,  m,  n  is 

I  \l      m      nj      Im     mn      nl) 

And  in  like  manner,  that  the  order  of  conditions  for  the  co-existence  of  a  system  of 
h  +  1  binary  quantics  is  the  product  of  their  degrees  multiplied  by 

a*  +  Pia*-1  +  P2a*-2  +...  Pk, 

where  Pu  P^  &c.  are  the  sum,  sum  of  products  in  pairs,  &c.  of  the  numbers  7 ,  — ,  &c. 

And  so  more  generally,  the  order  of  the  conditions  for  the  co-existence  of  any  number 
of  quantics  in  any  number  of  variables  is  derived  from  the  order  determined  by 
Art.  249  for  the  co-existence  of  a  system  of  linear  equations.  He  finds  thus  that  the 
order  of  conditions  for  the  co-existence  of  k  +  s  —  1  homogeneous  quantics  in  s  variables, 
in  which  the  order  of  the  coefficients  of  xl,  xt^y,  xl~xz,  &c.  is  X,  X  +  a,  X  +  /3,  &c,  is 
the  product  of  their  degrees  multiplied  by 

Pk  +Pk-xP  +Pk-iQ  +  &c, 
where  pi  has  the  same  meaning  as  at  p.  229,  and  P,  Q,  &c.  are  the  sum,  sum  of  pro- 
ducts in  pairs,  &c.  of  the  numbers  - ,  — ,  &c.    Thus,  for  instance,  this  formula  applied 

to  the  case  of  ternary  quantics  gives  the  order  of  the  conditions  that  a  curve  should 
have  a  cusp.  We  determine  by  the  formula  the  order  for  the  co-existence  of 
Ult  U2,  U3,  UnUTi—  Z7122,  which  system  belongs  either  to  cusps  or  double  points  on 
the  line  z,  and  we  subtract  the  order  for  the  co-existence  of  Uv  Z72,  U3,  z  which 
belongs  to  the  latter.    His  result  is 

12  {n  -l)(n-  2)  X2  +  8n(n-  1)  (n  -  2)  (a  +  /3)  X  +  2n  {n  -\){n-  2)  (n  +  1)  a/3 

+  2n  (n  -  l)2  (n  -  2)  (a2  +  /32). 

The  problem  of  finding  the  order  of  conditions  that  two  binary  quantics  should  have 
two  common  roots  is  discussed  as  follows  :  Consider  first  the  simpler  system,  formed 
by  taking  two  factors  from  each  equation,  (ax  +  by)  (a'x  +  b'y),  (a"x  +  b"y)  (a'"x  +  b'"y) ; 
and  we  have  the  pair  of  conditions  (ab")  (a'b")  =  0,  (ab'")  (a'b"f)  =  0,  whose  order 
combined  is  4  (X  +  fi  +  a)2 ;  but  from  this  we  must  subtract  the  irrelevant  systems 
{ab")  (ab'") ;  (a'b")  (a'b'"),  which  reduces  the  order  to  2  (X  +  /x  +  a)2.  But  if  we  take 
two  factors  from  the  first  equation  and  one  from  the  second,  the  system  (ab")  =  0,  (a'b") = 0 
is  satisfied  by  a"  =  0,  b"  ~  0,  whose  order  is  fi  (jx  +  a).  Now  since  the  number  of 
ways  in  which  two  factors  of  the  first  equation  may  be  combined  with  two  of  the 
second  is  %l  (I  —  1)  x  %m  (m  —  1) ;  and  the  number  of  ways  in  which  one  of  the  second 
may  be  combined  with  two  of  the  first  is  $1  (I  —  1)  m ;  the  resulting  order  in  general  is 

By  the  same  process  of  reasoning  he  arrives  at  the  order  of  the  conditions  (Art.  274) 
that  three  ternary  quantics  should  have  two  points  common,  in  the  form 

{\lmn  (I  -\)(m-  1)  (n  -  1)  +  ^Umn  (m  -  1)  (n  -  1)}  j7  +  —  +  -  +  a  +  a'\ 


+***»»c'-i){¥ +£+^+(°+«'>(r+£)H 
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In  this  way  the  order  of  conditions  that  a  curve  should  have  two  double  points  is 

found  to  be 

£  („  _  1)  (n  _  2)2  (»  +  1)  {3X  +  n  (a  +  o')}2 

-i(n-l){n-2)  {15X2  +  lOn  (a  +  a')\  +  n(n  +  6)  aa!  +  2n  (2n  -  3)  (a2  +  a'2)}. 

Mr.  Koberts  investigates  other  problems  by  the  same  method ;  as,  for  instance,  the 
order  of  conditions  that  four  curves  may  have  two  points  common ;  or  that  a  surface 
may  have  a  bi-planar  double  point.  For  these  I  must  refer  to  his  paper  which  I  hope 
will  be  soon  published.  I  only  give  the  following  result :  The  order  of  conditions  that 
three  binary  quantics  should  have  two  roots  common  is 

ilmn(l-l)(m-l)(n-l)\^  +  ^+V±  +  a()+ *+"-)  +  *¥ 

i        s         '  '  '  {cm      mn      nl  \l      m      nj         J 

+  2Vn,n  („-!)(.  _,)£(* +  .)£  +  £  +  . J} 

+  **»(»- 1)£$  +  «)(£  +  .). 

With  regard  to  the  other  subject  discussed  in  this  Lesson,  I  find  (see  Faa  de  Bruno 
On  Elimination,  p.  94)  that  Bezout  gave  a  formula  for  the  degree  of  the  resultant  of 
two  equations  from  which  some  terms  are  wanting,  viz.  that  if  m,  n  be  the  degrees 
of  two  ternary  quantics,  and  if  the  highest  powers  of  the  variables  x  and  y,  which 
occur  in  the  quantics,  be  only  a,  /3 ;  a',  fi'  respectively ;  then  the  number  of  their 
common  values  is  reduced  from  mn  to  mn  —  (m  —  a)  (n  —  a')  —  (m  —  /3)  (n  —  /3').  And 
the  same  case  of  quantics  from  which  certain  terms  are  wanting  has  been  investigated 
by  Minding  (Crelle,  vol.  XX.)  But  I  noticed  these  references  too  late  to  be  able  to 
study  the  papers  in  question,  and  to  compare  them  with  the  theory  I  have  given  of 
the  cases  where  the  order  of  resultants  falls  below  the  ordinary  number.  The  theory 
of  elimination  cannot  be  said  to  be  perfect  until  rules  have  been  given  for  determining 
in  every  case  the  exact  order  of  the  resultant. 


BEZOTITIANTS.    (Page  90). 

It  has  been  shown  (Art.  81)  that  the  resultant  of  two  equations  of  the  nth  degree  is 
expressed  by  Bezout's  method  as  a  symmetrical  determinant.  This  may  be  considered 
(Art.  114)  as  the  discriminant  of  a  quadratic  function  which  Mr.  Sylvester  has  called 
the  Bezoutiant  of  the  system.  When  the  quantics  are  the  two  differentials  of  the 
same  quantic,  then  if  we  resolve  the  Bezoutiant  into  a  sum  of  squares  (Art.  162),  the 
number  of  negative  squares  in  this  sum  will  indicate  the  number  of  pairs  of  imaginary 
roots  in  the  quantic.  The  number  of  negative  squares  is  found  by  adding  (as  in 
Art.  44)  X  to  each  of  the  terms  in  the  leading  diagonal  of  the  matrix  of  the  Bezoutiant, 
and  then  determining  by  Des  Cartes'  rule  the  number  of  negative  roots  in  the  equation 
for  X.  The  result  of  this  method  is  to  substitute  for  the  leading  terms  in  Sturm's 
functions,  terms  which  are  symmetrical  with  respect  to  both  ends  of  the  quantic; 

that  is  to  say,  which  do  not  alter  when  for  x  we  substitute  -  (see  Mr.  Sylvester's 
Memoir,  Philosophical  Transactions,  1853,  p.  513). 
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In  the  preceding  pages,  the  equations  are  usually  written  with  binomial 
coefficients,  but  as  in  practice  it  is  often  necessary  to  apply  formulae  to 
equations  not  so  written,  we  give  for  convenience  some  of  the  principal 
results  of  elimination  as  applied  to  equations  written  without  binomial 
coefficients. 

(1)   The  resultant  of  the  two  quadratics 

(A,  B,  Cjx,  y)2,  (a,  b,  c\x,  y)2  is    {Ac  -  Ca)2  -  {Ab  -  Ba)  {Be  -  Cb), 
or  a2C2  -  abBC^ac  (JF  -  2 AC)  +  b2AC-  bcAB  +  c2A2. 

2.  The  resultant  of  the  quadratic  {A,  B,  C\x,  y)2  and  the  cubic 
{a,  b,  c,  d\x,  yf,  is 

a2C3  -  abBC2  +  acC {B2  -  2AC)  -  ad{B3  -  SABC) 

+  b2AC2  -  bcABC\  bdA  {B2  -  2AC)  +  c2A2C-  cdBA2  +  d2A\ 

3.  The  resultant  of  quadratic  and  quartic  is 

a2C4  -  abBC3  +  acC2  (B2  -2AC)-  adC(B3  -  SABC) 

+  ae  (B*  -  4B2AC  +  2A2C2)  +  b"AC3  -  be  ABC2  4  bdAC  (B>  -  2AC) 

-  beA  {B3  -  SABC)  +  e2A2C2  -  cdA2BC  +  ceA2  {B2  -  2A  C) 
+  diA3C-deA3B  +  e2Ai. 

4.  The  resultant  of  quadratic  and  quintic  is 

a2C*  -  abBC*  +  acC3  (B2  -2AC)-  adC2  {B3  -  SABC) 

+  aeC{Bi  -  4AB2C+  2A2C2)  -  qf(B5  -  5B3AC  +  5A2BC2) 

+  b2AC*  -  be  ABC3  +  bdAC2  (B*  -2AC)-  beAC(B3  -  SABC) 

+  b/A  {Bl  -  4AB2C  +  2A2C2)  +  c2A2C3  -  cdA2BC2  +  ceA2C  (B2  -  2AC) 

-  cfA2  (B3  -  SABC)  +  d2A3C2  -  deA3BC  +  dfA3  {B2  -  2AC) 
+  e9AiC-efBAi+f2A\ 

5.  Discriminant  of  cubic  is 

21 A2D'  +  4AC3  +  4BB3  -  B2C2  -  18ABCD. 

6.  Resultant  of  two  cubics  {A,  B,  C,  B%x,  y)3,  (a,  b,  c,  d\x,  y)3. 

The  value  expressed  in  terms  of  the  determinants  of  the  form  Ab  -  Ba, 
is  given  in  p.  63  and  p.  165.     Expanded  it  is 
a3ir  -  a2bCD2  +  a2cD  (C2  -  2BD)  -  a2d  (C3  -  SBCB  +  SAD2) 
+  ab2BB2  -  abcB  {BC  -  SAB)  +  aid  {BC2  -  2B2B  -  A  CB) 
+  ac2B  {B2  -2AC)\  acd{2AC*  +ABB-B2C)  +  ad2 {B3  -  SABC \SA2B) 

-  b3AB2  f  b2cACB  -  b2dA  (C«  -  2BB)  -  bc2ABB  +  bedA  {BC-  SAB) 

-  bd2A  {B2  -2AC)  +  c3A2B  -  c2dA2C+  cd2A2B  -  d3A\ 

The  other  invariants  of  a  system  of  two  cubics  are  given  (p.  165). 
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7.  The  resultant  of  cubic 

(A,  B,  C,  D\x,  y)3  and  quartic  (a,  b,  c,  d,  e$xt  y*),  is 
a*D*  -  a9bCD3  4  a2cD2  (C2  -  2BD)  -  a2dD  (C3  -  SB  CD  +  SAD2) 
4  a2e  (C4  -  4BC2D  4  2Z?2D8  4  4^4 CD2)  +  a&2.BZ>3  -  aJcD2  (5C-  3^D) 
4  a&JJ)  (-BC2  -  2B2D  -  A  CD)  -  abe  (BC3  -  SB2  CD  -  AC2D  +  5ABD2) 
4  ac*D*  (B2-2AC)  +  acdD  (2A C2  4  A BD  -  B2C) 
4  ace  (B2C*  -2AC3  -  2DB3  4  4ABCD  -  SA2D2) 
4  a^Z)  (^3  -  SABC*  SA2D)  -  ade  (B3C-SABC2  -  AB3D  +  5A*CD) 
4  ae2  (£4  -  4^LB2<?4  2^2C2  +  4A2BD)  -  b3AD3  4  b2cACD2 

-  b8dAD  (C2  -  2BD)  4  6*c^  (C3  -  SBCD  +  SAD2)  -  bc2ABD2 

4  bcdAD  (BC-  SAD)  +  bceA  (2B2D  4  ^OD  -  BC2)  -  bd2AD  (B2  -  2AC) 
+  fctfe^  (£2C-  2^4  C2  -  ^JBD)  -  6c8^  (J?3  -  SABC\  SA2D) 
4  c3A2D2  -  c2dA2CD  4  c2e^2  (C2  -  2.SD)  4  cd2A2BD  -  cdeA2  (BC-  SAD) 
4  ce2^8  (£2  -  2^C)  -  dl4\D  4  d2eA3C  -  de2A3B  4  e3^4. 

8.  The   discriminant  of  a  quartic  written   with  binomial  coefficients, 
expanded  is 

«V  -  12a2bde2  -  18a  W  +  54a*cd*e  -  27«8d4  +  54ablce2  -  6ab2d2e  -  180abc*de 

4  108abcd3  4  81ac4e  -  54ac3d2  -  276V  4  108&We  -  64&3a*3  -  546Ve  4  3662c2^. 

9.  The  discriminant  of  a  quartic  written  without  binomial  coefficients,  is 

4  (12ae  -  Sbd  4  c8)3  -  (72«ce  4  9bcd  -  27ad8  -  21eb*  -  2c3)2, 
or  expanding  and  dividing  by  27, 
256aV  -  192a2bde2  -  128a2cV  4  U4ascd2e  -  27a2d4  4  144a6sce  -  Qab2d^e 

-  S0alc2de  4  18aicd3  4  16«c4e  -  4ac3d2  -  276V  4  lHb3cde 

-  4b5d?  -  4b2c3e  4  6W. 

10.  The  resultant  of  the  two  quartics 

(A,  Bt  C,  D,  E\x,  y)\  (a,  b,  c,  d,  e\x,  y)4, 
expanded  is  (see  also  p.  180), 

aW  -  a3bDE3  4  a3cE2(D2  -  2CE)  -  a3dE  (If  -  SCDE  4  SBE2) 
4  a3e  (D%  -  4CD2E  4  2C2^8  4  4BDE2  -  4AE3)  4  a2b2CE3 

-  a2bcE2  ( CD  -  SBE)  4  a2bdE  ( CD2  -  2  C2E  -  BDE  4  4^4^2) 

-  a2be  (CD3  -  SC2DE  -  BD2E  4  bBCE2  4  ADE2)  4  a*c2E2  (C2  -  2BD) 

-  a2cdE(C2D  -  2BD2  -  BCE  4  5 ADE) 

4  a2ce  (C2D2  -  2BD3  -  2C3E  4  4BCDE  4  2^D8^  -  3jB8^8  4  2ACE*) 
4  a*d2E  (C3  -  SBCD  4  3^D8  4  3^2^  -  SACE) 

-  a2de  (C3D  -  SBCD2  4  SAD"  -  BC*E  4  5B2DE  -  2ACDE-5ABE2) 
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+  aV  ( C4- 4BC2B  +  2B2B*  +  4A  CD8  +  4i?* C# -  2A  C2E-  9  ABBE f  4^2^') 

-  a63J5^3  4  ai2c.E2  (BB  -  4AE)  -  ab2dE  (BB2  -2BCE-  ABB) 

+  «6?e  (BB3 -  3BCBE -  ^iDlE  +  3J52^2  +  2 ACE2)  -  abc2E2  {BC -  3AB) 
+  abcdE  (BCB  -  3AB2  -  3B2E  +  4  ACE) 

-  abce  (BCB2  -  3AB3  -  2BC2E  -  BlBE  +  8ACBE  -  2ABE2) 

-  abd2E  {BC2  -  2BlB  -  ACB  +  5ABE) 

+  aide  (BC2B  -  2B2B2  -ACB2-  B2CE  +  10  ABBE  -  8A2E2) 

-  abe2  (BC3  -  3B2CB  -  AC2B  +  oABB1  +  3B3E  -  2ABCE  -  5A2BE) 
+  ac3E2  (B2  -2AC)-  ac2dE  (B2B  -2ACB-  ABE) 

+  ac2e  (B'B2  -  2A  CB2  -  2B1CE  +  4 A  C2E  -  ±A2E2) 
+  acd2E(B2C-  2AC2  -  ABB  +  4A2E) 

-  acde  (B*CB  -  2AC2B  -  ABB2  -  3B3E  +  8ABCE -  2A2BE) 

+  ace2  (B2C2-  2A  C3  -  2B3B  +  4ABCB  -  3A2B2  +  2AB2E  +  2A2CE) 
-ad3E(B3-3ABC+3A2B)iad2e(B3B-3ABCB  +  3A2B2-AB2E+2A2CE) 

-  ade*  (B3C  -  3ABC2  -  AB2B  +  5A*CB  +  A2BE) 

+  ae3  (B*  -  4AB2C  +  2A'C2  +  4A2BB  -  4A3E  )  +  b'AE3  -  b3cABE2 

+  b3dAE  (B2  -  2CE)  -  b3eA  (B3  -  3CBE  +  3BE2) 

+  b2c2ACE2  -  b2cdAE(CB  -  3BE)  +  b2ceA  {CB2  -2C2E  -  BBE  +  4AE2) 

4  b2d2AE  (C2  -  2BB  +  2AE)  -  tfdeA  {C2B  -  2BB2  -  BCE  +  5ABE) 

+  bVA  (C3-3BCB  +  3AB3  +  3B2E  -  3 ACE) 

-  be3 ABE2  +  hc'dAE  (BB  -  4AE)  -  bc2eA  (BB2  -2BCE-  ABE) 

-  bcd2AE (BC-  3AB)  +  bcdeA  (BCB  -  3AB*  -  3B2E  +  4 A CE) 

-  hce%A  (BC2  -  2B2B  -  ACB  +  5ABE)  +  bd3AE  (B2  -  2AC) 

-  bd2eA  (B2B  -2  ACB-  ABE)  +  bde2A  (B2C-  2AC%  -  ABB  +  ±A2E) 

-  be3 A  (B3  -  3 ABC  ■*  3A2B)  4  c*A2E2  -  c3dA2BE  -t  c3eA2  (B2  -  2 CE) 
+  c2d2A2CE  -  c2deA2  (CB  -  3BE)  +  c2e2A2  (C2  -  2BB) 

-  cd3A2BE  +  cd2eA2  (BB-4AE)-  cde2A2  (BC -  3AB)\  ce3A2 (B% -2AC) 
+  d*A3E  -  d3eA3B  +  d2e2A3C-  desAsB  +  e'A\ 

I  add  the  following  very  useful  tables  of  symmetric  functions  as  calcu- 
lated by  Meyer  Hirsch  and  verified  by  Mr.  Cayley.  The  equation  is 
supposed  to  be  xn  +  bxn~l  +  cxn~*  +  &c.  =  0. 

I.  So        =  -  b. 

II.  So8         =68-2c;      Sa/3  =  C. 

III.  So3        =-b3  +  3bc-3d;    Sa8^  =  -5c+3t/;    SaiSr  =  -  d. 

IV.  So4       =bi-4b2c  +  2c2  +  4bd-4e;    Sa3/8  =  b2c  -  2c2  -  bd  +  4*. 
So8/38    =c2-2bd  +  2e;    So8^y  =  6rf_4e;    2apy$  =  e. 
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V.  Sa5       =  -  65  +  563c  -  56c8  -  bbsd  +  bed  +  bbe  -  bf. 
2a4/3     =  -  b3c  +  36c8  +  62d  -  5crf  -  be  +  5/. 

2a3/38    =  -  6c8  +  268d  +  erf  -  56c  +  5/. 
2a3/3y  =  -  68d  +  2crf  +  6c  -  5/. 
2a8/38y  »  -  cd  +  3be  -  5/. 
2a*/3y<5  =  -  be  +  5/;   2a0y<5*  =  -/. 

VI.  2a6  =  ba  -  664c  4-  96V-  2c3  +  6b3d-  1 2  6ctf  +  3d8  -  668c  +  Gee  f  66/-  6^. 
2a5/3  =  64c  -  46V  +  2c3  -  63d  +  76c d  -  3d2  f  68c  -  6ce  -  6/  +  6g. 
2a4/38  =  6V  -  2c3  -  263d  +  46cd  -  3d9  +  268c  +  2ce  -  66/  +  6^. 
2a3/?3  =  c3  -  36cd  +  3d2  +  368e  -  Zee  -  36/  +  3g. 

2a4/3y     =  b3d  -  3bcd  +  3d8  -  68e  4-  2ce  +  6/  -  6#. 
2a3/38y    =  bed  -  3d"  -  368c  +  4ce  +  76/  -  12g. 
2a8/38y8   =  d8  -  2ce  +  26/-  2g. 
2a3/?y«5    =  68c  -  2ce  -  bf  4-  6g. 
2a8/38y5  =  ce  -  46/+  9g. 

2a8/?y<5e  =6/-  6#r. 
2a/3y<$££  =  ff- 

VII.  2a7  =  -  67  +  765c  -  146V  +  76c3  -  764d  +  216W  -  7c8d  -  Ibd* 

+  763c  -  146ce  +  Ide  -  76/+  7c/  +  76^  -  Ih. 
2a6/3         =  -  65c  +  563c8  -  56c3  4-  b*d  -  9b2cd  +  7c8rf  +  46d8  -  63e  +  86cc 

-7Jc  +  68/-7c/-6/7  +  7A. 
2a5/32        m  -  6V  +  36c3  +  264d  -  662ctf  -  3c8rf  +  76^  -  263e  4-  46cc 

-  Ide  +  262/  +  3c/-  76^r  +  7A. 

2a4/33        =  -  6c3  +  36W  +  c*d  -  bbd*  -  363e  +  26cc  +  5de  4-  Wf  -  lef 

-  Ibg  +  Ih. 

2a5/3y  =  -  b*di  468cd  -  2c8^-46^+  63c -  36cc  +  Ide  -  68/+  2c/+ bg- Ih. 

Sa4/8"y  w  -  68cd  +  2c8d  +  6d8+  363c  -  86ce  +  2de  -  368/+  4c/+  8bg  -  Uh. 

2a3/33y  =  -  c%d  +  26tf8  f  6ce  -  bde  -  46"/  +  7c/  +  \bg  -  Ih. 

2a3/38y2  =  -  6d8  +  26ce  +  de  -  26/-  3c/ +  76^  -  Ih. 

2a*pyd  =  -  63e  4-  Zbce  -  3de  +  b*f-  2c/  -  bg  +  Ih. 

2«3/38y<5  =  -  bee  +  Sde  +  468/  -  6c/  -  9bg  +  21  A. 

2a8/38y8*  =  -  de  +  3c/  -  bbg  +  Ih. 

2a3/3y^  =-b*f+2cf+bg-  Ih. 

2a8/3V£  -  -£flf  +  5^  -  14A. 
Ja^ya.^  p.  -  6^r  +  7A, 

2a/3y5«$t?  s  -  h. 
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VIII.   2a8  =  68  -  866c  +  206V  -  166V  +  2c4  +  &bbd  -  S2b3cd  +  246cV 

+  126V2  -  8cd*  -  864e  +  2462ce  -  8c*e  -  16bde  +  4c2  +  863/ 

-  166c/ +  8<*/-  86V  +  8<#  +  8bh  ~  8*« 

2«*/3  =  b6c  -  66V  +  96V  -  2c4  -  b5d  +  116W  -  llbc'd  -  56V8 

+  8c<F  4  64e  -  1062ce  +  8c2e  +  9bde  -  4e2  -  63/ +  96c/ 

-  8df  +  b*g-  8cg  -  bh  +  8*. 

2afi/3*  =  6V  -  462c3  +  2c4  -  26V  +  863cd  -  96V2  +  2cdt  +  264e 

-  662ce  -  4c2c  -f  \§bde  -  4c2  -  26/+  46c/-  8d/+  Wg 
+  teg  -  8bh  +  8*. 

Sa^  =  6V  -  2c4  -  36W  +  66cV  +  36V2  -  led2  +  364c  -  962cc  +  8c2e 

+  bde  -  4e2  -  363/  +  6c/ +  Idf  +  86V  -  8cg  -  86A  +  8t. 
2«4/34  =  c4  -  46cV  +  26V2  +  4cd2  +  462ce  -  4c2e  -  8bde  +  6e2  -  46s/ 

4  86c/  -  idf  +  46^  -  4  c$r  -  46/*  +  4*. 
2«6/3y         =  bbd  -  bWcd  |  56cV  +  56V  -  5cd2  -  64e  +  462cc  -  2c2c  -  9bde 

+  4c2  +  63/-  36c/ +  8df~  b2g  +  2cg  +  bh  -  8* 
2a5/3V        =  Fed  -  36cV  -  b2d2  +  bed2  -  364c  +  1 162ce  -  4c2c  -  106de 

+  8e2  -f  36/-  86c/ +  df-  Wg  +  4cg  +  96/*  -  16*. 
Sa4/Q37        =  6cV  -  26  V2  -  cd*  -  b2ce  +  106de  -  8e2  +  463/-  106c/ 

\df-  96V  +  16c^  +  96/*  -  16*. 
2«4/32y2       =  6V2  -  2cd2  -  262ce  +  4c2e  -  4e2  +  26/  -  46c/  f  8df 

-  26V  -  *cff  *  8bh  ~  8*« 

S«  W       =  cd*  -  2c2e  -  bde  +  4e2  +  56c/-  Idf-  bb2g  +  2c^  +  86/*  -  8f. 
Za*(i7S       =  6+e  -  462cc  +  2c2c  +  4bde  -  4e2  -b*f+  36c/-  ddf+  b2g 

-  2cg  -  bh  f  8*. 

2«4/3V      =  Vce  -  2c2e  -  bde  +  4e2  -  46/  +  1 16c/-  9df+  Wg  -  Qcg 

-  \i)bh  -f  24/. 

2«3/3375  =  c2e  -  2bde  +  2«2  -  6c/  +Mf+  ob*g  -  9cg  -  bbh  +  1 2i. 

S  <3/3y<5  =  bde  -  4e2  -  36r/+  6df+  ob'g  -  11  bh  +  24t. 

Xp*PyW  =e*-2df+  2cg  -  2bh  +  2». 

2«4/Me  =  6"/-  36c/ +  3df-  6V  +  2c^  +  bh  -  Si. 

^a^yBe  =  bef-  '3df-  ob'g  i  8cg  +  116/*  -  32/. 

S^y«5e  =df-4cg  +  9bh-  16*. 

2«3^7^S  =  Vg  -  2cg  -  bh  \  8*. 

2<£#yt*l  =cg~  Gbh  \  20*. 

2a2/3yc^rj  =  6/i  -  8*. 
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IX.    2a9  =  -  6°  +  96'c  -  27 6 V  4  30 5V  -  95c4  -  9W  +  A5Ucd  -  546W 

4  9c3d  -  186V  +  276c<f*  -  3d3  4  95*6  -  3663cc  4  27W« 
+  276Wc  -  18cde  -  96c2  -  964/4  2Wcf-  9c* f-  lSbdf 
4  9ef  4  95V  "  18%  +  $#9  ~  Wk  4  9ch  4  96*  -  9/. 
S«8/3  =  -  67c  4  75V  -  145V  +  75c4  +  b6d  -  136**2  +  305 W 

-  9c3d  4  65  V  -  195c^  +  3d?-  65c  +  1263cc  -  196c2c 

-  llb*de  +  18ccfe  +  55e2  +  54/-  1162c/4  9c2/ +  106cZ/ 

-  9c/-  b3g  4  106c^  -  9dg  4  62A  -  9cA  -  bi  +  9/. 
2a?/8»           -  -  6  V  +  55V  -  55c4  4  26<tf  -  10b4cd  4  55  W  4  bc?d 

4  115V  -  136ctf2  +■  3d?  -  255e  4  853ce  4  5c2c  -  206Ve 
4  4cde  +  95e2  4  264/-  652c/-  5c2/  +  186tf/-  9c/ 

-  25V  +  4bcg  -  9dg  4  262A  +  5cA  -  95*'  4  9j. 

2«6/33  =  -  5V  4  35c4  4  364cd  -  96W  -  3c3rf  -  35V  +  lSbcd*  -  6d? 

-  355e  4  126Mcc  -  96c2c  -  952c?e  f  95e2  +  35/-  952c/ 
+  9c2/-  9c/-  36V  4  9dg  4  962A  -  9cA  -  96*  +  9j. 

2a5/34  =  -  5c4  4  4&W  4  cad  -  25V  -  IbccP  4  3d"  -  453ce  +  35c8e 

4  1362dc  -  2cde  -  115c2  +  45/-  752c/-  c2/-  26^/ 
+  lie/-  95V  +  18%  "  <%  +  Wh  -  9ch  -  9bi  +  9/. 

ajaVy  =  -  b6d  4  66W  -  96  W  4  2c3^  -  65V  4-  12hcd*  -  3d*  4  55e 

-  553cc  +  55c2e  +  1162dc  -  1  lcdc  -  55c2  -  5/4-  452c/ 

-  2c2/-  10bdf+  9e/4  b3g  -  3bcg  4  9dg  -  Vh  4  2cA 
4  bi  -  9j. 

2a6/32y         =  -  b*cd  +  46W  -  2c3d  4  5V  -  75cd2  4  3d?  4  355c  -  1453cc 
+  125c2c  4  lfflde  -  4cde  -  145e2  -  35/ +  1 152c/-  4c2/ 

-  105cZ/+  18c/ 4  35^  "  8%  "  Wh  +  4ch  +  10&*  -  18/- 
5a5/33r         =  -  bVd  4-  2cV  4  26V  -  IbceP  4  3ds  4  53cc  _  25c2c  -  55Vc 

4  2cde  4  66e2  -  45/ 4  1552c/-  8c2/-  bbdf-  2c/ 
+  45V  -  10%  -  1052A  +  18cA  +  106*  -  18/ 
2a4/3V         =  -  c'Ad  4  3bcd?  -  3d3  +  6c2c  -  bVde  +  2cde  +  56e*  -  62c/ 
4  c2/+  6bdf-  Uef+  56V  -  14bc9  +  *%  "  6&2;* 
+  9c£  +  55*  -  9J. 

2«6/3V        =  -  6V  +  36crf2  -  3d?  +  263ce  -  65c2c  4  6c^c  +  6e2  -  26/4  662r/ 

-  8bdf-  ef\  26V  "  4%  +  9<ty  "  2^*  -  56A  4  96/  -  9/. 
2«4/3V        ■  -  bed?  4  3^3  4  26c2e  4  6We  -  8cc?e  4  26c*  -  562c/+  6c/ 

4  26^-  2c/4  56V  "  4%  -  1 16*A  4-  4cA  4  186*  -  18/. 
SaW        =  ~  &  +  Scrfe  -  36c2  -  3c2/ 4  3bdf+  3ef+  3bcg  -  Gdg 

-  367*  4  3c7*  4  36*  -  3J. 

2a6/37a        =  -  65e  +  563cc  -  56c2e  -  562cfe  +  5crfc  4  56c2  4  Vf-  462c/*4  2c2/ 
4  4bdf-  9c/-  6V  4  3bcg  -  3dg  4  67*  -  2cA  -  6*  I  9j. 
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2a5/3  V       =  -  53ce  +  36c8e  +  b2de  -  bcde  -  6e8  +  464/- 1 568c/+  6c!f+ 15&rf/ 

-  7c/  -  Wg  +  11%  -  9<fy  +  462A  -  6cA  -  116*  +  27/. 
2«4/3V       m  -  bc2e  +  26We  +  cde  -  56e8  +  b9cf  -  5bdf  +  13c/-  5b3g 

+  13%  -  9^  +  115'A  -  20cA  -  115*  +  27;*. 
2a W*      =  -  68de  +  2cde  +  6c2  +  362c/-  6«2/-  ^W  +  3«/-  5% 

+  12%  -  9dg  +  5b2h  +  ch  -  196*  +  27;*. 
2a»/3V*      =  -  cJe  +  36c8  +  3c2/-  46f//-  7c/-  7%  +  18dg  +  1262A 

-13cA-  196*  +  27;. 
2«W<32     =  -  6e2  +  26Jf  +  c/-  25cy  -  &&  +  262A  +  5ch  -  95*  +  9/. 
ZaW*      =  -  64/  +  462c/  -  2c2/  -  46^  +  4c/  +  6^  -  36c^  +  Mg  -  Vh 

+  2ch  +  6*  -  9;'. 
2a4/3V£      =  -  62c/  +  2c2/  +  bdf  -  4e/  +  5b3g  -  1 46c#  +  12dg  -  5b2h 

+  8ch+  126* -36/. 
2a3/*V£      =  -  c2f  +  26tff-  2c/ +  5c#  -  3^  -  662A  +  llcA  +  66*  -  18/. 
2a3/3V5e     =  -  6<*/  +  4c/+  45c^  -  9<ty  -  9b2h  +  5ch  +  306*  -  54/. 
2a«/8V^8    =  -e/+3^-5cA  +  76*-9/. 
2a*/3y<H     =  -b3g  +  36c#  -  3^  +  62A  -  2cft  -  6*  +  9/. 
2a3/32r5^    =  -  6cgr  +  Zdg  +  662A  -  10c£  -  136*  +  45/. 
2a8/38y8<$££   =  -  dg  +  5ch  -  146*  +  30/. 
2a3/3y5£^    =  -  68A  +  2cA  +  6*  -  9/. 
2o2/3?y5£^rj  =  -  ch  +  76*  -  27/. 
2a2/3yaf£tje  -  -  &*  +  9/. 

X.    2aw  =  610  -  1068c  +  3566c2  -  506'c3  +  2562c4  -  2c5  +  106W  -  6065cJ 

+  1006  W  -  406c3rf  +  25bid2-  606W2  +  15c8d8  +  106d3 

-  1068e  +  5064cc  -  6062c2e  +  10c3e  -  406Ve  f  606ctfe 

-  10d2e  +  156V  -  lO^e8  +  1065/-  4063c/+  306c2/ 
+  Z0b*df-  20cdf-  20bef  +  5/2  -  106ty  +  3058c# 

-  10cV  -  206^  +  lOc^r  +  1063A  -  206cA  +  lOdh  -  105V 
+  10c*  +  106/-  10£. 

2«»/3  =  68c  -  866c2  +  2064c3  -  1652c4  +  2c5  -  Vd  +  1565cd  -  466  W 

+  316c3d  -  76W2  +  3368cd8  -  15c8d2  -  76d3  +  66e 

-  1464ce  +  3368c8e  -  10c3c  +  136Ve  -  Qlbcde  +  10d2e 

-  66V  +  10ce2  -  65/  +  1363c/-  216c8/-  1258^+  20cdf 
+  116e/-  5/8  +  b*g  -  1262c^  +  lOc8^  +  116^  -  10c# 

-  63A  +  116cA  -  lOdh  +  52*  -  10c*  -  bj  +  10^. 

l 

PP 
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2aY  =  6V  -  66V  +  96V  -  2c5  -  26V  *  \2Vcd  -  126W  -  86cV 

-  136V2  -+  286W  +  c2d2  -  lO&cZ3  +  266e  -  1064ce 
+  46Vc  +  6c3*  +  2ib3de  -  2Sbcde  +  10<fc  -  116V 

+  2ce2  -  2b5/  +  863c/  +  26c8/-  226Vf  +  4cd/'  +  206c/ 

-  5/2  +26 V  -  66^  -  6cty  +  206^  -  10^  -  263A 
+  46cA  -  lOtfA  +  26V  +  6a  -  lObj  +  10k. 

2a'/P  =  6V  -  46V  +  2c5  -  Wed  +  126W  -  26cV  +  36V2  -  2462cd* 

+  6c2<f  +  116d3  +  366c  -  1564cc  +  186V*  -  lOc3*  +  126Ve 
+  36c de  -  lld?e  -  \bb2e2  +  10ce2  -  365/+  1263c/-  ^c2f 

-  Wdf-  cdf\  206c/-  5/2  +  3&V  -  962c$r  +  lOc'g  -  bdg 

-  lOeg  -  Zb3h  -  6cA  +  Udh  +  106V  -  10c»  -  106;'  +  10k. 
2a6/3*           =  62c4  -  2c5  -  463cV  +  86cV  +  26V8  -  9cV8  +  26d3  +  464cc 

-  1262c2c  +  10c3c  -  86Ve  +  \2bcde  -  2d2e  +  96V  -  14cc* 

-  465/+  1663c/-  186c2/-  6Vdf  +  20cdf-  4bef-  5/2 
+  46V  "  Q!>*cg  -  2cV  -  *bdg  +  14c^  -  1063A  +  206cA 

-  lOdh  +  106V  -  10a  -  106;*  +  10&. 

2a*/3>  =  c8  -  5bc3d  +  568cd8  +  bc2<P  -  bbd?  +  56Vc  -  5c3c  -  56Vc 

-  56cde  +  5d2e  +  56V  +  bee2  -  563c/+  106c2/ +  106V/ 

-  lbcdf-  156e/  +  10/2  +  56V  -  l?>b2cg  +  5cV  +  l0hd9 

-  beg  -  bb3h  +  106cA  -  bdh  +  bbH  -  bci  -  bbj  +  bk. 
2a8/3y           =  Vd  -  Wed  +  1463cV  -  1bc3d  4-  764^  -  2162cd2  +  7cV* 

+  W  -  66e  +  664cc  -  96Vc  +  2c3e  -  136Vc  +  2Qbcde 

-  lOtfe  +  66V  -  6cc2  +  65/-  563c/+  56c2/ +  12b2df 

-  \2cdf-  116c/+  5/2  -  6V  +  46fy  -  2cV  -  llbdg  +  lOeg 
+  b3h  -  Sbch  +  10dh-  b2i  +  2ci  +  bj  -  10k. 

2a'/3V         «  65cd  -  563cV  +  56cV  -  5V2  +  962c^2  -  1c2d2  -  4bd?  -  3b6e 
+  1764ce  -  236Ve  +  4c3*  -  166Ve  +  2\bcde  +  d*e  +  176V 

-  12ce2  +  365/-  1463c/+  126c2/+  136W/-  3cdf-  316c/ 
+  10/2  -  36V  +  llh%c9  ~  4cV  "  10bdff  +  20eff  +  %h*h 

-  86cA  -  dh  -  362«  +  4ci  +  115/-  20&. 

Sa°/33y  =  6Vrf  -  36c3d  -  264^  +  662c(f  +  3c2^  -  76<f  -  64cc  +  36Ve 
+  bb3de  -  156ctfe  +  13cfc  -  36V  +  4ce2  +  465/  -  1963c/ 
+  186c2/+  1562^/-  19cdf-  76c/ +  10/2  -  46V  +  i«^Ef 

-  8cV  -  *bdg  -  4eg  +  46HA  -  106cA  -  dh  -  116V  +  20ct 
+  116/-20&. 

2a5/34r         =  6c3^  -  362c<f  -  c2d*  +  56^  -  6Vc  +  563^c  -  8^c  -  86V 
+  4cc2  +  63c/-  6c2/-  1262J/+  10ctf/+  236c/-  15/» 

-  56V  +  ^h%c9  -  8^V  ~  *Mb  -  **9  +  H&SA  -  316cA 
+  2§dh  -  WbH  +  20ci  +  116;*  -  20&. 
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2a6/3V         =  b4d*  -  4b2cd2  +  2c*d2  +  4bd3  -  264ce  +  86Vc  -  4c3e  -  Sbcde 

-  4d2e  -  6V  +  lOce8  +  265/-  863c/  +  4^8/  +  10b*df 

-  4c</-  86e/ +  5/**  -  26V  +  6&2<#  -  $bdg  ~  2e9  +  2^ 

-  46cA  +  lOdh  -  262*  -  6a  +  106;'  -  10k. 

2«5^V        =  Vcd2  -  2c2d?  -  bd3  -  26Ve  +  4c3c  -  b3de  +  bbede  +  <f  c  +  6V 

-  12ce8  +  563c/-  136c/-  4b2df+  11cdf  +  lObef-  15/* 

-  5b*g  +  1562c#  -  4cV  -  196d^  +  20^  *  563A  -  36cA 

-  dh  -  12b2i  4  4a  +  206/  -  20&. 

2a«/sy        =  c2d*  -  2bd?  -  2c3e  +  Abode  +  2d2e  -  36V  +  2ce8  +  26c/ 
+  2b2df+  12edf+  4bef+  5f2  -  6b2cg  +  10c2ff  +  46^ 

-  Ueg  f  663A  -  126cA  +  lOdh  -  6bS+2ci  +  106/  -  10&. 
S-'W         .  6d3  _  36ctfe  -  d2e  +  36V  +  2ce8  +  36c8/-  362</  +  cdf-  Uef 

+  5/8  -  362c#  -  4c2g  +  IZbdg  -  2eg  +  363A  +  bch  -  lldh 

-  lObH  +  10a  +  106;*  -  10&. 

S  t7/9y5         =  66e  -  664ce  +  96Vc  -  2c3e  +  663de  -  \2bede  +  3d2e  -  66V 
+  6ce8  -  65/+  56V-  5hc2f-  56V/ +  5c</f  +  116e/-  5/8 
+  6V  -  462c^  +  2c2g  +  46^  -  lOeg  -  b3h  +  36cA  -  3<ta 
+  68i-  2ci-bj  +  10&. 

2V/3V        =  64ce  -  46Ve  +  2c3c  -  b*de  +  Ibcde  -  3d2e  +  6V  -  6ce8  -  46/ 
+  1963c/-  176c2/-  19b2df+  ldcdf '  +  186c/-  15/8  +  4b*g 

-  IbVcg  +  6c2g  +  156d^  -  6e#  -  463A  +  116cA  -  9dh 
+  468*-  6ci-  126/+30&. 

2«5/3V        =  62c2e  -  2c3e  -  26Ve  +  46crfe  -  3d*e  +  26V  +  2ce8  -  63c/ 
+  26c2/  +  36V/-  4cdf-  12bef+  10/2  +  56V  "  1962c^ 
+  10cV  +  156^  -  6eg  -  5b3h  +  136cA  -  9dh  +  1262» 
-22ci-  126/+30&. 

Sa4j8*yd        =  c3e  -  3bcde  +  3^2e  +  36  V  -  3ce2  -  6c/ +  2b2df+  cdf-  86c/ 
+  5/2  +  68C0r  -  c2g  -  36c?^  +  9c^  -  663A  +  176cA  -  15^ 
+  662e-  lice -66/+  15&. 

Sa5/38y2a       =  b3de  -  36cde  +  dtfe  -  6V  +  2ce8  -  363c/+  96c/ +  262^ 

-  IScdf-  bef+  10/8  +  56V  -  1762c^  +  4c2g  4-  18bdg 
-18eg-  5b3h  +  126cA  -  9dh  +  562«  +  2c*  -  216/  +  30&. 

2a4/33785       =  6c^c  -  3(fe  -  36V  +  4ce8  -  36c/ +  46V/1  +  bedf  -  5/ 8 

+  762c^  -  8cV  -  156^  +  12c^r  -  1263A  +  216cA  +  3dh 

4  266V  -  28a  -  426;  +  60&. 
2«3/8V^       =  d?e  -  2ce2  -edf+  bbef-  5f2  +  4c2g  -  Ibdg  +  2c^  -  46cA 

+  lldh  +  768*  -  10c*  -  76/  +  10*. 
2a4/58y258      =  6V  -  2ce8  -  26V/+  4cdf-  5/2  +  2b"cg  -  4cV  +  10e#  -  263A 

+  46cft  -  lO^A  +  262/  +  6ci  -  106/  +  10k. 
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2a3/3y<5*      =  ce%  -  2cdf-  bef  \  5/2  +  2c*g  +  Zbdg  -  9eg  -  Uch  +  6dh 

+  76V  +  ci-  156/  +  15*. 
2a6(378e        =  bf  -  563c/  +  5&c!/"  +  56'^-  5c^-  56c/ +  5/'  -  Vg  +  462c^ 

-  2cV  -  46cZ#  +  4c#  +  bsh  -  Zbch  +  3dh  -  6V  +  2a  +  bj-  10*. 
2a5/3V*       »  b3cf-  3bcf-  b*df+  5cdf+  bef-  5/2  -  5b*g  +  1962c#  -  8c*g 

-  19bdg  +  IQeg  +  563*  -  146c*  +  \2dh  -  56V  +  8ci 
+  136/  -  40*. 

2«4/3V*       =  6c2/-  262c/-  cc/  +  5bef  -  5/2  -  62c#  4  5bdg  -  8<#  +  663* 

-  166c*  +  12d*  -  136V  +  24a  +  13*/  -  40*. 
2a*/SY&      =  &8^-  2cc?/-  6e/+  5/2  -  46V  +  8cV  +  36^  -  12^  f  963* 

-  236c*  +  I8dh  -  96V  +  4a  +  336/  -  60*. 
2aW&      =  c^/-  36e/+  5/2  -  4cV  +  66%  +  9bch  -  24dh  -  216V 

+  28a  +  336/ -60*. 
2tt»/3Vff»     =  bef-  5/2  -  36^  +  Beg  +  56c*  -  2rf*  -  76V  -  8a  +  316/  -  40*. 
2a2/327  W    =/2  -  2c#  +  2dh  -  2ci  +  26/  -  2*. 
2a5/3y<5e£      =  b*g  -  Wcg  +  2c2#  +  Ahdg  -  leg  -  63*  +  36c*  -  Zdh  +  6V 

-  2ci-  bj  +  10*. 

2a4/3275£^     =  62^  -  2c2#  -  bdg  +  leg  -  663*  +  176c*  -  \5dh  *  66V 

-  10a  -  146/  +  50*. 

2a3/3V££     =  c9g  -  2bdg  +  2eg  -  bch  +  'ddh  +  76V  -  13a  -  76/  +  25*. 

2a3/3V^S    =  bdg  -  4*#  -  56c*  +  12dh  +  146V  -  12a  -  466/  +  100*. 

2a2/3V^£   =  eg  -  Uh  +  9a  -  166/  +  25*. 

2a«/Sy$e£i|     =  63*  -  36c*  +  3c?*  -  6V  +  2a  +  6/  -  10*. 

2as/8V«&?    =  6c*  -  3c?*  -  76V  +  12a  +  156;*  -  60*. 

2a2/3V<5£S»  -  dh  -  6a  +  206;'  -  50*. 

Sa'/Sy&Jfoe   =  6V  -  2c/  -  bj  +  10*. 

2as/327<5  &c.  =  cj  -  86/  f  35*. 

2«2/37  &c.    =6J-  10*. 

Mr.  Cayley  has  noticed  a  certain  symmetry  in  the  coefficients  of  the 
preceding  formulae  which  may  be  more  easily  exhibited  by  using  Hirsch's 
notation.  Let  such  a  sum  as  2a3/32<y*<$££  be  denoted  [32213],  and  let  the 
coefficients  be  au  av  &c.  so  that  (32213)  will  denote  a3a28«i3;  then  the 
formulas  for  the  sums  of  the  fourth  order  may  be  written 


+  1 


s 

CO 

CM 

[4] = si 

+^ 

+^2 

-4 

[31]  =  +  4 

-1 

-2 

+  1 

[22]  =  +  2 

-2 

+  1 

[2121  =  -  4 

f  1 

[1«]  =  +  1 
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The  first  line  of  which  is  to  be  read 

2a4  =  -  4a4  +  4a3ai  +  2a22  -  4a2a12  +  af, 

and  so  on  for  the  rest.  Now  what  Mr.  Cayley  has  proved  is  that  when 
the  formulae  already  given  are  written  in  this  form,  the  figures  are  the 
same  whether  we  read  according  to  the  rows  or  to  the  columns.  The 
same  thing  holds  for  a  set  of  formulae  given  by  Mr.  Cayley  (Phil.  Trans., 
1856,  p.  489)  expressing  the  coefficients  (4),  (31),  &c.  in  terms  of  the  sums 
[4],  [31],  &c. 

I  add  in  conclusion  the  values  of  a  few  symmetric  functions  of  the  diffe- 
rences of  the  roots  of  the  general  equation  written  with  binomial  coeffi- 
cients, as  given  by  Mr.  M.  Roberts  {Quarterly  Journal,  vol.  IV.),  in  whose 
papers  are  to  be  found  several  interesting  relations  connecting  the  different 
covariants  of  binary  quantics.     Let 

b2-ac  =  H,    ae  -  Abd  +  3c8  -  S,    ace  +  2bcd  -  ad'  -  eb2  -  c3  =  T, 

ag  -  65/+  15ce  -  I0d2  =  A,    ai  -  8bh  +  28cg  -  5df+  35e2  =  P, 

b2g  -  2cd2  +  bde  -  Zbcf  -  acg  +  Zadf  -  2ae2  +  3c2/ =  M. 
Then 

a22(a-ftf=n2(n-l)  H, 

a45  (a  -  ftf  =  n2  (n  -  1)  {n%H*  -  j  [n  -  2)  (w  -  3)  a*S}, 

a65  (a  -  ft)6  =  n2  (n  -  1)  {n'H3  -  \n2  (n  -  2)  (w  -  5)  a2HS 

-\n(n-2)(ln-lb)  asT- T|7  (n  -  2)  (n -  3)  (» -  4)  (n - 5) a*A}, 

a»2  (a  -  ft)8  m  n2  (n  -  1)  ln«H*  -  $$*(»  -  2)  («  -  7)  a2^2^ 

+  2rc3  (n  -  2)  (3»  -  7)  a3i2T  +  ^  w2  (»  -  2)  (n  -  3)  (rc2  +  8rc  -  21)  a4£2 

-  /on2  (n  -  2)  (n  -  3)  (n  -  4)  (n  -  21)  a*^L4 

-  $»(*-  2)  (n  -3)  (ft-  4)  (3n  -  7)  aW 

(n  -  2)  (n  -  3)  (n  -  4)  (n  -  5)  (n  -  6)  (n  -  7)        1 
2.3.4.5.6.7  fl  r)  ' 

By  the  help  of  these  can  be  calculated  the  first  few  terms  in  the  equation 
for  the  squares  of  the  differences  of  the  roots. 
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Symmetrical  determinants,  value  of, 

29. 
Brioschi,  expression  for  differential  equa- 
tion of  invariants  in  terms  of  roots, 
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Statement  of  Bezout's  method  of 
elimination,  68. 

General  expression  for  resultants  as 
quotients  of  determinants,  71. 

Notation  for  quantics,  83. 

Discovery  of  invariants,  94. 
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On  discriminants  of  discriminants,  149. 
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Solution  of  a  cubic,  162. 
Solution  of  a  quartic,  174. 
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symbolically  expressed,  142. 
His  form  for  resultant  of  two  cubics, 

274. 
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252. 
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Of  a  system  of  two  quartics,  180. 
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See  also  Lesson  XYIII. 
Contragredience,  102. 
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159. 
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246,  252. 
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conditions  for,  109. 
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Evectants,  105. 
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quintic,  186. 
On  elimination,  269,  282. 
Forme-type  of  quintic,  278. 
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268. 

Harley,  on  solution  of  a  quintic,  201. 
Hermite,  law  of  reciprocity,  125. 

Form  for  covariants  of  system  formed 

by  quartic  and  its  Hessian,  178. 
Discovery  of  skew  invariant  of  quintic, 

189. 
Canonical  form  for  quintic,  189. 
Forme-type  of  quintic,  91,  278. 
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of  reality  of  roots,  193,  279. 
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roots,  202. 
Solution  of  quintics  by  elliptic  func- 
tions, 200. 
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276. 
Hessians,  15,  100,  268. 
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Hirsch's  tables  of   symmetric  functions, 

285. 
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210. 

Jacobi,  on  determinants  and  linear  trans- 
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Jacobian,  of  system  of  equations,  69,  101, 
272. 
Its  discriminant  discussed,  147. 
Of  quartic  and  its  Hessian,  177. 
Jerrard,  transformation  of  a  quintic,  188, 

275. 
Joachimsthal,    expression   for  area  of    a 
triangle    inscribed    in    an    ellipse, 
21. 
Theorem    on   form  of    discriminant, 
87. 

Kronecker,  solution  of  quintic  by  elliptic 
functions,  201. 
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of  discriminant  of  cubic  which  de- 
termines axes  of  a  quadric,  43. 

Lagrange,  on  the  general  solution  of  equa- 
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On  conditions  that  equation  should 
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269. 
On  linear  transformations,  273. 
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On  equation  of  secular  inequalities, 
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minants, 266. 
Linear  covariants  of  cubic  and  quadratic, 
163. 
Of  quintic,  190. 

Of    equations  of    odd  degrees,    191, 
274. 

Minor  determinants,  9,  23. 
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Multiplication  of  determinants,  17. 
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Of    invariants  of    a  binary  quantic, 
271. 

Order  of  determinants,  6. 

Of  symmetric  functions,  45. 

Of  invariants,  114. 
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Orthogonal  transformations,  33. 
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And  equation  of  nth  degree,  general 
expression  for  resultant,  244. 
Quadrin variants  of  binary  quantics,  112. 
Quartic,  theory  of,  169. 

Reciprocal  determinants,  24. 
Reciprocity,  Hermite's  law  of,  125. 
Reducing    sextic    for    quintic,   forms  of, 

201. 
Resultant  of  two  quadratics,  55. 
Two  cubics,  63,  165,  283. 
Two  quartics,  180,  284. 
Tables  of,  283. 
Roberts,  Michael,  on  covariants,  117. 

On  application  of  Sturm's  theorem  to 

quantics,  192,  268. 
On  equation  of  squares  of  differences, 
293. 
Roberts,  Samuel,  on  orders  of  systems  of 

equations,  280. 
Rodrigues,  on  orthogonal  transformations, 
36. 

Skew    symmetric    determinants    of    even 

degree  are  perfect  squares,  31. 
Skew  invariant  of  quintic,  189. 

Vanishes  if  quintic  can  be  linearly 
transformed  to  the  recurring  form, 
194. 
Or  to  one  wanting  alternate  terms, 

274. 
Of  sextic,  210,  253. 

Of  all  quantics  vanish  when  quantic 
wants  alternate  terms,  274. 
Source  of  covariants,  117. 
Sphere  circumscribing  tetrahedron,  21. 
Relations  connecting  mutual  distances 
of  points  on,  21,  22. 


Sturm's  functions,  Sylvester's  expressions 
for,  37. 

In  case  of  quartic,  175. 
of  quintic,  192. 

Extensions  of,  269. 
Sylvester  (see  also  p.  270). 

Umbral  notation  for  determinants,  7. 

Proof  that  equation  of  secular  in- 
equalities-has 'all  real  roots,  23. 

Expression  for  Sturm's  functions  in 
terms  of  roots,  37. 

Dialytic  method  of  elimination,  65. 

Expression  of  resultant  as  determi- 
minants,  70. 

On  nomenclature,  104. 

Canonical  forms  of  odd  and  even 
degrees,  137,  141. 

Of  quaternary  cubic,  144. 

Expressions  for  discriminant  with  re- 
gard to  variables  which  do  not  enter 
explicitly,  181. 

On  osculants,  151. 

Investigation  of  expression  by  in- 
variants of  conditions  for  reality  of 
roots  of  quintic,  193. 

On  Bezoutiants,  282. 
Symbolical  expression  for  invariants,  121, 

239. 
Symmetric  functions,  44. 

Their  use  in  finding  invariants,  108. 

Tables  of,  285. 

Tact-invariants,  153. 

Of  complex  curves,  155. 

Tetrahedron,    radius    of    circumscribing 
sphere,  21. 

Tschirnhausen,    transformation  of    equa- 
tions, 276. 

Yandermonde,  on  determinants,  266. 

Warren,  on  resultant  of  two  cubics,  169. 
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